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JKLMNJOM
PQRS TUTVW TWVSVXYS U SRZXU[ \V]X^RSRXZ _ VYQ^\ `USV\ ^X YQV
VaYWUbYR^X ^c Yd^ RX\VTVX\VXY b^_T^XVXYS e Pd^ fgh i[YVWS
UWV U\UTYV\ `[RX\[j UX\ c^WbV\ Y^ TW^\kbV ^kYTkYS dQRbQ UWV
US RX\VTVX\VXY US T^SSR` [V YQW^kZQ YR_ V e lUWR^kS b^SY ckXb]
YR^XS UWV b^XSR\VWV\ WUXZRXZ cW^_ [RXVUW b^WWV[UYR^X Y^ X^X
[RXVUW b^WWV[UYR^X UX\ m ^RXY VXYW^Tje PQV YjTRbU[ TWVSVXbV ^c
U [UWZV Xk_`VW ^c [^ bU[ _ RXR_ U RX YQV nUWR^kS b^SY ckXbYR^XS
QUS SkZZVSYV\ U Qj`WR\ UTTW^UbQ YQUY YWU\VS b^_TkYUYR^XU[
b^_T[Va RYj d RYQ S^[kYR^X UbbkWUbje Pd^ VaTVWR_ VXYS ^X
ST VVbQ b^WWkTYV\ `j RX\VTVX\VXY X^RSV UX\ YQV SVTUWUYR^X
^c Yd^ oh TW^bVSSVS UWV TWVSVXYV\ e

pq rsMNtuv OMrts
PQRS TUTVW VaT[^WVS U ` [RX\ U\UTYRnV SRZXU[ \V]X^RSRXZ _ V]
YQ^\ `USV\ ^X gX\VTVX\VXY w^_T^XVXY oXU[j SRS xgwo ye
PQV X^RSV WV\kbYR^X TW^`[V_ kSRXZ U\UTYRnV i [YVWRXZ RS U
b[USSRb ^XV z{ | }~ UX\ QUS ` VVX UTTW^UbQV\ YjTRbU[[j YQW^kZQ
`[RX\ YWURX RXZ ^c U TWV\RbY^W e �kbQ U _ VYQ^\ RS ^cYVX WV]
cVWWV\ Y^ US o\UTYRnV �RXV �XQUXbVW xo��y z}~ e

�^dVnVW | YQV SkbbVSS ^c gX\VTVX\VXY w^_T^XVXY oXU[]
jSRS RX SVTUWUYRXZ RXSYUXYUXV^kS z� | � | �~ UX\ b^Xn^[kYRnV
_ RaYkWVS z� | �~ ^c RX\VTVX\VXY S^kWbVS SkZZVSYS YQUY SkbQ
YVbQXR�kVS _ Uj `V UTT[RV\ Y^ YQV b[USSRbU[ TW^`[V_ ^c X^RSV
WV_^nU[ dQVX X^Y _kbQ �X^d [V\ZV U`^kY SRZXU[ UX\ X^RSV
RS UnUR[U`[V e gY RS dV[[]�X^dX YQUY � RVXVW i [YVWRXZ YQUY WV]
�kRWVS VaUbY �X^d [V\ZV ^c bW^SS b^WWV[UYR^X `VYdVVX ^`SVW]
nUYR^XS UX\ �\VSRWV\� ^kYTkY | _ Uj QUnV [R_ RYV\ UTT[RbUYR^X
dQVX �b[VUX� \UYU RS X^Y UnUR[U` [V c^W YWURX RXZ UX\ dQVX
SRZXU[S VaQR` RY X^X SYUYR^XUWj `VQUnR^kW e

