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GHIJKGLJ
MNOP QRO STUQ VOW XOTPU Y Z[QOPOUQ RTU \OO[ ]P^W Z[]

Z[ [O_PTS [OQW^P` aZPaSOU Z[ QRO UObTPTQZ^[ ^V Z[cOb O[d
cO[Q U^_PaOU Y _UZ[] QOaR[Ze_OU U_aR TU \SZ[c U^_PaO UObd
TPTQZ^[ T[c Z[cOb O[cO[Q a^fb^[O[Q T[TSXUZU ghij k l
j POSTQOc QOaR[Ze_O ZU QRO mn_SQZbSOdiT_UO n^cOS o ^V
pT_[c qrO_PTS i^fb_QTQZ^[ Y s Y t udsuY uvvtw l h[ QRZU
QOaR[Ze_O Y T [O_PTS [OQW^P` ZU QPTZ[Oc Q^ f^cOS QRO ^\d
UOPNOc bTQQOP[ TU T a^fb^UZQZ^[ ^V UONOPTS _[cOPSX Z[]
maT_UOU oY Z[ a^[QPTUQ Q^ QRO f^PO QPTcZQZ^[TS mW Z[[OPd
QT`OUdTSS o [O_PTS [OQW^P`U WRZaR aT[ RT[cSO ^[ SX T UZ[d
]SO maT_UO ol h[ QRZU bTbOP Y WO POb^PQ ^[ OxbOPZf O[QU
W^P`Z[] Q^WTPcU QRO _UO ^V T UZfbSO f_SQZbSOdaT_UO
f^cOS W ZQR a^[UQPTZ[QU Q^ UObTPTQO cZyOPO[Q Z[UQP_fO[QU
T[c [^QOU VP^f T_cZ^ UbOaQPTS PObPOUO[QTQZ^[U l

z{ |}JK~��LJ|~}
�_fT[ bOPaObQZ^[ ^V U^_[cU ZU f_aR f^PO TcNT[aOc
QRT[ T[X QOaR[ZaTS UXUQOf U^ VTP aPOTQOc l j R_fT[ SZUd
QO[OP ZU T\SO Q^ cZUQZ[]_ZUR cZyOPO[Q Q^[OU Z[ T a^fbSOx
U^_[c UQP_aQ_PO U_aR TU T [_f\OP ^V cZyOPO[Q R_f T[
N^ZaOU ^P f_UZaTS Z[ UQP_f O[QU l

h[ QR ZU bTbOP Y WO POb^PQ ^[ T[ TbbP^TaR WROPO WO
TQQOfbQ Q^ UObTPTQO f_UZaTS U^_[cU _UZ[] pT_[c oU n_Sd
QZb SO iT_UO n ^cOS qusw l �RZU f ^cOS UOTPaROU V^P PObPOd
UO[QTQZ^[U ^V QRO _[cOPSXZ[] aT_UOU ^V QRO Z[b_Q cTQT Y
Q^]OQROP W ZQR Tf^_[QU ^V OTaR maT_UO oY WRZaR QT`O Tad
a^_[Q ^V QRO Z[b_Q cTQT TU aS^UOSX TU b^UUZ\SO l � ZyOPO[Q
[^QOU Y U_aR TU T NZ^SZ[ bSTXZ[] QRO [^QO mj oY TPO Q^ \ O
bPOUO[QOc Z[ QRO V^Pf ^V T[ T_cZ^ UZ][TS l �RO T_cZ^ UZ]d
[TS W^_Sc \O bPOdbP^ aOUUOc _UZ[] T U_ZQT\ SO QPT[UV^Pf
gO l] l VTUQ V^_PZOP QPT[UV^Pf g���k ^P WTNOSOQUk \ OV^PO
\OZ[] bTUUOc Q^ QRO f_SQZbSO aT_UO f^cOS l �RO ]^TS
^V QRO UXUQOf W^_Sc \O Q^ f^cOS T[c POa^][ Z�O QROUO
Q^[OU Y W ZQR^_Q T[X bPZ^P `[^W SOc]O Y T[c W ZQR^_Q T[
OxbSZaZQ mQOTaROP ol

��� ��� ��������� �� ��� �� ��� ��� �� ������ ������ ���
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pQTPQZ[] VP^f QRO ^PZ] Z[TS f_SQZbSOdaT_UO f^cOS Y WO
]PTc_TSSX W^P` Q^WTPcU T[TSXUZU ^V T_cZ^ U^_[cU Z[ T
UQObd\XdUQOb f T[[OP l �ZPUQ WO POSTx QRO \Z[TPX a^[d
UQPTZ[QU ^V QRO ^PZ] Z[TS f_SQZbSOdaT_UO f^cOS Y \X QOUQd
Z[] QRO UXUQOf ^[ TPQZ¢aZTS a^[QZ[_^_UdNTS_Oc bTQQOP[U Y
\_Q W ZQR T \Z[TPX mN^S_f O ol £O QRO[ QOUQ QROUO bTQQOP[U
W ZQR a^[QZ[_^_U N^S_f OU ^[ QRO _[ZQ Z[QOPNTS l £O QRO[
_UO bTQQOP[U cOPZNOc VP^f UbOaQPT ^V T_cZ^ UZ][TSU Y \_Q
a^f\Z[Oc _UZ[] SZ[OTP TccZQZ^[ l � Z[TSSXY WO _UO T_cZ^
UZ][TSU Y TccOc Z[ QRO QZf O c^f TZ[ Y W ZQR QRO POU_ SQZ[]
UZ][TS bTUUOc QRP^_]R T[ ��� l
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nT[X cZyOPO[Q QXbOU ^V [O_PTS [OQW^P` f^cOSU RTNO
\ OO[ cONOS^b Oc V^P bTQQOP[ POa^][ZQZ^[ TbbSZaTQZ^[U l
�^P QRZU TbbSZaTQZ^[ Y WO TPO S^^`Z[] V^P T[ «¬«® ¯°±²¯³
[O_PTS [OQW^P` f^cOS QRTQ W ZSS SOTP[ Q^ ZcO[QZVX T[c
UObTPTQO U^_[cU VP^f f_UZaTS Z[UQP_f O[QU Y \_Q W ZQRd
^_Q T[X m]P^_[cdQP_QR oY Z lO l W ZQR^_Q RTNZ[] Q^ \ O Q^Sc
QRO ZcO[QZQX ^P OxQO[Q ^V QRO f_UZaTS Z[ UQP_f O[QU c_PZ[]
QPTZ[Z[] l

