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Tässä työssä tutkitaan lineaarisia riippuvuuksia moniulotteisessa datassa. Muut-
tujista muodostetaan usean selittäjän lineaarisia regressiomalleja. Myös regres-
siomallien välisiä riippuvuuksia tutkitaan. Lopullinen riippuvuusrakenne on puu
tai metsä. Riippuvuusrakenteesta voidaan saada täydentävää ja odottamatonta
informaatiota datan tuottaneesta prosessista.

Aluksi esitellään kaksi datan esikäsittelymenetelmää. Ensin näytetään kuinka
aikasarjoista voidaan valita samanlaiset tilat. Muuttujien välillä oletetaan olevan
lineaarinen riippuvuus valitun tilan aikana. Mittaukset sisältävät tyypillisesti ko-
hinaa. Kohina voi häiritä mallien estimointia tai peittää aikasarjan mielenkiin-
toiset ominaisuudet. Tämän vuoksi mittauksiin sovelletaan diskreettiin aalloke-
muunnokseen perustuvaa kohinanpoistomentelmää.

Seuraavaksi estimoidaan niin monta regressiomallia kuin datassa on muut-
tujia. Jokainen muuttuja on vuorollaan selitettävä muuttuja ja loput muuttujat
ovat mahdollisia selittäjiä. Merkitsevimmät selittäjät etsitään käyttämällä Least
Angle Regression mallinvalinta-algoritmia ja bootstrap-menetelmää. Selittäville
muuttujille lasketaan suhteelliset painot käyttämällä bootstrap-menetelmän tois-
toja parametreista. Suhteellinen paino mittaa uskomusta, että vastaava selittäjä
kuuluu estimoituun malliin.

Uskomusgraafi muodostetaan suhteellisista painoista. Graafiin käytetään mo-
ralisointioperaatiota ja kynnysarvoa. Lopullinen riippuvuusrakenne konstruoi-
daan modifioidusta uskomusgraafista.

Esiteltyä menetelmää testataan kolmella erilaisella datajoukolla ja kaikista
joukoista saadut tulokset ovat vakuuttavia. Menetelmää voidaan periaatteessa
soveltaa hyvin erilaisiin datajoukkoihin tutkittaessa lineaaristen riippuvuuksien
olemassaoloa.
Avainsanat

kohinanpoisto, lineaarinen harvaregressio, bootstrap-menetelmä, suhteellinen pai-
no, klikki, riippuvuuspuu, riippuvuusmetsä
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In this work, linear dependencies in multivariate data are studied. Multiple linear
regression models are constructed from the variables. Also, the dependencies be-
tween the different regression models are studied. The final dependency structure
is a tree or a forest. Additional and unsuspected information from the underlying
process can be obtained from the dependency structure.

In the beginning, two preprocessing techniques of the data are presented.
First, it is shown how similar states can be selected from time series. It is as-
sumed that there exists a linear dependency between the variables during the
selected state. Secondly, measurements include typically noise. The noise can
disturb the estimation of the models or cover interesting features of time series.
Thus, a noise reduction technique based on discrete wavelet transform is applied
to the measurements.

Next, as many regression models as there are variables in the data set are
estimated. Each variable is in turn the dependent variable and the rest of the
variables are possible independent variables. The most significant independent
variables are sought using the Least Angle Regression model selection algorithm
and bootstrap. Relative weights are calculated for the independent variables us-
ing the bootstrap replications. The relative weight measures the belief that the
corresponding independent variable belongs to the estimated model.

A belief graph is constructed using the relative weights. A threshold value and
moralizing operation are applied to the graph. The final dependency structure is
constructed from the modified belief graph.

The proposed method is tested with three data sets and the results from all
sets are convincing. Basically, the method can be applied to very different data
sets to explore the existence of linear dependencies.
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able and insightful. They have also made the daily life and the atmosphere
enjoyable.

After all, I want to thank my parents and sister for a supportive and positive
attitude towards my work and studying. At last, I want to enounce my enor-
mous compliments to all my friends, you know who you are.

Espoo, 21st May 2004

Jarkko Tikka

iii



Contents

1 Introduction 1

2 Preprocessing of data 5

2.1 Selection of the windows . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Discrete wavelet transform . . . . . . . . . . . . . . . . . . . . . 6

2.2.1 DWT in general . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.2 DWT using filters and filter banks . . . . . . . . . . . . 8
2.2.3 Noise reduction . . . . . . . . . . . . . . . . . . . . . . . 12

3 Methods 16

3.1 Multiple linear regression . . . . . . . . . . . . . . . . . . . . . . 16
3.1.1 Assumptions of the linear regression model . . . . . . . . 18

3.2 Sparse regression . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2.1 Lasso . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2.2 Forward stagewise linear regression . . . . . . . . . . . . 23
3.2.3 Least angle regression . . . . . . . . . . . . . . . . . . . 24
3.2.4 Example of sparse regression . . . . . . . . . . . . . . . . 27

3.3 Bootstrap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.3.1 Application of the bootstrap in multiple linear regression 30

3.4 Learning linear dependency structure . . . . . . . . . . . . . . . 33
3.4.1 Belief graph . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.4.2 Construction of moral graph . . . . . . . . . . . . . . . . 35
3.4.3 Maximal cliques . . . . . . . . . . . . . . . . . . . . . . . 37

4 Results 40

4.1 Synthetic data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.2 System data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.3 Boston housing data . . . . . . . . . . . . . . . . . . . . . . . . 47

iv



CONTENTS v

5 Summary and conclusions 51

5.1 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

A Figures and Tables 54



Abbreviations and Notations

DWT Discrete Wavelet Transform
IDWT Inverse Discrete Wavelet Transform
RSS Residual Sum of Squares
OLS Ordinary Least Squares
Lasso Least absolute shrinkage and selection operator
LARS Least Angle Regression
MDL Minimum Description Length
CPU Central Processing Unit
D data set
N number of observations
k number of independent variables
y dependent variable
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Chapter 1

Introduction

There are lots of data available nowadays. Data are collected from different
sources, for example from industrial processes, economy, mobile phone commu-
nication and environment. The data are typically multidimensional i.e. there
are many variables in the data. The deeper understanding of the underlying
process can be achieved by exploring or analyzing the data. Economical and
ecological benefits are great motivation for the data analysis. The following
definition of the data mining is given in the book [17, p. 1].

Data mining is the analysis of (often large) observational data sets
to find unsuspected relationships and to summarize the data in
novel ways that are both understandable and useful to the data
owner.

That definition describes pretty well the approach of this study. In this
study, dependencies between the variables in the data set are analyzed. The
purpose is to construct multiple linear regression models. In the end, a linear
dependency tree or forest is constructed from the variables. One variable can
belong to several regression models in the final structure. From the dependency
structure can be clearly seen how a change in a value of one variable induces
changes in values of other variables. This can be useful information in many
cases. Especially, if some vulnerable variable is dependent on some other
variables, then the state of the vulnerable variable can be controlled by other
variables.

The multiple linear regression models have a couple of advantages. The de-
pendencies in linear models are easy to interpret. In addition, processes might

1
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Figure 1.1: The flow chart of the proposed method.

be inherently linear or over short ranges many processes can be approximated
by a linear model.

A flow chart of the methodology proposed in this study is presented in
Figure (1.1). The method consists of five phases. The first phase is that there
should be available some data which can be analyzed or measurements have
to be made from some process.

The second phase deals with preprocessing of data. Some operations have
to be usually performed on measurements before they can be analyzed math-
ematically. Some measurements might be missing or measurements might be
noisy. In this study, preprocessing includes a noise reduction and a selection
of interesting parts of time series.

In third phase, as many multiple linear regression models as there are
variables in the data are constructed. Each variable is a dependent variable
in turn and the rest of the variables are possible independent variables. The
most significant independent variables for each model are selected by sparse
regression algorithm. The bootstrap is also applied to the selection of the
independent variables and the estimation of the regression coefficients in each
case. The relative weights of the regression coefficients are computed from the
bootstrap replications. The relative weight of the regression coefficient is a
measure of belief that the corresponding independent variable belongs to the
estimated linear model.

In the fourth phase a belief graph is constructed from the relative weights
of the regression coefficients. The belief graph represents the strength of the
dependencies between the variables. In the belief graph there are as many
nodes as there are variables in the data. The relative weights define arcs of the
belief graph. The weights of the arcs are obtained from the relative weights.
The weights represent the strength of the dependency between two nodes or
variables. The weakest dependencies are ignored using a proper threshold
value. The moralizing operation is also applied to the belief graph and the
result is a moral graph or a final dependency graph.
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In the fifth phase, a dependency structure of the variables is constructed
from the dependency graph. A set of variables, which form a multiple linear
regression model, belongs to a same maximal clique in the dependency graph.
One of the variables is selected to be the dependent variable. One variable
can belong to several multiple linear regression models, but it can only be the
dependent variable in one model. Two linear models are dependent on each
other if a same variable belongs to the both models. Two models can only
have one variable in common. The dependencies cannot form circles in a final
dependency structure i.e. the variable cannot be dependent on itself through
the other variables. Thus, the final dependency structure is a tree or a forest.

As far as I know, the proposed method is a novel way to model a structure
of the linear dependencies in a multivariate data. In the article [8] dependency
trees are also used. There is a method shown which approximates optimally
n-dimensional probability distributions. Each variable can only be dependent
on at most one variable in that model.

In the article [37], an algorithm which models dependencies between inputs
and outputs is presented. The algorithm can be applied for general class of
objects of inputs and outputs. The objects can for example be vectors or
images. In the algorithm, kernel functions are used to measure similarities
between the inputs as well as the outputs.

Belief networks is discussed in the article [22]. In that article is shown
how the belief network can be constructed. In the end, the network induces
a probability distribution over its variables. The conditional probabilities of
the variables are presented by a belief network. The belief networks are di-
rected and acyclic. In the article [20] dependency networks, which might be
cyclic, are presented. In both belief and dependency networks the variables
are conditioned upon its parents.

In the article [26] independent variable group analysis (IVGA) is proposed.
In that approach variables are clustered. Variables in one cluster are dependent
on each other but they are independent on variables which belong to other
clusters. In IVGA, the dependencies between the groups or clusters are ignored
and the dependencies in each group can be modeled in different ways.

Structural equation modeling (SEM) [30] is another technique to investigate
relationships between the variables. SEM provides a methodology to test a
plausibility of hypothesized models. The predefined dependencies between the
variables are investigated using the SEM, when the dependencies are learned
from the data in this study proposed method. Structural Equation models
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can consist of both observed and latent variables. The latent variables can be
extracted from the observed ones using the factor analysis. The observed or
measured variables are only modeled in this study.

The rest of the thesis is organized as follows. In Chapter 2 is presented
how the similar states of time series can be selected. Also, the noise reduction
technique based on the discrete wavelet transform is shown. The multiple
linear regression model and sparse regression algorithms are introduced in
the beginning of Chapter 3, followed by an application of the bootstrap in
multiple linear regression and the computation of the relative weights of the
regression coefficients. The construction of the linear dependency tree or forest
is proposed thereafter. The proposed method is applied to three different data
sets. One of the data sets is generated synthetically and the other two consist
of real measurements. The results of the experiments are shown in Chapter 4.
Conclusion and final remarks are in Chapter 5.