PQV R\VU dV VaT[^WV RX YQ RS TUTVW | RS `USV\ ^X U \V]
X^RSRXZ SjSYV_ _U\V kT ^c Yd^ fgh i [YVWS YQUY | ^T VWUYRXZ
^X YQV SU_ V RXTkY UWV YWURXV\ SR_k[YUXV^kS[j Y^ TW^\kbV
^kYTkYS dQRbQ UWV US RX\VTVX\VXY US T^SSR`[V YQW^kZQ YR_ V
UX\ QUnV kXRY nUWRUXbV e

gX TUWYRbk[UW | Rc YQV RXTkY RS YQV SkTVWT^SRYR^X ^c RX\V]
T VX\VXY SRZXU[ UX\ X^RSV | YQV TW^`[V_ `Vb^_ VS ^XV ^c ` [RX\
SVTUWUYR^X ^c UX ^nVWb^_T[VYV _ RaYkWV ^c Yd^ SRZXU[S cW^_
^X[j ^XV SVXS^W d RYQ U b^Xn^[kYRnV \V]_ RaVW z� | �~ e

gX YQRS TUTVW dV WVT^WY S^_ V TWV[R_ RXUWj VaTVWR_ VXYS
RX dQRbQ dV YWURX YQV Yd^ i [YVWS d RYQ nUWR^kS b^SY ckXb]
YR^XS WUXZRXZ cW^_ TkWV [RXVUW \Vb^WWV[UYR^X Y^ m ^RXY VXYW^Tj
T^RXYRXZ ^kY Y^ YQV _ Um ^W TW^`[V_ S YQUY UWRSVS RX YQ RS SbV]
XUWR^ e gX cUbY | m kSY US RX _^SY ^nVWb^_T[VYV _ RaYkWV bUSVS |
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fRZkWV �� PQV \V]X^RSRXZ SbQV_ V

YQV TWVSVXbV ^c U [UWZV Xk_`VW ^c [^ bU[ _ RX R_ U WV�kRWVS
YjTRbU[[j Sk� bRVXY UXXVU[RXZ UX\ S^[kYR^X SV[VbYR^X e

o �kVSYR^X YQUY RS U[S^ bWkbRU[ Y^ YQRS TW^`[V_ RS YQV
Sk� bRVXbj�RXSk� bRVXbj ^c \Vb^WWV[UYR^X e

gX YQRS TUTVW dV b^XSR\VW \R�VWVXY T^SSR` [V b^SY ckXb]
YR^XS UWWRn RXZ Y^ UX Qj`WR\ U[Z^WRYQ_ � SVUWbQ c^W \Vb^WWV[U]
YR^X UX\ bWVUYV U T^Tk[UYR^X ^c S^[kYR^XS ^kY ^c dQRbQ YQV
b^XiZkWUYR^X d RYQ YQV _ RXR_k_ QRZQVW]^W\VW RX\VTVX\VXbV
RS bQ^SVX e

Pd^ VaTVWR_ VXYS UWV WVT^WYV\ ^X YQV `[RX\ WVSY^WUYR^X
^c U ST VVbQ SRZXU[ b^WWkTYV\ `j `UX\]TUSS X^RSV UX\ YQV SV]
TUWUYR^X ^c Yd^ `UX\]TUSS oh TW^bVSSVS e �V b^_TUWV YQV
WVSk[YS ^c \R�VWVXY U[Z^WRYQ_ S \VWRnV\ `j YQWVV b^SY ckXb]
YR^XS d RYQ YQV ^XVS ^`YURXV\ kSRXZ YQV � RVXVW i [YVW e

� q u� s trLrs ¡ J¢¡tNrM£¤
�qpq ¥¦§¨ ©ª« ¬®ª«ª¯
�VY � x� y ` V YQV SRZXU[ ^c RXYVWVSY UX\ � x� y YQV ^`SVWnV\
SRZXU[ | Z RnVX `j � x� y ° � x� y ± ² x� y | dQVWV ² x� y RS YQV X^RSV e
o SSk_ V YQUY � x� y UX\ ² x� y UWV ³VW^ _ VUX | RX\VTVX\VXY UX\
SYUYR^XUWje

�kTT^SV X^d YQUY ^kW SRZXU[ \V]X^RSRXZ RS `USV\ ^X Yd^
fgh i [YVWS | � � UX\ � � | dQVWV � ´ ° zµ ´ x¶y · ¸ ¸ ¸ · µ ´ x¹ y~º » °
�· � UWV YQV b^V� bRVXY nVbY^WS ^c [VXZYQ ¹ ± �e �VY ¼ x� y °
z� x� y · ¸ ¸ ¸ · � x� ½ ¹ y~º YQV nVbY^W b^XYURX RXZ ¹ ± � SU_T[VS ^c
YQV ^`SVWnV\ SRZXU[ � x� y | S^ YQUY YQV i [YVWS ^kYTkY bUX `V
dWRYYVX US �´ x� y ° � º́ ¼ x� y · » ° �· � e