M[O ^V QRO f^PO b^b_STP QXb OU ^V _[U_bOPNZUOc [O_d
PTS [OQW^P` ZU QRO ´^R^[O[ UOSVd^P]T[Z�Oc VOTQ_PO f Tb
gpMn kl h[ T WOSS `[^W[ UbOOaR bP^ aOUUZ[] TbbSZaTQZ^[ Y
QR ZU [OQW^P` RTU \ OO[ _UOc Q^ SOTP[ T VOTQ_PO f Tb ^V
�Z[[ZUR N^WOSU VP^f ��� UbOaQPT quµw l �^WONOP Y QRO
^_Qb_Q _[ZQU ^V QRO ´^R^[O[ pMn ^bOPTQO Z[ T W Z[[OPd
QT`OdTSS f ^cO Y U^ QRTQ T[ ^_Qb_Q _[ZQ TQQOfbQU Q^ PObPOd
UO[Q TSS ^V QRO Z[b_Q UZ][TS TU ZV ZQ WOPO aT_UOc \X T UZ[]SO
VTaQ^P l £ RZSO QRZU ZU POTU^[T\SO V^P bR^[OfO POa^][Zd
QZ^[ VP^f ^[O Ub OT`OP TQ T QZf O Y ^P T UZ[]SO f^[^bR^[Za
f_UZaTS Z[UQP_f O[Q Y QR ZU W^_Sc [^Q \ O U_ZQT\SO V^P UObd
TPTQZ[] f_SQZbSO aT_UOU Y U_aR TU QW^ ^P f^PO f_UZaTS
Z[UQP_fO[QU bSTXZ[] TQ ^[aO l

jQ QRO ^QROP OxQPOf O VP^f UZ[]SOdaT_UO W Z[[OPdQT`O
TSS [OQW^P`U TPO bPZ[aZbTS a^fb^[O[Q T[TSXUZU g¶ijk
T[c bPZ[aZbTS U_\UbTaO [OQW^P`U qu·w l �ROUO [OQW^P`U
aT[ \O NZOWOc TU TQQOfbQZ[] Q^ PObPOUO[Q QRO Z[b_Q
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data layer encoding layer

measurements

mk,  (k=1..K)

observed data

dj (j =1...J)

predicted data
rj

measurement

prediction

�Z]_PO u � n_SQZbSO aT_UO f^cOS TPaRZQOaQ_PO l

UZ][TS TU T SZ[OTP U_f ^V ^PQR^]^[TS VTaQ^PU l �ROUO
[OQW^P`U aT[ \O �_UQZ¢Oc VP^f Z[V^Pf TQZ^[ QRO^PXY T[c
QROX RTNO WOSSd\ ORTNOc ]S^\TS a^[NOP]O[aO qu�w l

�^WONOP Y ¶ij [OQW^P`U QXbZaTSSX POe_ ZPO QRO ^_Qd
b_Q _[ZQU � � q�� � � � � � �	 w
 � � 
 � Q^ V^Pf T[ _[d
a^PPOSTQOc ^PQR^[^PfTS PObPOUO[QTQZ^[ UOQ V^P QRO Z[b_Q
cTQT � l �ROUO [OQW^P`U W^_Sc QROPOV^PO ^[SX ¢[c ^Pd
QR^]^[TS aT_UOU l £O W^_Sc [^Q OxbOaQ QROUO [OQW^P`U
Q^ OxQPTaQ bTQQOP[U WRZaR RTNO T UZ][Z¢aT[Q ^NOPSTb Y
U_aR TU WO f Z]RQ OxbOaQ V^P UbOaQPT ^V f_UZaTS Z[UQP_d
f O[QU l

n^PO POaO[QSXY f_aR Z[QOPOUQ RTU V^ a_UOc ^[ QRO
QOaR[Ze_O ^V Z[cOb O[cO[Q a^fb^[O[Q T[TSXUZU ghij k Y
bTPQZa_ STPSX V^ SS^W Z[] QRO Z[V^Pf TQZ^[dQRO^POQZaTS Tbd
bP^TaR Z[QP^c_aOc \X OSS T[c pO�[^W U`Z quw l �RZU
QOaR[Ze_O _UOU ^_Qb_Q [^[dSZ[OTPZQZOU Q^ V^Pf T [^[d
^PQR^]^[TS gTSQR^_]R UQZSS SZ[OTPk UObTPTQZ^[ ^V Z[cOb O[d
cO[Q a^fb^[O[QU gZ lO l aT_UOUk Y T[c RTU \OO[ TbbSZOc Q^
UObTPTQZ^[ ^V U^_[cU quY uuw T[c Zf T]OU q�w l

�^P QRZU W^P` Y WO W^_Sc SZ`O Q^ \ O T\SO Q^ T[Td
SX�O T_cZ^ UZ][TSU VP^f T VPOe_O[aX c^fTZ[ PObPOUO[QTd
QZ^[ Y VP^f �_UQ ^[O f ZaP^bR^[O l �^P hij Y WO QXbZaTSSX
[OOc � f ZaP^bR^[OU Q^ UObTPTQO � U^_PaOU Y TSQR^_]R
POaO[Q W^P` ^[ ^NOPa^fbSOQO \TUZU V_[aQZ^[U RTU Z[cZd
aTQOc QRTQ QRZU POUQPZaQZ^[ aT[ \O POSTxOc qu�w l �^WONOP Y
Z[ QRZU bTbOP WO W ZSS _UO T[ TSQOP[TQZNO TbbP^TaR \TUOc
^[ pT_[c oU f_SQZbSOdaT_UO f^cOS l