Chapter 2

Preprocessing of data

2.1 Selection of the windows

Data sets contain usually many variables. A number of measurements from
each variable can be very large, even many thousands. The variables describe
different features of the underlying process. In the time series data each mea-
surement has a time label and the information of the data progresses in time.
The time series consist of a deterministic and a stochastic part. The determin-
istic part of the time series can be modeled mathematically. The stochastic
part is usually random noise or white noise.

The process might be in different states during the measurements. For
example, from a paper machine a measurement might be the production speed.
The production speed can vary depending on which kind of paper is under
production. The state of the process can be assumed to be same when a
certain paper is produced.

The similar states of the process can be sought using for example the pro-
duction speed. The production speed is called a reference signal in that case.
The reference signal can be any of the signals in the data set depending on
which feature is wanted to explore.

A query window is selected from the reference signal. The query window
of the reference signal should include information or the measurements of the
feature i.e. the interesting state of the time series, which is under exploration.
The similar states of the reference signal can be located mathematically in
many ways. In this study, the sum of squares of differences between the query
window and a candidate window is minimized. The candidate window is a part

5
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of the reference signal which is as long as the query window. The candidate
windows are not allowed to overlap with each other or with the query window.
The candidate windows which have the smallest sum of squares of differences
between the query window are chosen.

The sum of squares of differences between the query window and the can-
didate window can be calculated as follows

Ec =
M

∑

i=1

(yq,i − yc,i)
2. (2.1)

yq is the query window and yc is the candidate window in the Equation (2.1).
M is a number of the measurements which are included in the query window
or the length of the query window.

The candidate windows which minimize the Equation (2.1) are chosen.
The number of the chosen candidate windows can be decided, for example,
setting a threshold value to the sum of squares of differences between the
candidate window and the query window or how many data points are at least
needed in further calculations. The data in the chosen candidate windows
and in the query window from the reference signal are chosen and rest of the
measurements are excluded from further calculations. The parts, which has
the same time label than chosen candidate windows and query window, are
also selected from the rest of the signals. A diagram of the selection of the
windows is presented in Figure (A.2) in Appendix A.

New time-series are got when the selected windows of the original signals
are put one after another. The original measurements include many times a
noise. The level of the noise might be disturbing high. If this is the case, noise
reduction techniques can be applied to the selected windows.

2.2 Discrete wavelet transform

Signals or time series can be analyzed in a time or in a frequency domain. The
time domain representation is not always the best way to illustrate features
of the signal. Some features might not be distinguishable from each other in
the time domain. Frequencies of the signal are illustrated in the frequency
domain representation. The time domain information is lost in the frequency
domain representation. In the frequency representation is assumed that all the
frequencies are present in the signal all the time, which might not always be
true.
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The discrete wavelet transform (DWT) gives a time-frequency representa-
tion of the signal. The DWT divides the frequency band of the signal to sub-
bands. The different features of the signal are shown in the different frequency
bands. Noise is present mainly in subbands, which consist of information from
higher frequencies. Thus, the DWT can be applied for example to a noise
reduction. The DWT is presented briefly in the Sections 2.2.1-2.2.2. An ap-
plication of the DWT to the noise reduction is presented in the Section 2.2.3.
The more detailed presentation of the Sections 2.2.1-2.2.3 can be found from
the book [23].

2.2.1 DWT in general

Discrete wavelet transform consists of a direct transform and its corresponding
inverse transform. An input for the direct transform is a sequence or a signal sj

and outputs are signals sj+1 and dj+1 and vice versa for the inverse transform.
The symbol Ta represents the analysis part that is the DWT and the symbol
Ts represents synthesis part that is the corresponding inverse discrete wavelet
transform (IDWT). These building blocks are drawn in Figure (2.1). Contents
of the blocks are explained later.

Ta Ts

Figure 2.1: DWT on left and IDWT on right

The DWT is computed by combining these building blocks. The signal
is transformed j times. The building blocks Ta are put one after another j
times. This procedure is shown in the top panel of Figure (2.2) over two scales.
The DWT over j scales means that there are j consecutive direct transforms.
The corresponding inverse transform is got putting the building blocks Ts one
after another. This is shown in the lower panel of Figure (2.2). sj is a original
signal if j = 1 otherwise sj contains a half of the wavelet coefficients of level
j. sj+1 and dj+1 are wavelet coefficients of level j + 1.

DWT works properly if it is used for signals of infinite length sj = {sj[n]}n∈Z.
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sj+2

sj+1

sj

Ts

Ts

Ta

sj
dj+2

dj+1

dj+2

dj+1

sj+2

sj+1

Ta

Figure 2.2: DWT (top) and IDWT (bottom) over two scales

The signal sj must have finite energy. The condition for finite energy is

∞
∑

n=−∞

∣

∣s[n]
∣

∣

2
<∞. (2.2)

A finite signal of length N can be expressed as a series

s[0], s[1], . . . , s[N − 1].

A signal of finite length can be seen as an infinite length if zeros are added to
the beginning and to the end of the signal. For some integers nfirst < nlast,
where nfirst is the first index and nlast is the last index of the finite signal, it
can be assumed that s[n] = 0 when n < nfirst or n > nlast. Signals of finite
length always satisfy condition of the Equation (2.2), because there is a finite
number of non-zero terms in the sum. Each non-zero s[n] must also be finite.
In this study signals of finite length are used, but the DWT can be applied
according to the previous assumption.

2.2.2 DWT using filters and filter banks

There are at least two possible techniques to define the DWT. The techniques
are lifting and filters [23]. These two techniques are actually identical. In
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Table 2.1: The Daubechies 4 filter coefficients

a0 a1 a2 a3

h0 -0.1294 0.2241 0.8365 0.4830
h1 -0.4830 0.8365 -0.2241 -0.1294
g0 0.4830 0.8365 0.2241 -0.1294
g1 -0.1294 -0.2241 0.8365 -0.4830

the end, they are just two different ways to represent the same thing. Filters
are used in this study and this definition is introduced briefly. Understanding
some of the results requires knowledge of the signals and filters frequency
representation. These results can be found from the book [32].

The definition starts from a two channel filter bank with the perfect recon-
struction property. The filter bank consists of two analysis and two synthesis
filters. The analysis filters are h0 and h1. The synthesis filters are g0 and
g1. The all filters are finite impulse response (FIR) filters and index 0 refers
to low pass filters and index 1 refers to high pass filters. The building block
Ta consists of the filters h0 and h1 and the building block Ts consists of the
filters g0 and g1. Several filter banks exist for different purposes. In this
study, Daubechies 4 filters are used. The filter coefficients are listed in Table
(2.1). These filters construct a two channel multi-rate filter bank. The wavelet
packet decomposition is done by filtering signals with the above analysis filters
and it is the multi-resolution representation of the signal.

The frequency response H(ejω) of the filter h is defined

H(ejω) =

∞
∑

n=−∞

h[n]e−jω, (2.3)

where ω is the input frequency. H(ejω) provides a frequency domain descrip-
tion of the filter h. H(ejω) is the discrete-time Fourier transform of the filter
h and it is a complex series. The associated magnitude response is denoted
by |H(ejω)|. From the magnitude response, it can be seen how the different
frequencies pass through the filter. The magnitude responses

∣

∣H0(e
jω)

∣

∣ and
∣

∣H1(e
jω)

∣

∣ of the analysis filters h0 and h1 are plotted in Figure (2.3) and cor-
respondingly the magnitude responses

∣

∣G0(e
jω)

∣

∣ and
∣

∣G1(e
jω)

∣

∣ of the synthesis
filters g0 and g1 in Figure (2.4).
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Figure 2.3: The magnitude responses
of the analysis filters
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Figure 2.4: The magnitude responses
of the synthesis filters

There exists also longer filters in the Daubechies family. Filters approach
ideal low and high pass filters as filter length increases. The Daubechies 4
filters are used in this study because the transformed signals are short. The
signals length N is only few dozens of points.

Signals sj+1 and dj+1 are calculated by filtering a signal sj and down sam-
pling by two. The signals sj+1 and dj+1 consist of approximately a half of the
frequency band of the signal sj. The signal sj+1 consists of a lower part and the
dj+1 consists of a higher part of the original frequency band. Down sampling
by two can be performed because the frequency band has been halved. This
procedure can be continued for the signals sj+1 and dj+1 and the result is the
wavelet packet decomposition of the original signal sj. The filtering and down
sampling are represented mathematically as follows

sj+1[k] =
∑

n

h0[n]sj [2k − n], (2.4)

dj+1[k] =
∑

n

h1[n]sj[2k − n]. (2.5)

The perfect reconstruction property means that the signal sj can be recov-
ered exactly from the signals sj+1 and dj+1 by up sampling by two and using
the filters g0 and g1. The reconstruction is shown in the mathematical form
as follows

sj[k] =
∑

n

g0[k − 2n]sj+1[n] + g1[k − 2n]dj+1[n] (2.6)

All filters in the Daubechies family are orthogonal filters. The orthogonal
filters have certain advantages. For example, in the transition sj → sj+1,dj+1
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1
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Figure 2.5: The wavelet packet decomposition over three levels or two scales

energy is conserved. The filters cannot be designed independently if the perfect
reconstruction property is desired. Filters must satisfy two conditions that the
perfect reconstruction property is achieved. The conditions are

G0(z)H0(z) + G1(z)H1(z) = 2, (2.7)

G0(z)H0(−z) + G1(z)H1(−z) = 0, (2.8)

where H0(z), H1(z), G0(z) and G1(z) are z-transforms of the filters h0, h1, g0

and g1. The filters listed in Table (2.1) satisfy the conditions (2.7) and (2.8).
Let a box next to number 1 in Figure (2.5) represent the original signal.

The length of the box is proportional to the length of the signal. There are
two consecutive transforms Ta in the Figure (2.5). Both signals from the first
transform are transformed again. The procedure could be continued onward.
The Figure (2.5) represents the full wavelet packet decomposition over two
scales. The signals or wavelet coefficients at the level three characterize differ-
ent frequency bands of the original signal. Let us assume that the frequency
band at the level one is [0 . . . π]. Then at the level two the box on left represents
approximately the frequency band [0 . . . π/2] and the box on right represents
the frequency band [π/2 . . . π] of the original signal. Finally, the boxes at
the level three from left to right represent approximately the frequency bands
[0 . . . π/4], [π/4 . . . π/2], [π/2 . . . 3π/4] and [3π/4 . . . π]. If directions of the ar-
rows are inverted and the building blocks Ta are replaced with the blocks Ts

can be computed the IDWT from the wavelet coefficients of the third level.
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The slow and the fast variations in the signal can be separated by the full
wavelet packet decomposition. It can also be applied to the noise reduction of
the original signal.

2.2.3 Noise reduction

One way how the DWT can be applied to the noise reduction is introduced
through an example. First, the noise reduction technique is used to a synthetic
signal. In the end, it is applied to a signal which consists of real measurements
from an industrial process.