PQV �kVSYR^X RS � bUX dV iX\ � � UX\ � � Y^ ZVY x` [RX\[j y
UY YQV Yd^ ^kYTkYS VSYR_ UYVS ^c � x� y UX\ ² x� y SR_T[j `j
c^WbRXZ RX\VTVX\VXbV¾ ¿`nR^kS[j dQVYQVW YQV WVSk [Y ^c YQRS
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Yd^]V[V_ VXY i [YVW `UX� RS YQV \Vb^_T^SRYR^X ^c � x� y RXY^
xYjTRbU[[j \RSY^WYV\y nVWSR^XS ^c � x� y UX\ ² x� y d R[[ SYW^XZ[j
\VTVX\ ^X YQV SYWkbYkWV ^c YQV Yd^ SRZXU[S UX\ YQVRW T^dVW
WV[UYR^XSQRT e gX cUbY | Rc c^W VaU_T[V ² x� y QUS S_ U[[ T ^dVW
d RYQ WVST VbY Y^ YQUY ^c � x� y | YQV TW^`[V_ RS `USRbU[[j U SVUWbQ
c^W U \Vb^_T^SRYR^X ^c � x� y ^X[je o [S^ Rc � x� y RS U _^WV
b^_T[RbUYV\ SkTVWT^SRYR^XS ^c cUbY^WS YQV TW^`[V_ RS ^XV ^c
iX\RXZ YQV _^SY �SVTUWUYV\� \Vb^_T^SRYR^X e

PQVWVc^WV | Y^ Un^R\ T^SSR` [V U_`RZkRYRVS RX YQV \RSbkS]
SR^X YQUY c^[[^d S | dV d R[[ c^ bkS ^X U[Z^WRYQ_ S UX\ TW^`]
[V_ S RX SVUWbQRXZ c^W U Yd^]V[V_ VXY gX\VTVX\VXY w^_T^]
XVXY oXU[j SRS xgwo y i [YVW `UX� | VnVX YQ^kZQ YQV SRZXU[]
T[kS]X^RSV SbVXUWR^ d R[[ ` V �VTY RX _ RX\ US U �Vj WVcVWVXbV
U[S^ RX ^kW SR_k[UYR^XS e

� q� q �§¦��¯� ©�¯ª®¦ �ª�§¦¦ª©® �§¯
o iWSY SVTUWUYR^X bWRYVWR^X _ Uj `V Y^ c^WbV YQV R_Tk[SV WV]
ST^XSV ^c YQV Yd^ fgh i[YVWS Y^ ` V SkbQ YQUY ����� x	y ° ¶ 
 	 e
lUWR^kS U[Z^WRYQ_ S QUnV `VVX TW^T^SV\ RX YQV [RYVWUYkWV c^W
SkbQ U YUS� | `^YQ ^X][RXV UX\ ^�][RXV z�~ e PQV b^SY ckXbYR^X
RS \ViXV\ US YQV Sk_ ^c YQV S�kUWVS ^c YQV bW^SS]b^WWV[UYR^XS
` VYdVVX � � UX\ �� RX U ZRnVX YR_ V][UZ RXYVWnU[ x	� · 	� y US �

���
��� �

� z� � x� y� � x� ± 	y~ �
� °

���
���

� ����� x	y ¸ x�y

PQV bW^SS]b^WWV[UYR^X SV�kVXbV bUX `V dWRYYVX US
����� x	y ° � º� � z¼ x� y¼º x� ± 	y~� � ° � º� N � x	y� � · x�y

dQVWV N � x	y RS U x¹ ± �y � x¹ ± �y P^VT[RY³ b^WWV[UYR^X _ UYWRa
^c ¼ x� y �

N � x	y °
�
���

�� x	y �� x	 ½ �y � � � �� x	 ½ ¹ y�� x	 ± �y �� x	 ± �y � � � �� x	 ½ ¹ ± �yeee eee e e e eee�� x	 ± ¹ y �� x	 ± ¹ ½ �y � � � �� x	y