� { IG�}� �I ¨�¦J|©¦§ªLG�I§ ¨~�§¦
�RO f_SQZbSOdaT_UO f^cOS qusw g�Z]_PO uk ZU cOUZ][Oc
Q^ a^bO W ZQR Z[b_Q cTQT WRZaR ZU a^fb^UOc ^V UONOPTS
aT_UOU TaQZNO TQ QRO UTf O QZf O l �RZU [OQW^P` c^OU [^Q
^b OPTQO Z[ T UZfbSO VOOcdV^PWTPc f T[[OP � PTQROP QRO
O[a^cZ[] STXOP T[c a^[[OaQZ^[U TPO Tc�_UQOc _[QZS QRO

p=0.1

p=0.3

p=0.5

p=0.7

�Z]_PO � � TPU bP^\ SOf l

O[a^cZ[] V^Pf U T ]^^c POa^[UQP_aQZ^[ ^V QRO ^\UOPNOc
cTQT l �RO f^cOS ^b OPTQOU TU V^ SS^W U l

j[ Z[b_Q cTQT NOaQ^P � � g�� � � � � � �� k ZU bPOUO[QOcQ^ QRO Z[b_Q l �RZU ZU a^fbTPOc Q^ T bPOcZaQZ^[ NOaQ^P
� � g�� � � � � � �� k Y WRZaR ZU aTSa_STQOc VP^f T fOTU_POd
f O[Q ^_Qb_Q NOaQ^P � � g� � � � � � � � � k T[c T WOZ]RQ
f TQPZx ��� Y gWRZaR PObPOUO[QU QRO aT_UOU QRTQ QRO [OQd
W^P` ZU QPXZ[] Q^ f^cOSk Y N ZT T f Zx Z[] f^cOS l �^P
cOQTZSU ^V QRO TS]^PZQRf U _UOc Y UOO qus Y vw l

j U ^[O OxTfbSO Y QRO f_SQZbSOdaT_UO f^cOS WTU ^PZ]d
Z[TSSX cOf^[UQPTQOc ^[ QRO TPU bP^\SOf Y Z[QP^c_aOc
\X � �̂Sc Z �T` q�w l � OPO T[ Zf T]O ZU a^fb^UOc ^V T WRZQO
gµk \Ta`]P^_[c W ZQR R^PZ�^[QTS T[c NOPQZaTS \STa` guk
\TPU Y OTaR ^V WRZaR f TX TbbOTP W ZQR U^fO bP^\T\ZSZQX
� l £ ROPO QW^ \TPU ^NOPSTb Y \STa` guk ZU QRO POU_SQ � QRZU
ZU T [^[dSZ[OTP M dQXbO mW PZQOd\STa` o Zf T]Z[] f^cOS
g� Z]_PO �k l

�^P QRZU bP^\SOf Y QRO bPOcZaQZ^[ �� ZU aTSa_ STQOc Tad
a^PcZ[] Q^

�� � u ! "
#
gu ! �� #� # k guk

XZOScZ[] T U^VQd^P V_[aQZ^[ l
M[ OTaR Z[b_Q bTQQOP[ bPOUO[QTQZ^[ Y QRO [OQW^P`

UOTPaROU V^P QRO f OTU_POf O[Q UOQ � # WRZaR f Z[Zf ZUOU
U^f O OPP^P V_[aQZ^[ Y O l] l $ � % � g�� ! �� k& g^QROP fOTd
U_POU U_aR TU QRO [O]TQZNO S^] SZ`OSZR^^c aT[ TSU^ \O
_UOck l MNOP f T[X bPOUO[QTQZ^[U Y QRO WOZ]RQ f TQPZx ���
ZU Tc�_UQOc Q^ f Z[ Zf Z�O QRO OxbOaQOc OPP^P l

' { �§G¦|}¥ � |J( }~}ªH|}GK) �GJG
M_P f_UZaTS TbbSZaTQZ^[ cZyOPU VP^f QRO \ Z[TPX NOPUZ^[
^V QRO f_SQZbSOdaT_UO f^cOS Z[ QRO V^ SS^W Z[] WTXU �

ul �RO f Zx Z[] ^V U^_[cU ZU TbbP^x Zf TQOSX SZ[OTP Z[
b^WOP Ub OaQP_f gV^P Z[cOb O[cO[Q U^_PaOUk Y Z[d
UQOTc ^V M gW PZQOd\STa` k f Zx Z[] *

� l �RO \TUZa bTQQOP[U gUb OaQPTk a^PPOUb^[cZ[] Q^ QRO
U^_PaOU TPO a^[QZ[_^_U Y PTQROP QRT[ \Z[TPX *
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k = 1

8

7

6

3

2

5

4

  j =      1      2       3       4      5      6      7      8      9     10     11     12     13     14     15     16

�Z]_PO � � i^[QZ[_^_U \TUZa bTQQOP[ U

� l �TaR \TUZa bTQQOP[ aT[ RTNO T a^[QZ[_^_U Tf^_[Q
gN^S_f Ok Y [^Q �_UQ T \Z[TPX ^[�^y NTS_O l

' {z{ ¦ ����� � �� ��� �	 ����ª
���
 ������
M_P ¢PUQ UQOb WTU Q^ aRT[]O QRO M f ZxZ[] f^cOS V^P
T SZ[OTP f ZxZ[] f^cOS �� � % # �� #� # T[c Q^ _UO ]POXd
SONOS bTQQOP[ U Z[ QRO PT[]O qµ � uw l �^P OxTfbSO Y WO QPZOc
`�� bTQQOP[U W ZQR �� u� Z[b_QU g�Z]_PO � k f ZxOc W ZQR
bP^\T\ZSZQX � ^V OTaR bTQQOP[ TbbOTPZ[] Z[ QRO Z[b_Q l