The synthetic signal is a sine function sin(4πt) with 0 ≤ t < 1. The signal
is sampled at 512 equidistant points in 0 ≤ t < 1. Normally distributed
random noise with a mean µ = 0 and a standard deviation σ = 0.17 is added
to the signal. The signal is plotted on the top panel of the Figure (2.6). The
horizontal axis is labeled by the sample index. In addition, three impulses are
also added to the signal. The impulses indices are 60, 200 and 400. A symbol
s1 represents the generated signal.

The full wavelet packet decomposition of the signal s1 over two scales is
in the Figure (2.6). The procedure is same as it was in the Figure (2.5). The
objective is to remove the noise from the signal. This is done by approximating
the wavelet coefficients at the third level. However, the coefficients s3 are left
unchanged since they have information about the original shape of the signal.
In other words, s3 represents the lowest quarter of the signal’s frequency band.
The noise is mainly concentrated in higher frequencies. In each signal d3, dlow

2

and d
high
2 p% of the coefficients are left unchanged and the rest are set to zero.

The unchanged coefficients have the largest absolute values of each signal.
In this example, 5% of the absolute values are left unchanged and the result

is the approximated signals d′
3, d

′,low
2 and d

′,high
2 . The plots of these signals

and s3 are at the first row in the Figure (2.7). The signals s′2 and d′
2 are

calculated from the signals s3, d′
3, d

′,low
2 and d

′,high
2 by the IDWT. The plots

of the signals s′2 and d′
2 are depicted at the middle row in the Figure (2.7).

The denoised signal s′1 is computed from the signals s′2 and d′
2 by the IDWT.

The denoised signal s′1 is plotted in Figure (2.7) at the bottom panel. When
the signals s1 and s′1 are compared, it can be seen that the sine shape and the
impulses are preserved which are the most important parts of the signal s1.
The noise has instead diminished significantly.

Another example is similar than before except now the signal s1 consists
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Figure 2.6: The full wavelet packet decomposition over two scales of the syn-
thetically generated signal
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Figure 2.7: The wavelet coefficients which were chosen and the denoised signal
s′1

of real measurements. The measurements are pH values from an industrial
process. The noise is assumed to be Gaussian distributed with zero mean
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Figure 2.8: The full wavelet packet decomposition over two scales of the real
signal from an industrial process.
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Figure 2.9: The wavelet coefficients which were chose and the denoised signal
s′1

and an unknown standard deviation. The full wavelet decomposition over two
scales is illustrated in Figure (2.8). In this case, the s3 and 10% of the absolute
values of the wavelet coefficients d3, dlow

2 and d
high
2 are left unchanged and
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Figure 2.10: Residuals between the
synthetic signal and the denoised sig-
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Figure 2.11: Residuals between the
real measurements and the denoised
estimates

the rest are set to zero. The unchanged coefficients have the largest absolute
values. The plots of the approximated signals are drawn in the Figure (2.9).
In the bottom panel of the same figure is a plot of the approximated signal
s′1. Comparing s′1 with s1 can be seen that the structure of the signal s1 is
preserved and the noise has reduced.

Residuals for the original signal s1 and the denoised signal s′1 are

r = s1 − s′1. (2.9)

A plot of the residuals rsynt for the synthetically generated signal is in the
Figure (2.10) and a plot of the residuals rreal for the real measurements is
in the Figure (2.11). The sequences of residuals are removed noise. In the
sequences of the residuals do not exist a significant structure or any important
information are not lost in the noise reduction process.

There exist also more sophisticated methods for the noise removal in the
literature such as soft- and hard-thresholding [11], [12]. The noise level is es-
timated from the wavelet coefficients at the highest frequency band. In the
hard-thresholding, wavelet coefficients whose absolute values are under ap-
proximated noise level are set to zero. In the soft-thresholding, all wavelet
coefficients are modified. The coefficients under the noise level are decreased
and the coefficients above the noise level are increased. A generalized ver-
sion of the previous hard-thresholding method is presented in the article [27].
It is called shift invariant nonorthogonal wavelet transform. It is possible
to achieve smooth and accurate estimates simultaneously using the general-
ized hard-thresholding. There is a trade-off between the smoothness and the
accuracy in the hard-thresholding method [12]. An increased computational
complexity is the disadvantage of the method [27].



Chapter 3

Methods

3.1 Multiple linear regression

Using the multiple linear regression the linear dependency can be analyzed
between a single dependent variable and several independent variables. The
values of the single dependent variable are explained by the values of the
independent variables. The dependent variable have to be selected beforehand.
The objective is to find weights or regression coefficients for the independent
variables that those linear combination explains the variance of the dependent
variable as well as possible according to some criterion. The weights describe
the relative importance of the each independent variable in the multiple linear
regression model [16].

The multiple linear regression model can be written as [33]

yt = β0 + β1xt,1 + β2xt,2 + . . . + βkxt,k + εt. (3.1)

In the Equation (3.1), yt is the dependent variable, xi, i = 1, . . . , k are the inde-
pendent variables, βi, i = 1, . . . , k are the corresponding regression coefficients,
β0 is the constant or the intercept term of the equation, and εt is the error
term. The index t = 1, . . . , N represents the tth observation of the variables y
and xi and N is the sample size.

The Equation (3.1) can be written in the matrix form as follows [19]

y = Xβ + ε. (3.2)

X is the N × (1 + k) matrix. In the matrix X, the tth row consists of the tth
input vector with a 1 in the first position, so the tth row of the matrix X is

16
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[1 xt,1 xt,2 . . . xt,k]. The (N × 1)-vectors y and ε contain the outputs and the
error terms, respectively. β is the (k + 1) × 1-vector including the constant
term and the regression coefficients, β = [β0 β1 . . . βk]

T .
The regression coefficients are estimated from the data set (x1, . . . ,xk,y).

Let the vector b = [b0 b1 . . . bk]
T be the estimate of the estimator β. The

estimate of the dependent variable is then

ŷ = Xb. (3.3)

The most common estimation technique is least squares. In the least
squares method the residual sum of squares is minimized . The residuals
are the difference of the original values of y and the estimated values ŷ. The
least squares condition can be written as follows

RSS(b) =
N

∑

t=1

(yt − ŷt)
2 =

N
∑

t=1

(yt − b0 −
k

∑

j=1

bjxt,j)
2

= ||y − ŷ||2 = ||y−Xb||2. (3.4)

The Equation (3.4) is a quadratic function in the k +1 parameters. Differ-
entiating with respect to b one obtains

∂RSS

∂b
= −2XT (y−Xb). (3.5)

Setting Equation (3.5) equal to zero and solving respect to b the estimates of
the regression coefficients can be computed. The unique solution is

b = (XTX)−1XTy. (3.6)

The Equation (3.4) does not make any assumptions about the validity of the
model (3.1). By solving the Equation (3.5) the best linear fit to the available
data [19] is found. The residuals r = y− ŷ provide valuable information about
goodness of the linear fit. The regression model is good if a large portion
of the variance of y is explained. In the good models, the variance of the
residuals is remarkably lower than the variance of the dependent variable y.
The goodness of the fit can be measured using a R-squared (R2) value or a
coefficient of determination, which is defined as follows

R2 = 1−

∑N

t=1(yt − ŷt)
2

∑N

t=1(yt − y)2
= 1−

rT r

||y− y||2
, (3.7)
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where y is the mean of the samples yt, t = 1, . . . , N . The R2-value is the
proportion of the explained variation in y. The R2-value ranges between 0 and
1. The R2 is 1 only when all the sample points and the estimated regression
plane combine exactly. The R2-value is 0 when the estimated linear regression
model does not explain at all variation in y [33].

3.1.1 Assumptions of the linear regression model

The sample size N has an impact on estimation. Small sample sizes, for exam-
ple under 50 sample points, are only appropriate for simple regression models.
In that case, computed statistical values can be unreliable, because there are
not enough data for accurate results. Very large sample size also causes dif-
ficulties. The statistical significance tests can make some variables significant
though they actually should be rejected from the model, so statistical tests
might become too sensitive.

The sample size affects also generalizability of the result of the regression
model. The ratio of observations to number of parameters should be suitable.
There does not exists a general rule how much the ratio should be. It should
be at least over 20 and in some cases even more. This means that there should
be at least 20 observations for each parameter. The sufficient ratio changes
according to the data which is in use [16].

The signal to noise ratio has also impact on the estimation. The estimates
of the parameters are inaccurate if the level of noise is too high. Some inde-
pendent variables can also be rejected wrongly from the model because they
are covered under noise. Noise can be reduced from the dependent variable
before the estimation of the regression coefficients. Also, the noise reduction
can be done for the independent variables if they include noise. In this study,
the DWT is used to reduce noise. This technique is presented in Chapter 2.

The multiple linear regression model involves a couple of crucial assump-
tions. Under these assumptions the least squares estimates from Equation (3.6)
are unbiased. The following assumptions are needed for the linear regression
model (3.1).

• The model (3.1) is valid i.e. there exists the linear dependency between
the dependent variable y and the independent variables xi, i = 1, . . . , k.

• The variables xi are non-stochastic variables. This assumption is not
fulfilled in this study because the variables xi are also measurements
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and they include noise. The independent variables can be stochastic if
two assumptions hold. The distribution of each independent variable
is independent on the true regression coefficients. The distribution of
each independent variable is independent on the distribution of the error
term. These two assumptions can be assumed to hold in this study. The
parameters have to be interpreted to be conditional on the given values
of xi.

• There are not exact linear dependency between any xi and xj , i 6= j.
This assumption guarantees that the matrix XTX is a positive definite
and then its inverse matrix exists and there exists an unique solution for
the Equation (3.6).

• The error term has expected value of zero and the equal variance for all
observations. Mathematically this is E(εt) = 0 and E(ε2

t ) = σ2, ∀ t.

• The random error terms are also assumed to be uncorrelated i.e E(εiεj) =
0, ∀ i 6= j.

• The error terms are normally distributed εt ∼ N(0, σ2).

The assumption of the normality of the error term is important for the
statistical testing of the model. The Gauss-Markov theorem states that even
without this assumption the parameter estimates are the best linear unbiased
estimates of the parameters. The best linear unbiased estimate means that it
has the minimum variance of all linear unbiased estimators [33].

The statistical assumptions are crucial for statistical testing. The statistical
tests cannot be used to validate model if the previous statistical assumptions
are not fulfilled. The multiple linear regression model can also be estimated
even if the assumptions are not valid, but then the validation of the model
have to be done in another way. In this study, the statistical tests are not used
to validate model. Descriptions of the tests is found from the book [33].

3.2 Sparse regression

The usual situation is that the available data are (xt,1, . . . , xt,k, yt), where
t = 1, . . . , N , and the linear regression model should be estimated. y is the
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dependent variable and (x1, . . . ,xk) are a set of the possible independent vari-
ables. The ordinary least squares (OLS) estimates are calculated by minimiz-
ing Equation (3.4) using the all independent variables in the model. The OLS
estimates are not typically satisfactory. The number of possible independent
variables might be large and there can be non-informative variables among
them.