�
��� ¸x�y

P^ Un^R\ YQV YWRnRU[ S^[kYR^X Y^ YQV TW^`[V_ | R eV e ` ^YQ
� � UX\ � � V�kU[ Y^ ³VW^ | S^_ V b^XSYWURXYS UWV XVbVSSUWje� SRXZ U b^XSYUXY ^kYTkY T^dVW b^X\RYR^X | YQV b^SY ckXbYR^X
`Vb^_ VS �

� � °
���
���

x� º� N � x	y� � y� ±
��

´ � � ´ x� ½ � º́ N � x¶y� ´ y ¸ x�y

oX V�VbYRnV ^�][RXV U[Z^WRYQ_ c^W S^[n RXZ YQ RS TW^`[V_
QUS `VVX TW^T^SV\ RX z�~ c^W b^Xn^[kYRnV _ RaYkWVS e PQV SR_ ]
T[V SYVTS UWV ^kY[RXV\ RX YQV oTTVX\Ra d RYQ ST VbRib WVcVW]
VXbV Y^ YQRS Yd^]i [YVW SbVXUWR^ e�Xc^WYkXUYV[j| RS YQV XUYkWV ^c YQV b^SY ckXbYR^X YQUY
bWVUYVS TW^`[V_ S | \kV Y^ YQV TWVSVXbV ^c U [UWZV Xk_`VW
^c [^ bU[ _ RX R_ U | S^_ V ^c dQRbQ b^WWVST^X\ Y^ YWRn RU[ S^[k]
YR^XS e PQRS RS U b^__^X TW^`[V_ dQVX dV UWV \VU[RXZ d RYQ
UX ^nVWb^_T[VYV _ RaYkWV UX\ TW^TVW WVSYUWY UX\ SV[VbYR^X
SYWUYVZRVS _kSY ` V \VnRSV\ c^W Z[^`U[ b^XnVWZVXbV e PjTR]
bU[[j YQV RYVWUYRnV U[Z^WRYQ_ | YQUY RS `USRbU[[j U b^^W\RXUYV

\VSbVXY U[Z^WRYQ_ | b^XnVWZVS Y^ \R�VWVXY S^[kYR^XS \VTVX\]
RXZ ^X YQV SYUWYRXZ RX RYRU[ b^X\RYR^XS e fkWYQVW_^WV � S^[k]
YR^XS YQUY Z[^`U[[j ZRnV _ RXR_k_ [RXVUW b^WWV[UYR^X UWV X^Y
XVbVSSUWR[j Z^^\ c^W SVTUWUYR^X e PQV SR_k[UYR^XS WVT^WYV\
RX YQV c^[[^d RXZ d R[[ b[VUW[j \V_^XSYWUYV YQ RS V�VbY e

� q� q s§¯ ©�¯ª®¦ �ª�§¦¦ª©® �§¯ ®©�§¦ ��«¬
PQV \Vb^WWV[UYR^X bWRYVWR^X bUX `V WVT[UbV\ `j U SYW^XZVW
^XV | `USV\ ^X X^X [RXVUW nVWSR^XS ^c YQV i [YVW ^kYTkYS e PQV
_^SY ZVXVWU[ c^W_ ^c YQV b^SY ckXbYR^X RS �

� � °
���
��� �

� z� � x� � x� yy�� x� � x� ± 	yy~ �
� ±

±
� � x� ½ � º� N � x¶y� �y� ±

±
�� x� ½ � º� N � x¶y� �y� ¸ x{y

dQVWV � � UX\ �� UWV X^X [RXVUW ckXbYR^XS | S^ YQUY QRZQVW
^W\VW SYUYRSYRbS UWV RXn^[nV\ e PQV SVb^X\ UX\ YQV YQ RW\
YVW_ S UWV YQV T^dVW b^XSYWURXYS e PQV b^V� bRVXYS

� � UX\
�� | YQUY YjTRbU[[j _kSY ` V bQ^SVX YQW^kZQ bW^SS]nU[R\UYR^X |
QUnV `VVX SVY Y^

� � °
�� °

�
° 	� ½ 	 � e �V b^XSR\VW Sj_ ]