p^f O bPZ^P `[^W SOc]O Y Z[ QRO V^Pf ^V a^[UQPTZ[QU Y
aT[ \O _UOc Q^ ROSb VOOc\Ta` [OQW^P`U U_aR TU QRZU l
�^P OxTfbSO Y �TPb_P T[c ¶PT]OP qsw cOUaPZ\ O T [OQW^P`
W ZQR QRPOUR^ScdSZ[OTP ^_Qb_Q _[ZQU Y WROPO QRO [OQW^P`
¢[cU \TUZU NOaQ^PU QRTQ POa^[UQP_aQ QRO Z[b_Q VP^f [^[d
[O]TQZNO Tf^_[QU ^V QROUO VTaQ^PU l iRTPSOU T[c �XVO q�w
Z[QP^c_aOc T POSTQOc [OQW^P` W ZQR a^[UQPTZ[QU ^V b^UZd
QZNO WOZ]RQU T[c�^P ^_Qb_QU Q^ T[TSX�O QRO \TPU bP^\d
SOf Y ]T_UUZT[ f ZxQ_POU Y T[c UZ[O WTNOU l £O TSU^ _UO
QROUO b^UZQZN ZQX a^[UQPTZ[QU Y UZ[aO WO OxbOaQ T b^UZQZNO
g^P �OP^k N^S_f O ^V OTaR U^_[c Y T[c T b^UZQZNO b^WOP
Ub OaQP_f Q^ \O TUU^ aZTQOc W ZQR OTaR [^QO Z[ ^_P ¢[TS
UXUQOf l

h[ QRO bTQQOP[U WO aPOTQOc Y WO TSU^ `[^W QRTQ QRO
f TxZf_f NTS_O V^P OTaR bTQQOP[ OSOf O[Q �� # ZU uY T[c
QRO f OT[ NTS_O V^P OTaR bTQQOP[ Y

��# �
u
�

�
�
�� �

�� # g�k

UR^_Sc \O \ OQWOO[ µ l� T[c µ l� V^P TSS bTQQOP[ U � l hV T[X
f OT[ ��# VTSSU ^_QUZcO QRZU PT[]O Y QRO WR^SO NOaQ^P �#ZU UaTSOc _b ^P c^W[ \X T UfTSS VTaQ^P gWO _UOc uluk l
£O TSU^ ^\UOPNOc QRTQ QRZU a^[UQPTZ[Q ROSb U Q^ bPONO[Q
T ]ZNO[ WOZ]RQ NOaQ^P �# VP^f PObPOUO[QZ[] f^PO QRT[

a)    i=1 b)    i=30

c)   i=50 d)   i=200

�Z]_PO · � £OZ]RQ f TQPZx c_PZ[] QRO SOTP[ Z[] bP^ aOUU l

^[O \TUZa bTQQOP[ Y T[c ZU bTPQZa_STPSX _UOV_ S WRO[ QRO
cTQT RTU \ OO[ ]O[OPTQOc W ZQR R Z]R bP^\T\ZSZQX ^V OTaR
bTQQOP[ ^ aa_PPZ[] g� � µ �tk l

� UZ[] T UZfbSO UQOObOUQdcOUaO[Q UOTPaR Y QXbZaTS SOTP[d
Z[] QZf O V^P QROUO ]POX bTQQOP[U Y a^[UZUQZ[] ^V � bTQd
QOP[ U Y OTaR ^V u� a^fb^[O[QU Y ZU �µ f Z[_QOU Q^ T[ OPd
P^P SONOS ^V µ lu _UZ[] n TQST\ ^[ T ¶O[QZ_f hh g�tµ
n��k l �Z]_PO · UR^W U QRO ON^S_QZ^[ ^V WOZ]RQ NOad
Q^PU TU QRZU [OQW^P` SOTP[U Y V^P � � µ �· l pObTPTQZ^[ ^V
� bTQQOP[U W ZQR ^NOPSTb ^V _b Q^ T\^_Q tµ� ZU VTZPSX
POSZT\SO l j\^NO QRZU Y U^f O bTQQOP[ U a^f O Q^ \O POa^]d
[Z�Oc TU T bTPQZTS TaQZNTQZ^[ ^V ^QROP bTQQOP[U Y SOTNZ[]
T Uf TSS OPP^P QRTQ ZU Z[U_� aZO[Q Q^ cPZNO QRO SOTP[ Z[]
TS]^PZQRf qvw l

�TPXZ[] QRO bP^\T\ZSZQX ^V TbbOTPT[aO ^V OTaR bTQd
QOP[ RTc T UZ][Z¢aT[Q OyOaQ ^[ QRO SOTP[ Z[] QZf O V^P
OTaR cTQTUOQ l �^P T ]ZNO[ OPP^P QRPOUR^Sc Y WO ^\UOPNOc
QRTQ \^QR RZ]R T[c S^W bP^\T\ZSZQOU ^V ^aa_PPO[aO ]TNO
PZUO Q^ S^[]OP SOTP[Z[] QZf OU QRT[ bP^\T\ZSZQ ZOU TP^_[c
� � µ �· Q^ � � µ �� g� Z]_PO tk l

' {¤ { L�������� ����� ��
�� ��
p^ VTP QRO f OTU_POf O[QU �# gN^S_f OUk RTNO TSS \ OO[
\Z[TPXl �^P POTS f_UZa UZ][TSU WO W^_Sc [OOc Q^ POSOTUO
QR ZU a^[UQPTZ[Q Q^ TSS^W a^[UQT[QSX NTPXZ[] N^S_f OU l �^
QR ZU O[c Y WO POSOTUOc U^fO ^V QRO f OTU_POf O[QU �#g��� Y tµ� T[c uµµ� k U^ QRTQ QROX a^_Sc NTPX \OQWOO[
µ T[c uY WRZSO QRO �� # NTS_OU WOPO UQZSS a^[UQPTZ[Oc Q^
SZO Z[ QRO Z[QOPNTS qµ � uw l r^QO QRTQ UZ[aO QRO bPOcZaQOc
Z[b_Q ZU ]ZNO[ \X �� � %# �� #� # QRO bP^\SOf ^V ZcO[d
QZVX Z[] QRO �� # T[c �# bTPTf OQOPU ZU aSOTPSX _[cOPcOd
QOPf Z[Oc Y UZ[aO T[X UaTSZ[] ^[ � T[c Z[NOPUO UaTSZ[] ^[
� WZSS SOTNO QRO POU_SQ _[aRT[]Oc l �ROUO PT[]O a^[d
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�Z]_PO t � �ObO[cO[aO ^V SOTP[Z[] QZf O ^[ bTQQOP[ bP^\d
T\ZSZQX g� k T[c N^S_fO NTPZT\ZSZQX gS^WOP a_PNO � ��� Y
f ZccSO a_PNO � tµ� Y _bbOP a_PNO � uµµ� k l