The OLS estimates have a low bias but a large variance. The large variance
impairs the prediction accuracy. The prediction accuracy can sometimes be
improved setting some regression coefficients to zero. The models with too
many independent variables are difficult to interpret. The objective is many
times to find a smaller subset of independent variables that have the strongest
effect in the regression model [35].

The familiar algorithms for improving OLS estimates are forward selection
[16], backward elimination [16], subset selection [19], ridge regression [21] and
nonnegative garrote [4], which all have some drawbacks.

In the forward selection algorithm one variable is added to the model at
each stage. The backward elimination starts from the model where all inde-
pendent variables are included. During the algorithm one independent variable
is eliminated at each stage. It is not possible to change any earlier decisions
at the later stage in either algorithm. Both algorithms are also too greedy
or they take too long steps towards the final model at each stage during the
execution of the algorithm [16].

In the subset selection only a subset of the independent variables is included
to the model. The objective is to find the best subset of size l < k. The
goodness of the subset is measured by the least squares criterion. The subset
which minimize the value of the Equation (3.4) is chosen. This is an inefficient
approach if k is large. The subset selection is not robust because small changes
in the data can result in very different models [19].

Ridge regression is a continuous process that shrinks the regression coeffi-
cients. There is added a penalty on the magnitude of the regression coefficients.
In this approach, a penalized residual sum of squares is minimized. The penalty
term is the sum of the squares of the regression coefficients. Mathematically
this is

RSS(b) = ||y −Xb||2 + α
k

∑

j=1

|bj |
γ, (3.8)

where γ = 2 and α is a positive constant. The solution for the Equation (3.8)
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is
b = (XTX + αI)−1XTy, (3.9)

where I is an identity matrix. The larger α compels the regression coefficients
to shrink more. Ridge regression does not necessarily set any of the coefficients
exactly to zero, so the models are still hard to interpret. The ridge regression
solution is not sensitive for little changes in the data. Ridge regression is
presented in the article [21].

The similar penalization term than in ridge regression is used with the
artificial neural networks (ANN) [2]. In context of the ANNs it is called weight
decay. The penalty is calculated over all adaptive parameters or weights of the
network. It has been justified empirically that the penalization can lead to
improvements in network generalization.

Nonnegative garrote has similar features than subset selection and ridge
regression. Nonnegative garrote is presented in the article [4]. In the garrote
is minimized following Equation

RSS(b) =
N

∑

t=1

(yt −
k

∑

j=1

cjbjxt,j)
2, (3.10)

under the constraints cj ≥ 0 and
∑k

j=1 cj ≤ s. s is some positive constant.
Nonnegative garrote sets some regression coefficients to zero and shrinks other.
A smaller s means that more of the regression coefficients are set to zero. The
nonnegative garrote estimates are also relatively stable. The constant term b0

is excluded in the Equations (3.8) and (3.10) because the variables are assumed
to have zero mean.

3.2.1 Lasso

The lasso algorithm is almost similar than ridge regression but in the lasso
some coefficients are set to zero. Lasso is abbreviation from the words least
absolute shrinkage and selection operator. The lasso algorithm is presented by
Tibshirani in the article [35].

The lasso minimizes the residual sum of squares subject to sum of the
absolute values of regression coefficients being less than a predefined constant.
The object function is still Equation (3.4), but the minimum is calculated
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subject to
k

∑

j=1

|bj | ≤ τ, (3.11)

where τ ≥ 0 is a tuning parameter. The equivalent expression for the problem
is Equation (3.8) when γ = 1. There does not exist a simple solution like in
Equation (3.9) when γ = 1, because the penalty term is not continuous in
this case. The parameters α and τ are related to each other by a one-to-one
mapping [19]. There exists an unique pair of τ and λ for each solution. In
the extreme case, same solutions are obtained when α = ∞ and τ = 0. The
solution is b = 0 in that case.

It is assumed that available data (x1, . . . ,xk,y) are standardized. The
dependent variable y is standardized to have zero mean or

1

N

N
∑

t=1

yt = 0. (3.12)

All independent variables are standardized to have zero mean and unit length

1

N

N
∑

t=1

xi,t = 0 and
1

N

N
∑

t=1

x2
i,t = 1, ∀ i. (3.13)

The intercept term b0 is zero due to standardization of the variables. It can
be dropped out from the model (3.1) without loss of generality.

The tuning parameter τ controls the amount of the shrinkage that is applied
to the coefficients. τ0 =

∑

|b0
j |, where b0

j is OLS estimates. The parameter
values τ < τ0 cause some coefficients to shrink towards zero. The value of τ
have to be set before estimation. The value of τ , which causes some coefficients
to be exactly zero, is strongly dependent on the data. The article [35] presents
some data-based methods to estimate the value of τ .

Computation of the lasso estimates is a quadratic programming problem.
The objective function is (3.4) and the linear inequality constraint is (3.11).
The efficient and stable algorithm for solving the problem is presented in the
article [35]. The algorithm is briefly described below.

The condition
∑

|bj | ≤ τ is equivalent to δib ≤ τ , where δi, i = 1, . . . , 2k,
are the k-tuples of the form (±1,±1, . . . ,±1). For given b, let E = {i : δib =
τ}. The set E is the equality set corresponding to those constraints which are
exactly met. Let GE be the matrix whose rows are δi, ∀ i ∈ E, and let 1 be
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a vector of ones of length equal to the number of rows of GE . The algorithm
proceeds as follows.

1. Start with E = {i0} where δi0 = sign(b̂0), where b̂0 is OLS estimates
without constraints.

2. Find b̂ to minimize g(b) =
∑N

t=1(yt−
∑k

j=i bjxt,j)
2 subject to GEb ≤ τ1.

3. While
∑k

j=1 |bj| > τ ,

4. add i to the set E, where δi = sign(b̂). Find b̂ to minimize g(b) subject
to GE ≤ τ1.

3.2.2 Forward stagewise linear regression

The lasso algorithm cannot be used if the number of possible independent
variables is large. Forward stagewise method can be used instead of lasso
in that case. Forward stagewise method approximates the effect of the lasso
constraint (3.11).

New independent variables are added sequentially to the model in the for-
ward stagewise algorithm. Only one parameter is adjusted at each iteration.
Forward stagewise linear regression is presented in the book [19]. The algo-
rithm is described below.

1. Initialize bj = 0, j = 1, . . . , k. Set ε > 0 to a small constant and M a
large one.

2. for m = 1 to M

(a) (β∗, j∗) = arg minβ,j

∑N

t=1(yt −
∑k

l=1 blxt,l − βxt,j)
2

(b) bj∗ ← bj∗ + ε · sign(β∗)

3. ŷ =
∑k

l=1 blxl

It is assumed that the dependent and the independent variables are scaled
according to Equations (3.12) and (3.13). Two constants ε and M have to be
set before iterations. ε should be a small constant. One parameter is adjusted
amount of ε at each iteration. M is the number of the iterations. Typically ε
is about 0.05 and M can be from a few hundred to several thousands. The all
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parameters bj , j = 1, . . . , k are set to zero in the beginning. This means that
the tuning parameter τ is zero in the lasso.

The expression
∑k

l=1 blxt,l is the estimated output and rt = yt−
∑k

l=1 blxt,l

is the current residual at the index t. At each iteration step the independent
variable xj∗ and the coefficient β∗ which minimize the equation on the line (2a)
are found. The corresponding regression coefficient bj∗ is increased or decreased
by ε on the line (2b). Other coefficients bj , j 6= j∗ are left unchanged. This
procedure is continued M iteration steps or until β∗ = 0. β∗ = 0 can occur
if k < N and then values of the coefficients are equal to OLS estimates. This
corresponds to τ = τ0 in the lasso algorithm.

Many of the coefficients bj might be zero after M iterations. It means that
corresponding independent variables are not yet added to the regression model.
This M iteration solution is almost similar than the lasso solution with some
tuning parameter τ . The forward stagewise and the lasso solutions are even
identical in some cases [19].

3.2.3 Least angle regression

Least angle regression (LARS) is a new model selection algorithm. It is pre-
sented in the article [14]. LARS is closely related to the traditional forward
selection algorithm but it is less greedy version of it. LARS is also very similar
as the lasso and the forward stagewise linear regression algorithms.

In the forward stagewise algorithm numerous tiny steps are taken towards
a final model. LARS moves on the same path as the forward stagewise but
steps are much larger. The steps are not as large as in the forward selection
algorithm, though.

In the Figure (3.1), the progress of the LARS algorithm is presented. It is
assumed that the dependent variable is scaled according to Equation (3.12) and
the independent variables according to Equations (3.13). In the beginning, all
coefficients bj are zero and a estimate of the y is ŷ0. The independent variable
which is most correlated with y is found at first. Let it be xj1 . The largest
possible step is taken in the direction of u1 until some other independent
variable xj2 is as much correlated with current residuals as xj1. u1 is the unit
vector in the direction of xj1. The estimate of the y is ŷ1 and the residuals are
y − ŷ1 at this point. LARS proceeds in a direction equiangular between xj1

and xj2. Let this direction be u2. LARS proceeds in the direction of u2 until
some third independent variable xj3 is as much correlated with the current
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ŷ1

u1

ŷ0
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Figure 3.1: Progress of the LARS algorithm

residuals as xj1 and xj2. This point is ŷ2. Then LARS proceeds equiangularly
between xj1 , xj2 and xj3 until the fourth independent variable can be taken
into the model. This procedure can be continued as long as there are still
independent variables left.

In the LARS algorithm k steps are only needed for a full set of solutions,
where k is the number of the independent variables. It is assumed that the
independent variables (x1, . . . ,xk) are linearly independent. First, a couple of
variables which are needed in the algorithm are described.

Let A be a subset of the indices {1, 2, . . . , k}. A includes indices of the
independent variables which are already added to the model. A defines the
matrix

XA = (· · · sjxj · · · )j∈A, (3.14)

where the signs sj equal ±1.

GA = XT
AXA and AA = (1T

AG
−1
A

1A)−
1

2 , (3.15)

where 1A is a vector of 1’s. The length of the vector 1A is same as the size of
A. The equiangular vector between the added independent variables is

uA = XAwA where wA = AAG−1
A

1A. (3.16)
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uA is the unit vector and it makes equal angles with the columns of XA. The
angles are less than 90◦. Mathematically this is

XT
AuA = AA1A and ||uA||

2 = 1. (3.17)

In the beginning ŷ = 0. Let ŷA be the current LARS estimate of y. Let

ĉ = XT (y − ŷA) (3.18)

be the vector of current correlations between the independent variables and the
current residuals. The set A contains indices whose corresponding independent
variables have the greatest current absolute correlations,

Ĉ = max
j
{|ĉj|} and A = {j : |ĉj| = Ĉ}. (3.19)

Signs in the Equation (3.14) are

sj = sign{ĉj} for j ∈ A. (3.20)

XA, AA and uA can now be computed as in Equations (3.14)-(3.16). An inner
product vector a is defined as follows

a = XTuA. (3.21)

The new estimate of y is now

ŷA+
= ŷA + γ̂uA, (3.22)

where

γ̂ = min
j∈Ac

{

Ĉ − ĉj

AA − aj

,
Ĉ + ĉj

AA + aj

}

(3.23)

The minimum is taken over only positive components for each j in the Equation
(3.23).

