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ise 6, 23.2.2007Problem 1.The data ve
tors y = y1, . . . , yn are independent and identi
ally distributed. The distri-bution is p(yi|θ, V ) = N(yi|θ, V ), where V is known. The unknown mean θ is a ve
tor andit has a prior distribution p(θ) = N(θ|θ0, V0). The posterior distribution p(θ|y, V ) is

p(θ|y, V ) ∝ p(θ)p(y|θ, V ) = N(θ|θ0, V0)
n∏

i=1

N(yi|θ, V )

∝ exp(−1

2
(θ − θ0)

T V −1
0 (θ − θ0)) exp(−1

2

n∑

i=1

(yi − θ)T V −1(yi − θ)).The posterior p(θ|y, V ) is seen to be a normal distribution, as we expe
t the produ
t ofnormal distributions to be. But how do we extra
t the parameters of the distribution?Let's re
all the formula for the pdf of a multivariate normal distribution

N(θ|µ, S) = |2πS|−1/2 exp(−1

2
(θ − µ)T S−1(θ − µ))

⇒ ln N(θ|µ, S)

−1/2
= (θ − µ)TS−1(θ − µ) + K1 = θT S−1θ − 2θT S−1µ + K2.We may thus extra
t the parameters by writing the exponent as polynomial of the variable

θ. S−1 is dire
tly the 
oe�
ient of the se
ond order term and µ is obtained from the �rstorder term 
oe�
ient by multiplying with −S/2.Let's pro
eed:

ln p(θ|y, V )

−1/2
= (θ − θ0)

T V −1
0 (θ − θ0) +

n∑

i=1

(yi − θ)T V −1(yi − θ) + K1

= θT V −1
0 θ − 2θT V −1

0 θ0 +

n∑

i=1

(θT V −1θ − 2θT V −1yi) + K2

= θT (V −1
0 +

n∑

i=1

V −1)

︸ ︷︷ ︸

S−1

θ − 2θT S−1 S(V −1
0 θ0 + V −1

n∑

i=1

yi)

︸ ︷︷ ︸

µ

+K2.From here we get the parameters of the posterior p(θ|y, V ) = N(θ|θp, Vp) as
Vp = (nV −1 + V −1

0 )−1and

θp = Vp(V
−1
∑

i

yi + V −1
0 θ0).1

Now we have solved the problem. However, some insight to the problem 
an be gained by
onsidering an alternative solution method. The solution is based on the fa
t that bothprior and posterior distributions are same type of distributions, just the parameter valuesdi�er.Thus we may obtain the solution sequentially by �nding out the posterior parametersafter one observation and then using these parameters as the prior parameters for these
ond observation. Omitting the similar algebrai
 manipulation, the posterior pre
isionafter one observation is

V −1
p = V −1 + V −1

0 , (1)sum of prior and data pre
isions. After the se
ond observations, the pre
ision is again thesum of prior pre
ision (whi
h is now V −1
p ) and data pre
ision. When this is repeated ntimes, the posterior pre
ision be
omes V −1
0 + nV −1.The mean of the posterior p(θ|y, V ) after one observation y1 is

θp =
(
V −1

0 + V −1
)−1 (

V −1
0 θ0 + V −1y1

) (2)where θ0 is the prior mean of θ. For the next observation y2 we insert θp and V −1
p in pla
eof θ0 and V −1

0 and obtain
θp =

(
V −1

0 + 2V −1
)−1 (

V −1
0 θ0 + V −1(y1 + y2)

)
.Repeating the above steps, we get

θp =
(
V −1

0 + nV −1
)−1

(

V −1
0 θ0 + V −1

n∑

i=1

yi

)

.Some useful formulas for this problem are found inhttp://www.
s.toronto.edu/�roweis/notes/gaussid.pdfProblem 2.We 
al
ulate the posterior mean and varian
e using the Formulas (1) and (2) in Problem1. We have only a single s
alar observation y, and thus we may repla
e the 
ovarian
ematrix V with the simple varian
e σ2. Then

σ−2
p = σ−2 + σ−2

0 .Thus the posterior pre
ision is the sum of prior and data pre
isions. Also,

θp =
σ−2

0 θ0 + σ−2y

σ−2 + σ−2
0

.This gives the posterior mean as a weighted average of the prior mean θ0 and the obser-vation y. 2



We now pro
eed to write the posterior mean as θp = θ0 + (y − θ0)C.