UQPTZ[QU ROSb Q^ ^NOPa^f O QRZU bP^\SOf l
h[ ^_P OxbOPZf O[QU Y WO V^_[c QRTQ QRO f^PO ^V QRO

f OTU_POf O[QU QRTQ WOPO TSS^WOc Q^ NTPXY QRO S^[]OP WTU
QRO QZf O QT`O[ Q^ SOTP[ QRO bTQQOP[U l �TUQOUQ SOTP[Z[] ZU
^\QTZ[Oc WRO[ TU f T[X fOTU_POf O[QU TU b^UUZ\SO TPO
¢xOc TU µ ^P u ^[SXY T[c QRO bP^\T\ZSZQX ^V ^aa_PPO[aO ZU
Z[ QRO TbbP^xZf TQO Z[QOPNTS � � µ �� Q^ � � µ �� g� Z]_PO
tk l

� { ¨�I|LªHGI§� I|¥}G¦I
h[ ^_P [OxQ UQOb Q^WTPcU T_cZ^ UZ][TSU Y WO [OxQ Tbd
bSZOc QRO f_SQZbSOdaT_UO f^cOS Q^ TPQZ¢aZTS Ub OaQPT bP^d
c_aOc VP^f UX[QROUZ�Oc U^_[cU l h[ QRO ¢PUQ Z[UQT[aO Y
WO QPTZ[Oc QRO f^cOS ^[ f ZxQ_POU ^V Ub OaQPT Y c^W[UTf d
bSOc Q^ �µ \Z[U Y ^V T UX[QROUZ�Oc aSTPZ[OQ bSTXZ[] ^[O
^V � [^QOU g�� Y i· Y j � Y �· Y �· Y �· Y j· Y �·k g�Z]_PO
�k l �RO QPTZ[Z[] UOQ WTU a^fb^UOc ^V SZ[OTP TccZQZ^[U
^V QROUO \TUZa UbOaQPT g[^Q f ZxOc Z[ QRO QZf O c^f TZ[ k Y
W ZQR bP^\T\ZSZQX � � µ �· ^V OTaR UbOaQP_f l

j\^_Q �µµ bPOUO[QTQZ^[U ^V QPTZ[Z[] bTQQOP[U WOPO
[OaOUUTPX V^P U_aaOUUV_S SOTP[ Z[] l �RZU WTU TSU^ QOUQOc
^[ [^QOU VP^f T NZ^SZ[ T[c T[ TSQ^ POa^PcOP Y W ZQR UZf ZSTP
POU_ SQU l

pObTPTQZ^[ ^V bTQQOP[U a^fb^UOc VP^f UbOaQPT ^V
cZyOPO[Q UX[QROUZ�Oc Z[UQP_fO[QU b STXZ[] QRO UTf O [^QO
WTU TSU^ TQQOfbQOc l �^P UZx Z[UQP_f O[QU Y T\^_Q �µµ
bPOUO[QTQZ^[U WOPO [OOcOc Q^ UObTPTQO QRO bTQQOP[U Y T[c
T\^_Q �µµµ bPOUO[QTQZ^[U V^P uµ Z[UQP_f O[QU l �RZU Tbd
bOTPOc Q^ QT`O S^[]OP Q^ SOTP[ QRT[ QRO OxbOPZf O[QU
W ZQR cZyOPO[Q [^QOU ^[ QRO UTf O Z[UQP_f O[Q l �RZU ZU

x  1 0
T im e

x 1 0
4F re qu e n c

x  1 0
T im e

x 1 0
F re qu e n c

x  1 0
4T im e

x 1 0
4F re qu e n c

x  1 0
4T im e

x 1 0
4F re qu e n c

x  1 0
4T im e

x 1 0
4F re qu e n c

x  1 0
4T im e

x 1 0
4F re qu e n c

x  1 0
4T im e

x 1 0
4F re qu e n c

G3,
f=196 Hz

A3,
f=220 Hz
Hz

C4,
f=261.3 Hz

A4,
f=440 Hz

G4,
f=392 Hz

E3,
f=329,63 Hz

F4,
f=349,23 Hz

D4,
f=293,66 Hz

�Z]_PO � � � Z]RQ [^QOU b STXOc ^[ T aSTPZ[OQ Y UR^W Z[] QRO
T_cZ^ WTNOV^Pf Y ��� Y T[c c^W[UTfbSOc ��� V^P OTaR l

bP^\T\SX c_O Q^ QRO UZf ZSTPZQX \OQWOO[ QRO bTQQOP[U
PObPOUO[QZ[] QRO UTf O [^QO Y bTPQZa_ STPSX QRO TSZ][f O[Q
^V QRO V_[cTf O[QTS T[c ¢PUQ VOW RTPf^[ZaU Z[Q^ QRO
UTf O \Z[ U Z[ OTaR bTQQOP[ l

i^f\Z[Z[] QROUO QW^ TbbP^TaROU Y bTQQOP[ U a^f d
b^UOc VP^f QRO Ub OaQPT ^V QRPOO Z[UQP_f O[QU giSTPZ[OQ Y
M\^O Y �P_fbOQk b STXZ[] OTaR ^V QRPOO [^QOU WOPO _UOc
V^P QRO QPTZ[ Z[] bTQQOP[U l �RO Ub OaQPT _UOc Q^ V^Pf
QRO QPTZ[ Z[] bTQQOP[ U WOPO c^W[UTfbSOc Z[Q^ S^]dUaTSOc
\Z[U Y W ZQR T POSTQZNO UaTSZ[] ^V ����& \OQWOO[ QRO \ Z[U l
£ ZQR UX[QROUZ�Oc Z[UQP_fO[QU Y cZyOPO[Q [^QOU ^[ QRO
UTf O Z[UQP_f O[Q W^_Sc QRO[ TbbOTP UZfbSO TU URZVQOc
TS^[] QRZU S^]dVPOe_O[aX UaTSO Y W ZQR u \ Z[ URZVQ Oe_ZNTd
SO[Q Q^ u UOf ZQ^[O g�Z]_PO sk l