The estimates of the regression coefficients bj are updated at each step for
each j ∈ A.

bnew
Aj

= bold
Aj

+ γ̂sjwAj
, (3.24)

where Aj refers to index j in the set A. bAj
is the regression coefficient and wAj

is the component of the vector wA of the corresponding independent variable.
sj is obtained from Equation (3.20) and γ̂ is same as in the Equation (3.23).

The complete LARS algorithm requires k times the procedure of the Equa-
tions (3.18)-(3.24). One independent variable is added to the model at each
iteration step. There is exception when the last independent variable is added
to the model. The Equation (3.23) is not defined and γ̂ = Ĉk/AA and ŷ and
b are equal to the OLS estimates for the full set of k independent variables.
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Figure 3.2: Lasso estimates
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Figure 3.3: Forward stagewise esti-
mates
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Figure 3.4: LARS estimates

3.2.4 Example of sparse regression

The presented sparse regression algorithms are illustrated with a simple ex-
ample. The multiple linear regression model was generated synthetically. The
model is

y = β1x1 + β2x2 + β3x3 + ε, (3.25)

where the error term is normally distributed with zero mean. Two additional
variables x4 and x5 were taken into the set of possible independent variables.

Lasso estimates are plotted as a function of τ =
∑

|bj | in the Figure (3.2).
In the Figure (3.3), forward stagewise estimates are plotted as a function of
the iteration round M . In this case, the number of the iteration rounds was
M = 1640 and the parameters were adjusted by ε = 0.05. In the figure (3.4),
LARS estimates are drawn as a function of the step k. The plots of the values
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of the regression coefficients are almost identical. The independent variables
are added to the model in the same order 3, 2, 1, 5, 4 in all three algorithms.
The variables which actually belong to the model were added first. In the end,
the estimates of the regression coefficients from each algorithm are identical to
the corresponding OLS estimates.

The disadvantage of the lasso and the forward stagewise algorithms is that
parameters τ and M and ε have to be set beforehand. It may be difficult to
find suitable values for these parameters in some cases. In the LARS algorithm
is not any such parameters. LARS is also computationally more efficient than
the lasso or the forward stagewise algorithm.

The problem is typically to find the best choice of b from all the possible
solutions which are got from the LARS algorithm. A Cp-type selection criterion
is used in the article [14]. The Cp selection criterion is discussed in detail in the
articles [28] and [29]. The Akaike information criterion (AIC) is also popular
criterion for model selection. AIC and the corrected AIC are presented in the
article [6]. An application of the minimum description length (MDL) model
selection criterion for the linear regression is demonstrated in the article [18].
The MDL criterion for the linear regression is

MDL(k) =
N

2
ln ||y− ŷ||2 +

k

2
ln N. (3.26)

k represents kth step of the LARS algorithm in the Equation (3.26). ŷ is the
estimate of the dependent variable y and N is the sample size. The value of
the Equation (3.26) is computed at each step in LARS algorithm. The model
which has the minimum value for the Equation (3.26) is selected.

The Cp-type and the AIC criteria are closely related to the MDL criterion.
The second term of the Equation (3.26) is a penalty on the selected parameters.
Cp and AIC differ only in the size of this penalty. MDL is only used for rough
selection of the number of the independent variables. The selection of the final
number of the variables is done by bootstrapping.

3.3 Bootstrap

The bootstrap is a relatively new statistical method and it was introduced
by Efron in the article [13]. The idea of the bootstrap is to use sample data
to estimate some statistics of the data. There are no assumptions about the
model or the form of the probability distribution in the bootstrap procedure.
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Figure 3.5: A general diagram of the bootstrap method

The statistic of interest and its distribution are computed by resampling the
original data with replacement. The bootstrap requires a lot of computing
time so it is a computer-intensive method. It is less of a problem nowadays
due to the availability of efficient computers.

The jackknife is a less computer-intensive resampling method. The resam-
pling in the jackknife is done without replacement, so the size of the subsamples
are smaller than the size of the original data. There are only finite number
of subsamles in the data. A review of the jackknife is presented in the article
[31].

The bootstrap principle is presented for instance in the book [15]. Figure
(3.5) is a general diagram of the bootstrap method. The real world is on the
left. x is the observed sample data, which is got from the unknown probability
distribution P . θ is the statistic of the interest which is function of x. The
statistical behavior of θ, for example its standard deviation or the statistical
significance, is usually under exploration.

The bootstrap world is on the right side in the Figure (3.5). The estimated
probability model P̂ gives bootstrap samples x∗ by random sampling. The
bootstrap replication θ∗ of the statistic of interest θ is calculated from x∗

according to a same function as in the real world case. The advantage of the
bootstrap is that the replications θ∗ can be calculated as many times as wanted
or the number of times which is computationally feasible. The replications θ∗

can be used directly to estimate the statistic of the interest. The observed
variability of θ∗ can be used as an estimate of the unknown true standard
deviation of θ. The confidence intervals of θ can also be estimated using the
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replications θ∗. Constructing the bootstrap confidence intervals in general
situations are discussed in the article [34]. Many examples of applications of
constructing the bootstrap confidence intervals in signal processing are found
from the article [38].

The double arrow⇒ is a crucial step in the bootstrap process in the Figure
(3.5). The unknown probability model P needs to be estimated from the
observed data x, this is indicated by x⇒ P̂ . There is no general prescription
for this process. There are various processes for different data structures.
Many examples are found from the book [15]. The step P̂ → x∗ represents a
simulation of the bootstrap data from the estimated probability model P̂ . An
application of the bootstrap in the multiple linear regression is presented in
the next section.

3.3.1 Application of the bootstrap in multiple linear re-

gression

Bootstrapping a regression model can be done in two different ways. The
methods are called bootstrapping residuals and bootstrapping pairs. Boot-
strapping the residuals is briefly described at first. Bootstrapping the pairs is
used in this study and it is described after bootstrapping the residuals. These
two methods are presented in the book [15].

The multiple linear regression model is presented in Equations (3.1) and
(3.2). The probability model P → x for the multiple linear regression has two
components P = (β, F ), where β is the parameter vector and F is the prob-
ability distribution of the error terms ε. The assumptions of the probability
distribution of the error terms were introduced in Section 3.1.1. The error
terms are assumed to be normally distributed and uncorrelated.

The parameter vector β can be estimated by b according to Equation (3.6).
The error terms ε can be approximated by the residuals r = y − Xb. The
estimate of F is still required for the estimate of P in the bootstrap method
in the Figure (3.5). The probability distribution of the error terms F can
be estimated by an empirical distribution of the residuals r. The empirical
distribution is assumed to be

F̂ : probability
1

N
on rt for t = 1, . . . , N, (3.27)

where N is the sample size.
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The bootstrap data sets are now calculated according to the probability
model P̂ = (b, F̂ ). The bootstrap error terms are selected randomly at first.
The random selection is done with replacement. The bootstrap error terms
are

F̂ → (r∗1, . . . , r
∗

N) = r∗. (3.28)

Each r∗t equals some of N values of residuals rt with probability 1/N in Equa-
tion (3.28). The bootstrap replication of the dependent variable y∗ is calcu-
lated as follows

y∗ = Xb + r∗. (3.29)

The bootstrap replication b∗ of the estimate b is computed respectively than
in Equation (3.6). The bootstrap replication is

b∗ = (XTX)−1XTy∗. (3.30)

The procedure of Equations (3.28)-(3.30) can be repeated for instance B times.
There are B replications of b in use then. The statistic of the interest is
calculated from these B replications.

The independent variables (x1, . . . ,xk) are treated as fixed quantities in
the bootstrapping residuals approach. It is assumed that the error between
the dependent variable and its estimate ŷ is not dependent on the independent
variables (x1, . . . ,xk). This is a strong assumption and it can fail even if the
Equation (3.1) for the multiple linear regression model is correct. In the boot-
strapping pairs approach weaker assumptions about validity of the Equation
(3.1) are made as in the bootstrapping residuals approach.

In the bootstrapping pairs, F̂ is assumed to be empirical distribution of the
observed data vectors (xt,1, . . . , xt,k, yt), where t = 1, . . . , N . F̂ puts probability
1/N on each vector (xt,1, . . . , xt,k, yt). A bootstrap sample is now a random
sample of size N drawn with replacement from the population of N vectors
(xt,1, . . . , xt,k, yt). The bootstrap sample is

F̂ →











x∗
1,1, . . . , x∗

1,k, y∗
1

x∗
2,1, . . . , x∗

2,k, y∗
2

... ,
... ,

... ,
...

x∗
N,1, . . . , x∗

N,k, y∗
N











= (X∗,y∗). (3.31)

(X∗,y∗) is the resampled version of the original data (X,y). Some data vectors
from the original data (X,y) can appear zero times or once or twice etc. in
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Figure 3.6: A general diagram of bootstrapping pairs

the bootstrap sample (X∗,y∗). The bootstrap replication of the estimates of
the parameters b are computed as follows

b∗ = (X∗T
X∗)−1X∗T

y∗. (3.32)

The order of the samples (x∗
t,1, . . . , x

∗
t,k) are irrelevant in the matrix X∗. The

only restriction is that the corresponding values of the independent variables
(x∗

t,1, . . . , x
∗
t,k) and the dependent variable y∗

t have to be on the same row in
the matrix X∗ and in the vector y∗.

A general diagram of the bootstrapping pairs approach is presented in
the Figure (3.6). The empirical distribution F̂ is on left. B independent
bootstrap samples are drawn from the distribution F̂ according to Equation
(3.31). The bootstrap replications b∗i, i = 1. . . . , B of the estimates b are
computed according to Equation (3.32). The statistic of interest or some
other features of the parameters b can be calculated from these B bootstrap
replications.

In this study, relative weights of the parameters of the multiple linear
regression model are computed. The relative weights are computed from the
bootstrap replications as follows

w =
1

B

B
∑

i=1

|b∗i|

1T |b∗i|
. (3.33)
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B is the number of the bootstrap replications and b∗i is ith bootstrap repli-
cation of the parameters b. The absolute values are taken over all the com-
ponents of the parameter vector b∗i in the Equation (3.33). There is a sum
of the absolute values of the parameters in the denominator. 1 is a vector of
ones and the length of the vector 1 is the same as the length of the vector b∗i.
All components of the vector |b∗i| are divided by the previous sum. These
operations are done for every bootstrap replication and these scaled bootstrap
replications are added together. This sum is divided by the number of the
bootstrap samples B. The result is a vector w, which includes the relative
weights of the parameters b.

There is a relative weight wi for the each possible independent variable
xi, i = 1, . . . , k in the vector w. The value of the each wi is within the range
wi ∈ [0, 1] and the sum of the weights is 1. The relative weight of the indepen-
dent variable is a measure of the belief that the independent variable belongs
to the estimated linear model. The independent variable can be rejected from
the estimated model if the value of wi is zero or under a predefined threshold
value. The most significant independent variables have the largest relative
weights wi.