θp =
σ−2y + σ−2

0 θ0 + σ−2θ0 − σ−2θ0

σ−2 + σ−2
0

=
σ−2(y − θ0) + (σ−2 + σ−2

0 )θ0

σ−2 + σ−2
0

=
σ−2(y − θ0)

σ−2 + σ−2
0

+ θ0

=
σ2

0(y − θ0)

σ2 + σ2
0

+ θ0

= θ0 + (y − θ0)
σ2

0

σ2 + σ2
0

.Thus the �step size� C =
σ2

0

σ2+σ2

0

.If the prior varian
e σ2
0 is mu
h smaller than the data varian
e σ2, the step size C is 
loseto zero and the posterior mean θp is 
lose to the prior mean θ0.On the other hand, if σ2

0 >> σ2, the step size C is 
lose to 1 and the posterior mean is
lose to the observation y.Problem 3.i) y is Normal so

p(y|σ2, µ) =
1√
2πσ

exp(− 1

2σ2
(y − µ)2) ∝ σ−1 exp(− 1

2σ2
(y − µ)2)Then the posterior is proportional to

p(σ2|y, µ) ∝ p(y|σ2, µ)p(σ2|µ) ∝ σ−1 exp(− 1

2σ2
(y−µ)2)σ−2(a+1)e−b/σ2

= σ−2a−3e−( 1

2
(y−µ)2+b)/σ2ii) By writing the posterior as

p(σ2|µ, y) ∝ σ−2(a+1/2+1)e−( 1

2
(y−µ)2+b)/σ2we 
an see that now a → a + 1/2 and b → b + 1

2
(y − µ)2. This is an inverse gammadistribution, and the parameter a is its shape and b its s
ale. An inverse gamma distributionwith parameters a and b has mean b/(a − 1) and varian
e b2/(a − 1)2(a − 2).In
reasing a de
reases the mean and varian
e, and in
reasing b in
reases the mean andvarian
e. For example, if we keep observing y = µ, then b does not in
rease but a does.This makes the posterior mean and varian
e 
onverge to zero, as they should.The result of this problem shows that inverse gamma distribution is a 
onjugate distribu-tion for the Normal model with unknown varian
e and known mean.3

Problem 4.i) N(y|θ, σ2) = 1√
2πσ2

exp(− 1
2σ2 (y − θ)2)Then log p(y|θ) = C − 1

2σ2 (y − θ)2 and ∂
∂θ

log p(y|θ) = (θ − y)/σ2. Fisher information isthe expe
tation E[(θ − y)2/σ4] = σ−2sin
e E[(θ−y)2] = E[(y−θ)2] is the varian
e of y given θ. Then the prior p(θ) ∝
√

I(θ) =
σ−1 whi
h implies that the prior is 
onstant. This 
annot be normalized, so the value of
σ is irrelevant.ii) N(y|µ, θ2) = 1√

2πθ
exp(− 1

2θ2 (y − µ)2)The logarithm is

log p(y|θ) = − log
√

2πθ − 1

2θ2
(y − µ)2and its derivative is

∂

∂θ
log p(y|θ) = −θ−1 + θ−3(y − µ)2Expe
tation of the square isE[θ−2 + θ−6(y − µ)4 − 2θ−4(y − µ)2] = θ−2 + 3θ−2 − 2θ−4θ2 = 2θ−2The expe
tation E[(y − µ)4] is the 4th 
entral moment and equals 3θ4 for a Normaldistribution. This gives the Je�reys' prior

p(θ) ∝
√

2θ−2 =
√

2θ−1whi
h again 
annot be normalized.Additional information: How does one 
ompute the 
entral moments?
an be obtained from the 
umulant generating fun
tion

cX(t) = logE(etX)by evaluating the derivatives of various orders at t = 0. Using power series expansions for

ex and log(1 + x) we get

cX(t) = (E(tX) + E((tX)2/2) + . . .) − 1/2()2 + 1/3()3 − . . .where ()k denotes (E(tX)+E((tX)2/2)+ . . .)k. Colle
t the terms with the same multiplier

tk to obtain
cX(t) = tE(X) + t2(1/2E(X2) − 1/2(E(X))2) + t3 . . . .Noti
e that

c′X(0) = E(X − µ) = 0

c′′X(0) = E((X − µ)2)

c′′′X(0) = E((X − µ)3)For higher derivatives, the 
entral moments are not dire
tly obtained. But it holds that

c
(4)
X (0) = E((X − µ)4) − 3 ∗ E((X − µ)2)4