j f_SQZbSOdaT_UO f^cOS W ZQR � � v f OTU_POf O[Q
_[ZQU SOTP[Oc QRO bTQQOP[U TVQOP T\^_Q sµµ bPOUO[QTQZ^[U
^V QRO QPTZ[Z[] bTQQOP[U l j VQOP QR ZU Y QRO bTQQOP[U WOPO
b^UQdbP^ aOUUOc Q^ ZcO[QZVX WRZaR bTQQOP[U WOPO POSTQZNO
URZVQU ^V OTaR ^QROP l �RZU a^PPOaQSX ZcO[QZ¢Oc QRTQ �
Z[UQP_fO[QU WOPO _UOc Y W ZQR POSTQZNO UOf ZQ^[O URZVQU ^V
gµ Y �� Y �·k Y gµ Y � uY �tk T[c gµ Y �� Y ��k l r^QO QRTQ
Z[ QRO a_PPO[Q [OQW^P` QRZU c^OU [^Q f T`O QRO SOTP[ Z[]
T[X OTUZOP Y UZ[aO QRO POSTQZNO URZVQU TPO ^[SX OxQPTaQOc
TVQOP QRO \TUZa bTQQOP[U RTNO \ OO[ OxQPTaQOc l �^WONOP Y
Z[ V_Q_PO Y ZQ W^_Sc \ O Z[QOPOUQZ[] Q^ OxbOPZf O[Q W ZQR
T [^[dSZ[OTP f Zx Z[] f^cOS QRTQ V^Pf Oc QRO bPOcZaQZ^[
VP^f URZVQOc NOPUZ^[U ^V QRO UTf O _[cOPSXZ[] UbOaQPT l

� { K§G¦ I~�}�I
h[ QRO OxbOPZf O[QU POb^PQOc ^[ U^ VTP Y WO T[TSXUOc UX[d
QROUZ�Oc U^_[cU Y W ZQR TPQZ¢aZTS �Ub OaQPT� a^fb^UOc \X
SZ[OTP TccZQZ^[ ^V _[cOPSX Z[] Ub OaQPT l £O TSU^ TUU_f Oc
QRTQ QRO Ub OaQPT TPO OUUO[QZTSSX _[aRT[]Oc \X N^S_fO
^P Q^[O aRT[]OU l



451

E4b = 311.13Hz

F4  =  349.23 Hz

G4  =  392.00 Hz

E4b = 311.13 Hz

E4  =  329.63 Hz

A4b  = 415.30 Hz

E4  = 329.63Hz

F4  =  349.23 Hz

G4b  = 369.99 Hz

Clarinet

Oboe

Trumpet

�Z]_PO s � �^] UaTSOc UbOaQPT ^V QRPOO Z[UQP_f O[QU OTaR
bSTXZ[] QRPOO [^QOU l

�^P QRO U^_[cU ^V POTS Z[UQP_f O[QU Y QRO UZQ_TQZ^[ ZU
f ^PO a^fbSZaTQOc l �^S_f O T[c Q^[O aT[ \^QR aRT[]O
QRO UbOaQPT Y U^ QRTQ UZfbSO URZVQZ[] ^P UaTSZ[] ZU [^Q U_Vd
¢aZO[Q l �RO UbOaQPTS O[NOS^b O c^OU [^Q UQTX QRO UTf O
V^P cZyOPO[Q [^QOU Y ONO[ WRO[ QROX \OS^[] Q^ QRO UTf O
^aQTNO l j SU^ Y QRO Ub OaQP_f aRT[]OU V^P cZyOPO[Q N^Sd
_f OU l �^P OxTfbSO Y WO ^\UOPNOc QRTQ T S^_c [^QO gV^Pd
QZUUZf^k ^VQO[ a^[QTZ[U f^PO RZ]ROP RTPf^[ZaU QRT[ T
[^QO bSTXOc e_ZOQSX gbZT[ZUUZf ^k l �RZU fOT[U QRTQ T
UZfbSO SZ[OTP TccZQZNO f_SQZbSOdaT_UO f^cOS f TX [^Q \ O
T\SO Q^ a^bO W ZQR QRO V_SS PT[]O ^V NTPZT\ZSZQX OxbOaQOc
VP^f T POTS U^_[c U^_PaO l

�^ a^[QP^S QRO T_cZ^ UZ][TS f ^PO aS^UOSXY WO QROPOd
V^PO a^[UQP_aQOc T[ T_cZ^ UZ][TS a^fb^UOc ^V T SZ[OTP
QZf Odc^f TZ[ TccZQZ^[ ^V b_SUOU ^V [^QOU bSTXOc ^[ cZVd
VOPO[Q Z[UQP_f O[QU VP^f QRO �[ZNOPUZQX ^V h^WT f_UZaTS
Z[ UQP_f O[Q UTfbSOU WO\ bT]O qu�w g� Z]_PO �k l �RZU POd
U_ SQOc Z[ T[ T_cZ^ UZ][TS ^V � l�U UTfbSOc TQ ·· lu`�� Y
T[c V^_PZOP QPT[UV^PfOc W ZQR T W Z[c^W W ZcQR ^V ·µv�
UTfbSOU Y X ZOScZ[] vµ Ub OaQPT ^V T\^_Q µ lµvU c_PTQZ^[
OTaR l