3.4 Learning linear dependency structure

3.4.1 Belief graph

Let us assume now that there are data D available. In the data D there are
k + 1 variables and N measurements for each variable. The objective is to
find multiple linear regression models among the variables. Each variable is
selected to be the dependent variable in turn and the rest of the variables are
the possible independent variables.

For each dependent variable the best independent variables are searched
using the LARS algorithm. The LARS algorithm is presented in the Section
3.2.3. The data are resampled B times according to Equation (3.31) and the
LARS algorithm is applied to each bootstrap sample. The rough selection
of the independent variables are done for the each bootstrap replication using
Equation (3.26). The bootstrap replications of the regression coefficients of the
rejected variables are zero. The relative weights of the regression coefficients
are computed from the bootstrap replications according to Equation (3.33).
The previous steps are repeated for all k + 1 linear models. The result of
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Figure 3.8: Directed graph Gd

the previous procedure is k + 1 vectors of the relative weights i.e. the vector
of the relative weights for each estimated linear model. A belief graph Gb is
constructed from these vectors of the relative weights.

The each signal or variable of the data D is presented as a node in the
belief graph Gb. There are k + 1 nodes in Gb. The arcs between the nodes
are obtained from the nonzero relative weights. The arc between two nodes
represents that there exists a linear dependency between these two nodes and
the corresponding variables belong potentially to the same multiple linear re-
gression model. The weights of the arcs are got from the values of the relative
weights. The weights are a measure of the belief that there exists the linear
dependency between two nodes. The belief graph can be represented as an
adjacency matrix. The elements of the matrix are weights of the arcs.

In Figure (3.7) is an example of the adjacency matrix of the belief graph
Gb. In this case, in the data D have been nine variables. The relative weights
of the parameters of the ith model are in the ith column in the adjacency
matrix. The ith variable has been the dependent variable in the ith model
and rest of the variables have been the possible independent variables. The
relative weights for the variables 2, . . . , 8, when the variable 1 is the dependent
variable, are presented in the first column of the adjacency matrix in the Figure
(3.7). The other columns are constructed in a corresponding way. Dark colors
refer to strong belief that these variables are significant in the multiple linear
regression model. For example, in the first column or in the first regression
model the variables 2, 4 and 6 are the most significant independent variables.

The dependencies or the number of the arcs in the adjacency matrix can be
reduced by setting some threshold value λ for the relative weights. The relative
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weight of the parameter is set to zero if it is below the threshold λ. All the
relative weights which are above the threshold λ are set to unity. This means
that these dependencies are equally important. The belief graph Gb becomes
unweighted directed graph Gd after using the threshold λ. Gd is presented in
Figure (3.8). The value of the threshold was λ = 0.1. In this study, the value
of the threshold λ is not estimated according to some defined principle. The
suitable value for λ is decided by exploring values of the adjacency matrix.
The purpose is to find such a value for λ that a little change in the value of λ
would not cause major changes in the graph Gd.

3.4.2 Construction of moral graph

The following idea of constructing an undirected and a moral graph from the
belief graph is adapted from the article [22]. The arcs represent in the graph
Gd that some variables are independent variables in certain linear models. Let
Vi stand for a node or a variable. There are nine nodes Vi, i = 1, . . . , 9 in
the graph Gd. The dependencies have directions in the graph Gd, but the
directions of the dependencies can be discarded after processing of the graph
Gd. When the directions of the dependencies are removed from the graph
Gd, an unweighted undirected graph Gu is obtained. An adjacency matrix of
the directed graph Gd is in the Figure (3.8) and the corresponding adjacency
matrix of the undirected graph Gu is in Figure (3.11). It can be assumed now
that two signals belong to the same linear model if they are connected by the
arc.

There is a part of the graph Gu in Figure (3.9). When a variable 7 is the
dependent variable both variables 5 and 6 are relevant independent variables.
Other independent variables can be seen from the adjacency matrix in Figure

V7

V5 V6

Figure 3.9: A part of the graph Gu

V7

a moral arc

V5 V6

Figure 3.10: A moral arc addition
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Figure 3.12: Moral graph Gm

(3.11). When the variable 5 or 6 is the dependent variable the variable 7 is
one of the independent variables. Let us assume that the variable 7 is the
actual dependent variable so x7 = β5x5 +β6x6 +φ, where φ is a function of the
other independent variables and noise. It is possible that all relevant variables
are not found by sparse regression algorithms if some independent variable is
chosen to be the dependent variable. It is highly possible in this case that all
three variables 7, 5 and 6 belong to the same model. An arc can be added to
connect the nodes V5 and V6. The added arc is called a moral arc. An addition
of the moral arc is represented in Figure (3.10). The moral arcs can be added
to the unweighted undirected graph Gu according to the following two steps.

1. Create the unweighted undirected graph Gu from the graph Gb by using
the threshold value λ and ignoring the directions of the dependencies.

2. Create a moral graph Gm from Gu. For each node Vi, find its parents
PVi

in G′
u. Connect each pair of nodes in PVi

by adding undirected arcs
to Gu.

The parents are sought for each node Vi from the adjacency matrix of G′
u

in the step 2. When a parent and child relationships are sought, the directions
must be interpret in Gu such that there do not exist cycles. This adjacency
matrix is denoted by G′

u. The restriction in this case is that the parent Vi must
have a smaller index than the child Vj i.e. i < j. This restriction confirms
that the relationships can be interpreted correctly and the number of the added
moral arcs is reasonable. The graph Gu is called a moral graph Gm after all
moral arcs have been added. The adjacency matrix of the moral graph Gm is
demonstrated in Figure (3.12).
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The probability propagation in trees of clusters method for probabilistic
inference is described in the article [22]. It is a method for performing prob-
abilistic inference on a belief network. The belief network and in this study
used belief graph have some analogy. The belief network induces a probability
distribution over its variables, when the belief graph represents the strength
of the dependencies between the variables. The relative weights of the belief
graph can be seen as probabilities in a loose sense. The moral graph construc-
tion has the same purpose in both cases i.e. to add arcs to the undirected
graph Gu and to the undirected graph of the belief network.

3.4.3 Maximal cliques

The objective is to find multiple linear regression models among the variables
in the data D. The linear models or the sets of variables are sought from
the unweighted undirected graph Gu or from the moral graph Gm. The vari-
ables, which are interpreted to belong to the same model, are part of the same
maximal clique. A subgraph of Gu or Gm is called a clique if the subgraph
is complete and maximal. The subgraph is complete if every pair of nodes in
the subgraph are connected by an arc. The clique is maximal if it is not a
subgraph of the larger complete subgraph. This definition of the complete and
maximal cliques is presented in the article [22].

The interactions between different metabolites are studied in the article
[25]. In the article, the linear correlation coefficients are used as estimates
how tight interactions are between the metabolites. An undirected correlation
matrix is constructed from the correlation coefficients. The interactions are
significant between the metabolites which belong to the same maximal clique.
An algorithm, which can be used to generate all maximal cliques from arbitrary
undirected graph, is presented in detail in the article [25]. The short description
of the algorithm is given in the next two paragraphs.

Let n-clique stand for a clique which includes n nodes and Cn for a list
of all n-cliques. The algorithm starts by forming all 2-cliques. All pairs of
nodes which are connected by an arc are 2-cliques. There exists 3-clique if two
2-cliques have one node in common and two sole nodes are connected. For
example, if there are cliques {V1, V2}, {V1, V3} and {V2, V3} in the graph then
there exists 3-clique {V1, V2, V3}. All 3-cliques are collected to the list C3.

All (n + 1)-cliques can be constructed from the list Cn. Two n-cliques c1
n

and c2
n, which have already (n− 1) nodes in common, are tested if they could
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form a new (n+1)-clique cn+1. There has to exist n-clique c3
n, which has (n−2)

nodes in common with cliques c1
n and c2

n, in the list Cn. Additionally, (n−1)th
node of c3

n has to be equivalent to nth node of c1
n and nth node of c3

n has to be
equivalent to nth node of c2

n, then there is (n+1)-clique cn+1 in the graph. For
example, if there exist cliques c1

4 = {V1, V2, V3, V4}, c2
4 = {V1, V2, V3, V5} and

c3
4 = {V1, V2, V4, V5}, then there exist 5-clique c5 = {V1, V2, V3, V4, V5} in the

graph. This procedure is repeated as long as new cliques can be constructed.
All lists Ci, i = 1, . . . , nmax are tested in the end, that any n-clique is not
a subclique of (n + m)-clique, m > 0. If there exist subcliques they can be
eliminated.

The problem to find all maximal cliques is known to be the NP -hard prob-
lem [24]. This means that the computational time for a solution is nondeter-
ministic and the number of cliques can increase exponentially. Several algo-
rithms for solving the clique problem are introduced and analyzed in the article
[24]. The computational burden is not too heavy if the number of variables
in the data D is not large. The number of variables can be a few hundred.
The number of arcs in the moral graph Gm also affects on the computational
efficiency.

The maximal cliques from the graphs Gu and Gm are in Figures (3.13)
and (3.14). The adjacency matrices of Gu and Gm are in Figures (3.11) and
(3.12). On the each row in matrices in the top panels of Figures (3.13) and
(3.14), are listed the variables which belong to a certain clique. The numbers
of cliques are in the y-axis and the numbers of the variables are in the x-axis.
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The variables, which belong to ith clique, are marked by black in ith row.
The same information is represented in the bottom panels of the same figures,
but the dependencies between the variables and the cliques can be seen more
clearly.

Two maximal 3-cliques and one 4-clique or the regression models were found
from the graph Gu. The cliques are c1

4 = {V3, V4, V5, V7}, c
1
3 = {V1, V2, V6} and

c2
3 = {V2, V8, V9}. The variables within a clique are interpreted to be dependent

on each other. The cliques c1
3 and c2

3 are dependent on each other through the
variable 2. The best linear models are achieved according to the R2-value if
the signals 7, 1 and 8 are selected to be the dependent variables. The R2-value
is introduced in Equation (3.7).

From the graph Gm 5-clique c1
5 = {V3, V4, V5, V6, V7} and 4-clique c1

4 =
{V2, V6, V8, V9} were found. These cliques are dependent on each other through
the variable 6. If the variables 7 and 8 are selected to the dependent variables
then the R2-values for the cliques c1

5 and c1
4 are 0.96 and 0.94. The R2-values

indicate that the search of the linear models was successful.
More maximal cliques can be found in both cases, but there are additional

criteria how final cliques are selected. The first criterion is that two cliques can
have only one variable or node in common. The second one is that the com-
mon variable cannot be a dependent variable in both cliques. Finally, cycles
are not allowed in the dependency structure. The dependency structure is a
dependency tree or a forest under these restrictions. More detailed description
of the results and the data D of this example can be found from Section 4.2
in Chapter 4.



Chapter 4

Results

This chapter presents how the previous algorithms work in practice. The algo-
rithms are tested by three different data sets. One of the data sets is generated
synthetically and the rest of the data sets consist of real measurements. The
real-world data sets are called the System data and the Boston Housing data.
First, results from the synthetic data are presented followed by results from
the System data and from the Boston housing data.