_ VYWRbU[ S^kWbV \RSYWR`kYR^XS UX\ ^\\ X^X [RXVUW ckXbYR^XS |
S^ YQUY � z�´ x� ´ x� yy~ ° ¶ e�Xc^WYkXUYV[j| YQ RS b^SY ckXbYR^X RS b^_TkYUYR^XU[[j _^WV
b^_T[Va YQUX YQV TWVnR^kS ^XV UX\ U ZWU\RVXY \VSbVX\ U[Z^]
WRYQ_ SQ^k[\ `V kSV\ SRXbV X^ b[^SV\ c^W_ bUX `V c^kX\ c^W
YQV i[YVW b^V� bRVXYS e PQV ZWU\RVXYS UWV VUSR[j b^_TkYV\ �

� � � � °
���
���

�� z� � x� � x� yy�� x� � x� ± 	yy~
�� z�� x� � x� ± 	yy� !� x� � x� yy¼ x� y~ ±
½�

� � x� ½ � º� N � x¶y� �yN � x¶y� � " x#y

� � � � °
���
���

�� z� � x� � x� yy�� x�� x� ± 	yy~
�� z� � x� � x� yy� !� x�� x� ± 	yy¼ x� ± 	y~ ±
½�

�� x� ½ � º� N � x¶y� �yN � x¶y� � ¸ x�y
o ZWU\RVXY SVUWbQ YjTRbU[[j RXRYRU[R³VS YQV Yd^ nVbY^WS � �UX\ � � UX\ UY VUbQ RYVWUYR^X | _ RX R_ R³VS YQV b^SY ckXbYR^X
d eW eY e ^XV i [YVW UY VUbQ YR_ V e�Xc^WYkXUYV[j| dQUY SVV_ S Y^ `V YQV _^SY ^`nR^kS Va]
YVXSR^X ^c YQV [RXVUW b^WWV[UYR^X _ VYQ^\ | VaTVWR_ VXYU[[j
TWVSVXYS Yd^ _ URX \R� bk[YRVS �

Uy � � RX YQRS ^nVWb^_T[VYV bUSV UTTVUWS ZVXVWU[[j VnVX
_^WV bWRYRbU[ YQUX � � d RYQ WVST VbY Y^ YQV TWVSVXbV ^c [^ bU[
_ RX R_ U UX\ `VRXZ _^WV SVXSRYRnV Y^ YQV RX RYRU[ b^X\RYR^XS e

` y oY VUbQ RYVWUYR^X ^kYTkYS SYUYRSYRbS QUnV Y^ ` V VnU[]
kUYV\ e

o TWR^WR RXc^W_ UYR^X U`^kY YQV SRZXU[ ST VbYWU | S^ YQUY
YQV RX RYRU[ i [YVW b^V� bRVXYS bUX `V bQ^SVX UTTW^TWRUYV[j|
_ Uj [VU\ Y^ `VYYVW WVSk[YS e o [S^ YQV bQ^RbV ^c YQV X^X [RXVUW
ckXbYR^XS | YQUY RS kSkU[[j X^X bWRYRbU[ xc^W RXSYUXbV RX z# ~ |
RY QUS ` VVX SkZZVSYV\ Y^ kSV � $ UX\ UYUX x� yy | bUX `V \^XV
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_^WV UbbkWUYV[j RX UXU[^Zj Y^ YQV _ UaR_k_ VXYW^Tj S^[k]
YR^X c^W YQV S�kUWV bUSV z� | �~ e f^W VaU_T[V kSRXZ US U b^SY
ckXbYR^X YQV X^W_ ^c YQV _ UYWRa �

� x� y ° � z� x� y� º ½ � ~ · x}y
d RYQ � ° z� � · � � ~º | UX\

� ° z½ � [^Z x� x� �yy
�� � · ½ � [^Z x� x� � yy

��� ~º · x�y
dQVWV � � x� �y UX\ � � x� � y UWV YQV Yd^ \VSRWV\ T\cS e �j R_ ]
T^SRXZ YQUY YQV Sk_ ^c YQV S�kUWV\ ^� \RUZ^XU[ VXYWRVS ^c
� | VaYVX\V\ Y^ \R�VWVXY YR_ V [UZS | UWV Y^ ` V _ RXR_ R³V\ | YQV
b^XSYWURXV\ b^SY ckXbYR^X RS d WRYYVX US �

�$ °
���
��� �

� z� � x� � x� yy� � x� ± 	y~ �
� ±

±
���
��� �

� z� � x� y�� x�� x� ± 	yy~ �
� ±

±
� � x� ½ � º� N � x¶y� �y� ±

�� x� ½ � º� N � x¶y� � y� ¸
x�¶y

PQV ZWU\RVXYS UWV VUSR[j \VWRnV\ RX UXU[^Zj Y^ YQV U`^nV x#y
US dV[[ b^XSYUXYS

� � UX\
�� e�Xc^WYkXUYV[j| TW^`[V_ S Uy UX\ ` y ^kY[RXV\ U`^nV | VnVX

Rc dV QUnV VaUbY �X^d [V\ZV ^c YQV \VSRWV\ _ UWZRXU[ \RSYWR]
`kYR^XS | UWV X^Y SRZXRibUXY[j UYYVXkUYV\ e
� q� q M�ª 	¦§	§¬ª� ��¨¦ �� «ª�§�¬
gY RS b[VUW cW^_ YQV U`^nV \RSbkSSR^X YQUY YQV S^[kYR^X Y^ YQ RS
TW^`[V_ _kSY RXb[k\V U SYWUYVZj c^W iX\RXZ Z[^`U[ _ RX R_ U
U_^XZ T^SSR` [j _ UXj [^bU[ _ RXR_ U e o _VYQ^\ _kSY ` V
kSV\ Y^ ZVXVWUYV U Sk� bRVXY[j [UWZV Xk_`VW ^c RX RYRU[ b^X]
\RYR^XS e o [S^ U X^X[RXVUW RX\VTVX\VXbV bWRYVWR^X _kSY ` V
kSV\ Y^ c^WbV Q RZQVW]^W\VW RX\VTVX\VXbV e gX b^XSR\VWUYR^X
YQUY �

Uy YQV \Vb^WWV[UYRXZ U[Z^WRYQ_ | [VU\S Y^ U nUWRVYj ^c [^ bU[
_ RX R_ U Ubb^W\RXZ Y^ YQV RXRYRU[ b^X\RYR^XS "`y YQV \Vb^WWV[UYRXZ U[Z^WRYQ_ RS nVWj SR_T[V RX RYS R_ ]
T[V_ VXYUYR^X SRXbV RY RS `USV\ ^X SVb^X\ ^W\VW SYUYRSYRbS YQUY
\^ X^Y XVV\ Y^ `V b^_TkYV\ UY VnVWj RYVWUYR^X "by SYW^XZVW RX\VTVX\VXbV _ Uj `V XVbVSSUWj "\y YQV X^X [RXVUW b^SY ckXbYR^XS UWV U[S^ U�VbYV\ `j [^bU[
_ RX R_ U TW^`[V_ S UX\ UWV b^_TkYUYR^XU[[j _^WV RXYVXSRnV
RX YQVRW _ ^_VXY VSYR_ UYR^X "dV TW^T^SV YQV c^[[^d RXZ SYWUYVZj �

�e �VUWbQ c^W U SVY ^c nVbY^WS x� � · � �y _ RXR_ U ^c YQV
\Vb^WWV[UYR^X b^SY ckXbYR^X � � `j WkXXRXZ _ UXj YR_ VS
YQV \Vb^WWV[UYR^X U[Z^WRYQ_ SYUWYRXZ UY VUbQ YR_ V cW^_
\R�VWVXY RXRYRU[ i [YVW b^V� bRVXYS xVnVXYkU[[j kSRXZ UX
UXXVU[RXZ SYWUYVZj Y^ ZVXVWUYV YQV \R�VWVXY RX RYRU[
b^X\RYR^XSy e PQVX SY^WV YQV \R�VWVXY S^[kYR^XS e

� e � SV SkbQ S^[kYR^XS US YQV RX RYRU[ b^X\RYR^XS c^W U ZWU]
\RVXY U[Z^WRYQ_ cW^_ b^SY ckXbYR^X � � x^W �$ y e� e wQ^^SV US YQV iXU[ S^[kYR^X c^W YQV i[YVWS YQV ^XV
d RYQ YQV S_ U[[VSY nU[kV ^c � � x^W �$ y e