�RO TS]^PZQRf V^_[c f^UQ ^V QRO [Z[O _[cOPSXZ[]
bTQQOP[U TVQOP �µµ bPOUO[QTQZ^[U ^V QRO UOQ ^V QPTZ[Z[]
bTQQOP[U Y Oe_ZNTSO[Q Q^ �µ R^_P oU SOTP[Z[] _UZ[] nTQST\
^[ T �tµn�� ¶O[QZ_f hh l h[ �Z]_PO v WO UOO QRTQ QRO
U^_[cU RTNO \OO[ UObTPTQOc U_aR QRTQ QRO Z[b_Q U^_[c
ZU PObPOUO[QOc \X T Uf TSS [_f\OP ^V f OTU_POf O[Q _[ZQU Y
W ZQR ^QROP _[ ZQU ^y l �RZU Z[cZaTQOU QRTQ QRO ^_Qb_Q
_[ZQU RTNO V^_[c T UbTPUO a^cZ[] �ZOSc qtw Y ONO[ W ZQR^_Q
bO[TSQX QOPf U QRTQ RTNO \ OO[ _UOc Q^ O[a^_PT]O UbTPUO
^_Qb_Q cZUQPZ\_QZ^[U gUOO O l] l q� Y utwk l

 

x 10 
4 

x 10 
4 

x 10 
4 

0 1 2 3 4 5 6 7 8 9 
seconds 

(1) Clarinet, C4 

(2) Clarinet, G4b 

(3) Clarinet, B4b 

(4) Oboe, D4b 

(5) Oboe, F4 

(6) Bassoon, D4 

(7) Bassoon, A4b 

(8) Flute, E4b 

(9) Flute, B4 

�Z]_PO � � £TNOV^Pf U ^V [ Z[O [^QOU l

�ROPO ZU U^f O Z[ UQP_f O[QU QRTQ TPO [^Q a^fbSOQOSX
UObTPTQOc � Z[ bTPQZa_STP Y ZQ UOOf U QRTQ UObTPTQO ^V �_QO
T[c aSTPZ[OQ ZU cZ� a_ SQ l h[ QRZU OxTfbSO Y � S_QO � ��
gZ[b_Q � k T[c iSTPZ[OQ � �� gZ[b_Q �k TPO b^^PSX UObTd
PTQOc Y W ZQR bTPQU ^V OTaR Z[UQP_f O[Q V^_[c Z[ QRO a^Pd
POUb^[cZ[] ^_Qb_QU gQRO ST\OS Z[ �Z] v Z[cZaTQOU QRO
aS^UOUQ Z[UQP_fO[Q�[^QOk l j SU^ Y U^f O ^V QRO �S_QO  �
gZ[b_Q vk ZU UQZSS f ZxOc W ZQR QRO iSTPZ[OQ  �� gZ[b_Q
�k Y W ZQR QRO TQQTa` bRTUO ^V QRO �_QO \OZ[] mbZa`Oc _b o
\X QRO iSTPZ[OQ ^_Qb_Q l �RZU cZ� a_SQX f TX \O c_O Q^
QRO POSTQZNOSX b_PO WTNOV^Pf U Y T[c QROPOV^PO c^f Z[T[Q
V_[cTf O[QTSU Y QRTQ QROUO Z[UQP_f O[QU RTNO Y TSQR^_]R
f^PO Z[NOUQZ]TQZ^[ ZU [OOcOc Q^ a^[¢Pf QRZU l

� { � |IL�II|~}

h[ QRZU Z[ ZQZTS W^P` Y WO a^[UZcOP QRO _UO ^V TbbP^bPZTQO
f Zx Z[] f^cOS T[c a^[UQPTZ[QU Q^ \O Zfb^PQT[Q Z[ QRO
U_aaOUUV_S ^b OPTQZ^[ ^V QRZU QXb O ^V TS]^PZQRf l n T[X
^V QROUO a^[UQPTZ[QU Y T[c QRO �TN^_P ^V TS]^PZQRf _UOc Y
cObO[cU ^[ QRO TbbSZaTQZ^[ ¢OSc l

j U WOSS TU QRO M f ZxZ[] f^cOS _UOc \X pT_[c Y
^QROPU RTNO bP^b^UOc [OQW^P`U WROPO QRO _[cOPSXZ[]
VTaQ^PU a^fbOQO Q^ OxbSTZ[ bTPQZa_STP VOTQ_POU Y U_aR TU
bZxOSU Z[ Zf T]O T[TSXUZU q· Y u�w l j SQR^_]R QROUO W^_Sc
[^Q UOOf Q^ \O TbbP^bPZTQO Z[ ^_P a_PPO[Q T_cZ^ bP^\d
SOf Y WROPO WO RTNO SZ[OTP f Zx Z[] Y ZQ W^_Sc \ O Z[QOPOUQd
Z[] Q^ UbOa_STQO ZV QRO bRO[^f O[^[ ^V T_cZQ^PX f TU`Z[]
Z[cZaTQOU QRTQ R_f T[ ROTPZ[] _UOU U_aR T UaROf O l
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(6) Basson, D4

(2) Clarinet, G4b

(7)  Bassoon, A4b

(3) Clarinet, B4b

(5) Oboe F4

(9) Flute B4

(1) Clarinet, C4

(4) Oboe, D4b

(8) Flute, E4b

�Z]_PO v � jaQZNTQZ^[ ^V f OTU_POf O[Q _[ZQU � �

� { L~}L¦�I|~}I
h[ QRZU bTbOP Y WO POb^PQOc ^[ T UOPZOU ^V Oxb OPZf O[QU
W^P`Z[] Q^WTPcU QRO TbbSZaTQZ^[ ^V pT_[c oU f_SQZb SOd
aT_UO f^cOS Q^ QRO UObTPTQZ^[ ^V T_cZ^ f_UZa UZ][TSU l

£O Z[QP^c_aOc [^[d\Z[TPX bTQQOP[U T[c N^S_fOU
Z[Q^ QRO f^cOS Y T[c _UOc T UOPZOU ^V a^[UQPTZ[QU ^[
QRO PT[]O ^V fOTU_POf O[Q ^_Qb_QU T[c WOZ]RQU Q^ ROSb
SOTP[Z[] Q^ \ O U_aaOUUV_S l �RO POU_ SQU TPO O[a^_PT]d
Z[] U^ VTP Y OUb OaZTSSX a^[UZcOPZ[] QRO UZfbSZaZQX ^V QRO
TbbP^TaR l