4.1 Synthetic data

The synthetically generated data sets are a convenient way to test how the
method works in practice, since the dependency structure of the data is known
beforehand. Thus, the dependency structure which the method returns can
be compared to the actual dependency structure. The other qualities of the
method can also be studied, because the all features of the data are known.
For example, the quality of the noise reduction algorithm can be identified.

In the synthetic data set there are 28 variables. The number of samples
in each variable is N = 1000. In the data set there are 8 multiple linear
regression models. The dependency structure of the variables is presented in
Figure (A.1) in Appendix A. The arrows point from the independent variables
to the corresponding dependent variables. The dependent variables are 18, 5,
19, 8, 13, 22, 25 and 28. The dependent variables are linear combinations of
the independent variables as in the Equation (3.1). The regression coefficients
were taken from the uniform distribution [0.2, 1.2] or [−0.2,−1.2]. The sign
of the coefficient is irrelevant in this case. All the variables are scaled to have

40
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zero mean and equal variance.
Noise was added to all dependent variables. As noise were used random

samples, which were normally distributed. The mean and the variance of the
random samples were µ = 0 and σ2 = 0.05. The noise reduction technique
described in the Section (2.2.3) was used. The original noiseless signal s, the
noise ε and the noisy signal sn = s + ε are all known in this case. After
the noise reduction, the estimate of the noisy signal ŝn is also known. The
noise, which is left after the noise reduction, can be computed as a difference
ε̂ = ŝn − s. The variance of ε̂ is approximately half of the original variance
σ2 = 0.05 in each 8 cases. This indicates that the power of the noise is halved.

In the method proposed in the Chapter 3 one does not make any assump-
tions of the number of the dependent variables. The dependent variables are
sought during the execution of the algorithm. Each variable of total 28 is kept
in turn as a dependent variable. The rest of the variables are possible indepen-
dent variables. The most significant independent variables are sought using
the model selection algorithm LARS. The LARS algorithm is presented in the
Section 3.2.3. The number of independent variables is selected according to
the MDL criterion. The MDL criterion is presented in Equation (3.26). In
each of the 28 cases the number of the bootstrap replications of the regression
coefficients is B = 1000. The application of the bootstrap in the multiple
linear regression is described in the Section 3.3.1. The relative weights of the
regression coefficients are computed from the bootstrap replications according
to Equation (3.33).

The belief graph Gb is constructed from the relative weights. The adjacency
matrix of the belief graph Gb is presented in Figure (4.1). There is one node
for each variable so there are 28 nodes in total. Arcs between the nodes are ob-
tained from the relative weights. The arcs represent the relative strength of the
dependency between two variables. The darker colors correspond to stronger
dependency between variables in the Figure (4.1). The relative weights for
the model where jth variable has been the dependent variable are in the jth
column.

The number of the dependencies can be reduced by setting a threshold
λ. The dependencies whose relative weight are under the threshold λ can be
rejected. In this case, the threshold is selected to be λ = 0.06. The threshold
can also be seen as a significance level. In this case, the relative weights whose
value are above the threshold λ = 0.06 are set to unity. Those dependencies
are seen after that equally important. The belief graph is called a directed
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Figure 4.1: Belief graph Gb
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Figure 4.2: Directed graph Gd
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Figure 4.3: Undirected graph Gu
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Figure 4.4: Cliques from Gu

graph Gd after these operations. The adjacency matrix of Gd is in Figure
(4.2). The directions of the dependencies are also ignored for a while. When
the directions are canceled the undirected graph Gu whose adjacency matrix
is in Figure (4.3) is achieved.

The maximal cliques are sought from the graph Gu. The maximal cliques
are found by using an algorithm which is presented in the Section 3.4.3. The
variables which belong to the same maximal clique form a multiple linear
regression model. The maximal cliques are presented in Figure (4.4). Each
clique is on its own row in the Figure (4.4). The variables which belong to
ith clique are marked by black on ith row. For example, the signals 22, 25,
26, 27 and 28 belong to the first clique. The largest R2-value is achieved if
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the variable 28 is the dependent variable and the rest of the variables are the
independent variables. The directions of the dependencies is restored now.
The change in the values of the independent variables causes a change in the
dependent variable. Thus variable 28 is dependent on variables 22, 25 26, 27.
This dependency was presented in the Figure (A.1) by the arrows.

Eight maximal cliques were found in total from the graph Gu. The number
of the found linear models equals to the actual number of the linear regression
models. When the Figures (A.1) and (4.4) are compared to each other can
be seen that the all regression models were found. The variable 22 belongs
also to the second clique. Thus the cliques 1 and 2 are dependent on each
other through the variable 22. The equivalent relationship can be seen from
the original dependency structure (A.1). The other relationships between the
variables are also managed to find exactly.

In this case, the construction of the moral graph Gm from the undirected
graph Gu was not necessary. If the threshold λ had been larger, the moralizing
operation might have been necessary. The relative weight of the some depen-
dencies might have been under the threshold then. The undirected graph Gu

is almost always different with the different λ. In this case, some cliques might
have had additional variables if λ had been smaller.

4.2 System data

The first real-world data set which is used in this study is called the System
data. The system data consist of nine measurements from a single computer
which is connected to the network. The computer is used, for example, to edit
programs or publications and to calculate computationally intensive tasks.

Four of the measurements or the variables describe the network traffic. Rest
of the variables are measurements from the central processing unit (CPU). All
variables are in relative measures in the data set. The variables are blks/s

(read blocks per second (network)), wblks/s (written blocks per second (net-
work)), usr (time spent in user processes (CPU)), sys (time spent in system
processes (CPU)), intr (time spent handling interrupts (CPU)), wio (CPU
was idle while waiting for I/O (CPU)), idle (CPU was idle and not waiting for
anything (CPU)), ipkts (the number of input packets (network)) and opkts

(the number of output packets (network)). The variables are also listed in
Table A.1 in Appendix A. The variables which describe the network traffic
are marked by (network) and the variables which consist of the measurements
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Figure 4.5: The reference signal blks/s and the selected windows.

from the central processing unit are marked by (CPU).
The System data is also used in the articles [36] and [1]. The first article

presents how cluster structures and contents of the clusters can be described.
In the second article, the System data are used as a basic example how high-
dimensional data can be analyzed and visualized by the Self-Organizing Map.
The description of the System data set is found from the article [36].

The System data is collected during a one week of computer operation. The
first measurement is done at 10.02 am on Monday and the last one is done at
11.55 pm on Friday. The measurements are done every two minutes during
the day and every five minutes during the night. The measurements are done
from every nine variable each time. Some measurements have not been able
to accomplished every time. There are missing values in all nine variables.

The selection of the time windows is used in this case. The procedure is
presented in the Section 2.1. The infinite cost can be set for the missing values
in the Equation (2.1), so any missing values are not in the selected windows.

In this case, the variable blks/s (read blocks per second) is selected to
the reference signal. A plot of the reference signal is in Figure (4.5). The
selected windows are marked by vertical lines. The window number one is
the query window. The measurements in the query window are done in the
afternoon on Friday. The windows 2 − 8 are the chosen candidate windows.
Smaller numbers of candidate windows refer to smaller values of the Equation
(2.1). In the Section 2.2 presented noise reduction technique is applied to
each window before the selected windows are put one after another. There are
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70 data points in each selected window so in the further operations there are
N = 560 data points in total from every variable in use.

The next step is to find the best multiple linear regression models from
the preprocessed data set. The process proceeds as it is described in Sections
3.4.1-3.4.3. The first task is to construct the belief graph Gb. The adjacency
matrix of the belief graph Gb is presented in Figure (3.7). The number of the
bootstrap replications was B = 1000 in each of the nine cases. Values of the
bootstrap replications of the regression coefficients were estimated by LARS
algorithm. The number of the independent variables in each bootstrap repli-
cation is obtained from the MDL criterion. The MDL criterion is presented in
Equation (3.26). The relative weights of the parameters were calculated ac-
cording to Equation (3.33). The directed graph Gd in Figure (3.8) is computed
using the threshold λ = 0.1.

The final linear models are sought from the undirected graph Gu and from
the moral graph Gm. The adjacency matrices of Gu and Gm are presented in
Figures (3.11) and (3.12). The variables which belong to the same multiple
linear regression model are part of the same maximal clique in the graphs Gu

or Gm. The maximal cliques can be found by the algorithm which is presented
in the Section 3.4.3.

The maximal cliques which were found from the graph Gu are plotted in
Figure (3.13). The dependency forest of these cliques is in Figure (4.6). In this
case, three maximal cliques c1

4 = {idle, usr, sys, intr}, c1
3 = {ipkts, opkts,

wblks/s} and c2
3 = {blks/s, wblks/s, wio} were found. The best R2-values

are achieved if the variables idle, ipkts and blks/s are chosen to be the
dependent variables. The R2-values are then 0.95, 0.94 and 0.82.

All variables in the clique c1
4 are measurements from the CPU. All regression

coefficients were negative in this model. If there is a positive change in some
independent variable, the value of the dependent variable idle will decrease.
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Figure 4.7: A dependency tree from the graph Gm

The cliques c1
3 and c2

3 are dependent on each other through the signal
wblks/s, which is one of the independent variables in both cliques or models.
When a positive change occurs in the variable wblks/s also the values of the
dependent variables ipkts and blks/s increase. All variables in the clique c1

3

are the measurements from the network traffic. In the clique c2
3, the variable

blks/s is the measurement from the network traffic and the variable wio is
the measurement from the CPU.

Another dependency structure from the graph Gm is sought. The graph
Gm was constructed from the graph Gu by adding the moral arcs. The moral
arc addition is discussed in Section 3.4.2. The maximal cliques from the graph
Gm are plotted in Figure (3.14) and the dependency tree of the variables is
in Figure (4.7). There were two maximal cliques and the variable blks/s

was left alone. The cliques are c1
5 = {idle, usr, sys, intr, wio} and c1

4 =
{ipkts, wio, wblks/s, opkts}.

All variables in the clique c1
5 are measurements from the CPU. The best R2-

value is obtained, when idle is the dependent variable. Then R2 value is 0.96,
which indicate that the linear model describes the dependencies between the
variables very well. The values of the regression coefficients are negative in the
model c1

5. The independent variables describe how much of the power of the
CPU is spent to different activities and the dependent variable describes how
much the CPU power is unused at the moment. According to the estimated
linear model the value of idle decreases when the values of usr, sys, intr
and wio increase. This is very intuitive result because the processes which
need CPU time obviously diminish available power of the CPU.

The clique c1
4 formulates another multiple linear regression model. When

the variable ipkts is the dependent variable is achieved the best R2-value.
The R2-value is 0.94. The variable ipkts consists of measurements from the
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network traffic. The variables wblks/s and opkts describes also the network
traffic and wio is the same measurement from the CPU as in the previous
clique. The regression coefficients of the independent variables wblks/s and
opkts are positive. This means that when the number of the written blocks
per second and the number of the output packets increase the number of the
input packets also increases. This is a natural situation in the bidirectional
network traffic. The packets are sent to the both directions when, for example,
a file is downloaded.

The cliques c1
5 and c1

4 are dependent on each other through the variable
wio. Changes in wio has effect on both dependent variables idle and ipkts.
The value of the regression coefficient of wio is also negative in the latter case.
A positive change in wio decreases the value of ipkts.