� { K§�§K§}L§I
quw j l � l OSS T[c � l � l pO�[^W U`Z l j[ Z[V^PfTQZ^[

f TxZf Z�TQZ^[ TbbP^TaR Q^ \SZ[c UObTPTQZ^[ T[c
\SZ[c cOa^[N^S_QZ^[ l � ¯«°�� ���® « 	�	²�¬Y s �uu�v

uutv Y uvvt l

q�w j l � l OSS T[c � l � l pO�[^W U`Z l �RO mZ[cOb O[cO[Q
a^fb^[O[QU o ^V [TQ_PTS UaO[OU TPO Oc]O ¢ SQOPU l �²�
²�¬  ¯¯�°�� Y �s ����s
���� Y uvvs l

q�w � l iRTPSOU T[c i l �XVO l n^cOSSZ[] f_SQZbSOdaT_UO
UQP_aQ_PO _UZ[] POaQZ¢ aTQZ^[ a^[UQPTZ[QU l � ¯	� �°� �
���® « 	�	²�¬ ²¬ � ¯«°�� ��	¯� Y v �u�s
 u�� Y uvv� l

q·w ¶l �TXT[ T[c  l �Of OS l i^fbOQZQZ^[ T[c f_SQZd
bSO aT_UO f^cOSU l � ¯«°�� ���® « 	�	²�¬Y s �t�t
tsv Y
uvvt l

qtw � l � l � ZOSc l £ RTQ ZU QRO ]^TS ^V UO[U^PX a^cZ[]�
� ¯«°�� ���® « 	�	²�¬Y � �ttv
�µ uY uvv· l

q�w ¶l � �̂ScZ �T` l �^Pf Z[] UbTPUO PObPOUO[QTQZ^[U \X S^d
aTS T[QZd�O\\ZT[ SOTP[Z[] l � ²���� ²��� ���¯°¬¯	²�Y�· �u�t
 usµ Y uvvµ l

qsw � l � l �TPb_P T[c  l £ l ¶PT]OP l �OaRd
[Ze_OU V^P S^W O[QP^bX a^cZ[] l �OaR[ZaTS  Ob^PQ
i��� ��dhr��r� �� l uvs Y �[]Z[OOPZ[] �ObTPQd
f O[Q Y iTf\PZc]O �[ZNOPUZQXY �´ Y uvvt l

q�w � l � l �TPb_P T[c  l £ l ¶PT]OP l �ONOS^bf O[Q ^V
S^W O[QP^bX a^cZ[] Z[ T POa_PPO[Q [OQW^P` l � ¯	�
� �°� � ���® « 	�	²�¬ ²¬ � ¯«°�� ��	¯� Y s ��ss
 ��· Y
uvv� l

qvw � l ´ SZ[]UOZUO[ l j_cZ^ T[TSXUZU _UZ[] f_SQZbSO aT_UO
[O_PTS [OQW^P`U l ¶P^� OaQ  Ob^PQ l j_cZ^ � n_UZa
�OaR[^S^]X �T\ Y �ObTPQfO[Q ^V � SOaQP^[Za �[]Zd
[OOPZ[] Y ´ Z[] oU i^SSO]O �^[c^[ Y pObQOf\OP uvvv l

quµw � l ´^R^[O[ l �RO m[O_PTS o bR^[OQZa QXb OWPZQOP l
���� ���® « 	¯°Y �ug� k �uu
 �� Y n TPaR uv�� l

quuw � ld£ l �OO Y j l � l OSS Y T[c  l MP]Sf OZUQOP l  SZ[c
U^_PaO UObTPTQZ^[ ^V POTS W^PSc UZ][TSU l h[ � °��
�¯¯³²¬�  �� 	� ¯ ���� �¬ 	¯°¬�	²�¬�� ��¬� ¯°¯¬�¯ �¬
� ¯«°�� � ¯	� �°��  �«	�¬ � !¯" �Y bT]OU �u�v

� u�t Y uvvs l

qu�w n l p l �OW Za`Z T[c � l � l pO�[^W U`Z l �OTP[Z[] ^NOPd
a^fbSOQO PObPOUO[QTQZ^[U l � ¯«°�� ���® « 	�	²�¬Y
u� ���s
��t Y �µµµ l

qu�w �[ZNOPUZQX ^V h^WT l n_UZaTS Z[d
UQP_f O[Q UTfbSOU WO\ bT]O l � �
RQQb ���QROPOf Z[ lf_UZa l_ Z^WT lOc_ �#WO\ �U^_[c� Y
�T[_TPX uvvv l

qu·w � l M� T l rO_PTS [OQW^P`U Y bPZ[aZbTS a^fb^[O[QU Y
T[c U_\UbTaOU l �¬ 	¯°¬�	²�¬�� $�«°¬�� �� � ¯«°��
��	¯� Y u �� u
�� Y uv�v l

qutw  l j l MSURT_UO[ T[c � l � l � ZOSc l rTQ_PTS Zf T]O
UQTQZUQZaU T[c O� aZO[Q a^cZ[] l � ¯	� �°� � ���® «�
	�	²�¬ ²¬ � ¯«°�� ��	¯� Y s ����
��v Y uvv� l

qu�w n l � l ¶ S_f\SOXl �XTb_[^N V_[aQZ^[U V^P a^[NOPd
]O[aO ^V bPZ[aZbTS a^fb^[O[Q TS]^PZQRf U l � ¯«°��
� ¯	� �°�Y � �uu
�� Y uvvt l

qusw � l pT_[c l j f_SQZbSO aT_UO f ZxQ_PO f^cOS V^P
_[U_bOPNZUOc SOTP[Z[] l � ¯«°�� ���® « 	�	²�¬Y s �tu

suY uvvt l

qu�w � l  l �O[O[\T_f T[c � l � l �^c^P^N l �TaQ^PZTS
SOTP[Z[] \X aS_UQOPZ[] VOTQ_POU l h[ � l �OUT_P^ Y
� l �^_POUQU`XY T[c � l �OO[ Y OcZQ^PU Y % ³±�¬�¯ ²¬
� ¯«°�� �¬� �°��	²�¬ � °��¯²¬� ��	¯�  &Y bT]OU
t� u
 t�� Y iTf\PZc]O Y nj Y uvvt l n h� ¶POUU l