4.3 Boston housing data

The second real world data set is called the Boston housing data. The data
are got from the UCI repository of the databases [3]. The data set concerns
housing values in suburbs of Boston in the USA. The data were collected in
early 1970’s. The data are not time series data i.e. the order of the samples is
insignificant.

In the data set are 14 variables. The variables are listed in the Table
(A.2) in Appendix A. The description of the data is found from the article
[5]. There are 506 measurements from the each variable in the dataset. The
variable mv represents the median value of owner-occupied homes in thousands
of US dollars. The important feature of the variable mv is that the values larger
or equal to 50 have been recorded as 50. This feature of the data is explained in
the article [7]. The truncation of the range of the values of mv might put those
extreme measurements in the unequal position i.e. the dependencies might be
distorted in the upper part of the range. The measurements whose value is 50
in the variable mv and the corresponding measurements from other variables
are excluded in this study. Sixteen measurements are excluded so there are
N = 490 measurements from each variable left for the analysis.

A variable chas is a dummy variable. The value of chas is 1 if a tract
bounds the river and 0 otherwise. Values of other variables are continuous.
The Boston housing data are studied in many articles, for example in [5],
[10], [7] and [9]. In the articles [10] and [9], the quantile regression is used
to model dependencies. In the article [5], nonlinear transformations of inde-
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Figure 4.8: Belief graph Gb
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Figure 4.9: Undirected graph Gu
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Figure 4.10: Moral graph Gm
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pendent variables in regression model are studied. The explanatory power of
the independent variables is studied in the article [10]. The dependent vari-
able is selected beforehand in the all previous articles. The dependent variable
have been the median value of owner-occupied homes mv. In this study, the
dependent variable or variables are not selected beforehand. The most proper
dependent variables are selected during the execution of the algorithm.

Each variable is selected to be the dependent variable in turn. The rest
of the variables are the possible independent variables. The model selection
algorithm LARS is used to select the most significant independent variables.
In this case, 14 multiple linear regression models have to be estimated. The
number of the bootstrap replications of the regression coefficients was B =
1000 in each 14 cases. The relative weights of the coefficients are computed
according to Equation (3.33).

The belief graph Gb is constructed from the relative weights. The belief
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Figure 4.12: A dependency forest from the Boston housing data.

graph is in Figure (4.8). The darker the color in the Figure the more stronger
the dependency is between the two variables. The dependencies whose relative
weight are under 0.15 are ignored i.e. the threshold is λ = 0.15. The depen-
dencies which are remained are treated equally important so the value of the
relative weight is set to unity. The undirected graph Gu is obtained when the
weakest dependencies and the directions of the dependencies are ignored. The
adjacency matrix of the graph Gu is presented in Figure (4.9).

The moral graph Gm is constructed from the graph Gu as it is described in
Section 3.4.2. The maximal cliques are sought from the graph Gm. The vari-
ables which belong to the same maximal clique form a multiple linear regression
model. Four maximal cliques were found in this case. The maximal cliques
are presented in Figure (4.11). The dependency structure of the variables is
more clearly seen in Figure (4.12).

The cliques are c1
4 = {tax, indus, rad, nox}, c2

4 = {dis, nox, age, ptratio},
c1
3 = {mv, rm, lstat} and c2

3 = {rad, crim, b}. The best multiple linear regres-
sion models according to the R2-value are achieved if the variables tax, dis,
mv and rad are the dependent variables. The R2-values are 0.87, 0.66, 0.66
and 0.45 respectively.

In this dependency structure the variables zn and chas are independent on
other variables. If there is a change in a value of zn or chas it has not effect
on values of other variables.

The models c1
4 and c2

4 are dependent on each other through the variable nox.
In the model c1

4, the all regression coefficients are positive. This means that
the value of tax increases when the value of the independent variables indus,
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rad or nox increase. The all regression coefficients are instead negative in the
model c2

4. When the values of the independent variables nox, age or ptratio
increase the value of the dependent variable dis decreases. The positive change
in the variable nox causes the positive change in the variable tax and negative
change in the variable dis.

The models c1
4 and c2

3 are also dependent on each other. The variable rad

belongs to the both models. The regression coefficients of the variables crim

and b are positive and negative, respectively. A change in the values of the
variables crim and b cause a change in the value of the variable tax indirectly
through the variable rad. The change in the variable tax occurs to the same
direction as in the variable rad when the value of the independent variable
crim or b changes. This is the case because the regression coefficient of rad is
positive in the model c1

4.
The model c1

3 is independent on the other models. In the model c1
3 the

dependent variable is mv and the independent variables are rm and lstat. The
value of the regression coefficient of rm is brm = 4.2 and lstat is blstat = −0.60,
when the data are not scaled to zero mean and unit length. This indicates
that when the average number of rooms per dwelling rm increases by one,
the median value of owner-occupied homes mv increases by 4200 US dollars.
When the value of the lstat increases by one unit, the mv decreases by 600 US
dollars i.e. when the percent lower status of the population lstat increases
the median value of owner-occupied homes decreases.

In the article [10], it is shown that the variables rm and lstat have the
strongest explanatory power when the mv is selected to be the dependent vari-
able. In that study the dependent variable was selected beforehand. In this
study the corresponding relationship between the previous variables were iden-
tified although the dependent variable was not selected beforehand.

In the article [9], the quantile regression is used. In that model, mv is
selected to be the dependent variable. In that analysis is four independent
variables crim, rm, dis and lstat. The conclusion is also that rm and lstat

are the most significant independent variables. In the article, it is also shown
that rm is more significant in the upper range of values of the variable mv than
in the lower range. Thus, the linear model is not necessarily the best model to
describe the dependencies between the variables mv, rm and lstat, although
it works adequately.
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Summary and conclusions

In this study, the method for analyzing linear dependencies in multivariate
data is proposed. The result of the method is a linear dependency tree or a
forest. The dependencies of the variables can be clearly seen from the final
dependency structure. The linear dependencies are modeled by multiple linear
regression models.

Two preprocessing techniques are presented in the beginning. Similar states
of time series are selected by using the Euclidean distance between a reference
signal. A single regression model is constructed to model that selected state. It
might be difficult or even impossible to construct a single regression model to
time series, which consists of many different states. Every state would require
its own model. Secondly, the noise reduction technique based on the discrete
wavelet transform is introduced. The real measurements are usually noisy and
thus interesting features of the signals might be covered by noise. The variance
of the noise was succeeded to halve in the case where the original noise was
known.

The multiple linear regression models were constructed using sparse re-
gression algorithm LARS. The bootstrap was also applied to the selection of
the variables. The each variable was the dependent variable in turn and the
most significant independent variables were sought. This study proposes how
the relative weights of the regression coefficients can be calculated from the
bootstrap replications. The relative weight of the regression coefficient is the
measure of the belief that corresponding independent variable belongs to the
certain regression model. In the experiments it was shown that the most sig-
nificant variables have the highest relative weights. The relative weights seem
to be appropriate to measure significance of the independent variables.

51
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The final dependency structure was constructed from the belief graph. The
belief graph represents the variables and the relative strength of the dependen-
cies between the variables. In this this study, the threshold value was used to
reduce the dependencies in the belief graph. The chosen threshold value has
a strong impact on the final dependency structure. The minor change in the
threshold value might cause the major changes in the final dependency struc-
ture. Thus, the special attention to the threshold value should be paid. The
dependency graph or the moral graph is obtained using the threshold value
and the moralizing operation on the belief graph. The maximal cliques in the
dependency graph are interpreted to be the multiple linear regression models.
The maximal cliques form the final dependency tree or the dependency forest.

The proposed method was tested using three different data sets. The first
data set was synthetically generated whose actual dependency structure was
known. Despite the rather complicated structure of the linear relationships the
dependency structure was reconstructed perfectly using the proposed method.
The rest of the data sets consist of real measurements. The data sets are called
the System data and the Boston Housing data. The constructed dependency
structures were convincing from both data sets. Over 90% of the variation
of the dependent variable were succeeded to explain by the regression models
which were constructed from the System data. In the Boston housing data
case, 66% of the variation of the dependent variables are explained on average.

In addition to relative weights, the R2-value and the MDL criterion is used
to measure the goodness of the multiple linear regression models. In this
study, whole data set are used when the dependencies are estimated so the
reported results describe mainly the static dependencies between the variables
or explain the structure of the data. The prediction accuracy of the models is
not validated in this study.

5.1 Future work

Basically, the methods of the phases of the proposed algorithm are nearly
independent on each other. Every method can be replaced by another method
which is the most proper in a certain problem.

The selection of the interesting states can be improved. Now the selection is
simple and straightforward. Similarities between the different parts of the time
series can be measured more complicated way than using just the Euclidean
distance. The noise reduction algorithm can be also improved for example by
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soft-thresholding [11].
The goodness of the regression models can also be measured by the pre-

diction accuracy. The data could be divided into training and validation sets.
The division of data could be done for example using cross-validation [2]. The
prediction accuracy analysis could be performed then. Then the models could
be used to predict behavior in future and not merely to analysis of the seen
behavior.

It would be beneficial to automate the selection of the threshold value
λ. One possibility might be include it somehow in the moralizing operation.
Another possibility could be to construct the final dependency structure from
the belief graph and ignore the weakest dependencies such that a tree or a
forest structure is achieved.

Although the linear dependencies describe the dependencies well in many
cases some processes cannot be described by linear models at all. In the future,
the linear model is meant to be replace by some nonlinear model. The purpose
is to find such a nonlinear model that the relative weights of the regression
coefficients can also be used in that case. Then the belief and the dependency
graphs and the final dependency structure can be constructed as in this study.
The ultimate goal is that the final dependency structure could consists of both
linear and nonlinear models.
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Figure A.2: The diagram of the selection of the windows. The data from
the query and from the chosen candidate windows are selected for the further
calculations.
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Table A.1: The descriptions of the variables in the system data

No. Name Description
1 blks/s read blocks per second (network)
2 wblks/s written blocks per second (network)
3 usr time spent in user processes (CPU)
4 sys time spent in system processes (CPU)
5 intr time spent handling interrupts (CPU)
6 wio CPU was idle while waiting for I/O (CPU)
7 idle CPU was idle and not waiting for anything (CPU)
8 ipkts the number of input packets (network)
9 opkts the number of output packets (network)

Table A.2: The descriptions of the variables in the Boston housing data

No. Name Description
1 crim per capita crime rate by town
2 zn proportion of residential land zoned for lots over 25,000

sq.ft.
3 indus proportion of non-retail business acres per town
4 chas Charles River dummy variable (= 1 if tract bounds river;

0 otherwise)
5 nox nitric oxides concentration (parts per 10 million)
6 rm average number of rooms per dwelling
7 age proportion of owner-occupied units built prior to 1940
8 dis weighted distances to five Boston employment centers
9 rad index of accessibility to radial highways
10 tax full-value property-tax rate per $10,000
11 ptratio pupil-teacher ratio by town
12 b 1000(Bk − 0.63)2 where Bk is the proportion of blacks by

town
13 lstat % lower status of the population
14 mv Median value of owner-occupied homes in $1000’s
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