� �

� �

�
��


 � �� � x� y

�
�

� x� y � � x� y

�

 � ��� x� y

�� x� y

fRZkWV � � PQV Yd^ \V]X^RSRXZ fgh i [YVWS SbQV_ V

�kbQ U SYWUYVZj d^W�S ^X YQV `USRb USSk_TYR^X YQUY YQV
UX gwo S^[kYR^X SQ^k[\ X^Y ` VV Y^^ cUW cW^_ U \Vb^WWV[UY]
RXZ S^[kYR^X e PQRS RS WVUS^XU`[V Rc dV YQ RX� YQUY Rc dV QU\
U WVU[[j RX\VTVX\VXY TURW ^c ^kYTkY SV�kVXbVS | YQVj d^k[\
`V U[S^ \Vb^WWV[UYV\ e � ^WV^nVW dV QUnV nVWRiV\ VaTVWR_ VX]
YU[[j YQUY YQV ZWU\RVXY U[Z^WRYQ_ `USV\ ^X YQV X^X[RXVUW
bWRYVWR^X | YjTRbU[[j b^XnVWZVS nVWj �kRb�[j Y^ U S^[kYR^X RX
YQV XVRZQ`^WQ^^\ ^c YQV SYUWYRXZ T^RXY e PQRS QUS YQV b^XSV]
�kVXbV ^c �VVTRXZ [R_ RYV\ YQV b^_TkYUYR^XU[ b^_T[Va RYj ^c
YQV dQ^[V SVUWbQ e fkWYQVW_^WV | Rc dV V[R_ RXUYV b^_T[VYV[j
SYVT � dV _ Uj QUnV _ Uj nVWj [R_ RYV\ V�VbY ^X YQV UbbkWUbj
^c YQV S^[kYR^X e PQV cVd bUSVS RX dQRbQ dV ^`YURXV\ Z^^\
WVSk[YS VXb^kWUZV\ kS Y^ _^\Rcj YQV U`^nV _ VYQ^\ `j Sk`]
SYRYkYRXZ �$ x^W �  y d RYQ U _^WV UTTW^TWRUYV b^SY ckXbYR^X e

oSSk_ RXZ YQUY dV QUnV ck[[ �X^d [V\ZV ^c YQV YUWZVY
_ UWZRXU[ \VXSRYRVS c^W YQV ^kYTkYS xVnVX YQ^kZQ YQRS �X^d []
V\ZV RS X^Y bWRYRbU[y | U _ ^WV UTTW^TWRUYV _ VUSkWV ^c RX\V]
T VX\VXbV RS ZRnVX `j YQV VXYW^Tj x^W V�kRnU[VXY[j YQV [R�V]
[RQ^^\y z� | �~ b^_TkYV\ UY nUWR^kS YR_ V [UZS ^X � � x� y UX\
�� x� y e f RZkWV � SQ^d S YQV gwo SjSYV_ d RYQ YQV X^X [RXVUW
ckXbYR^XS 
 � UX\ 
 � bQ^SVX Y^ `V YQV kXRY nUWRUXbV bk_k]
[UYRnV \RSYWR`kYR^X ckXbYR^XS ^c YQV Yd^ YUWZVY \VXSRYRVS z�~ e

gX\VV\ dV U\^TY YQV c^[[^d RXZ b^SY ckXbYR^X �

½
���
���

� x� � x� y · �� x� ± 	yy · x��y

dQVWV � RS YQV m ^RXY \R�VWVXYRU[ VXYW^Tje � ^WV ST VbRibU[[j
� x� � x� y · �� x� ± 	yy RS VnU[kUYV\ V_TRWRbU[[j UX\ YQV b^SY ckXb]
YR^X RS �

�  ° � �́ � ���  � � x� �́ · ��� y [^Z � x� �́ · ��� y½ [^Z x������ y · x��y

dQVWV � � UWV YQV `RXS ^c UWVU x������ y UX\ � x� �́ · ��� y YQV
VSYR_ UYV\ TW^`U`R[RYRVS e�Xc^WYkXUYV[j| U SVUWbQ SYWUYVZj `USV\ ^X �  d^k[\ `V
QUW\ `VbUkSV YQV ZWU\RVXY RS X^Y VUSR[j ^`YURXV\ e �^dVnVW�  bUX `V kSV\ US U SV[VbYR^X bWRYVWR^X e PQVWVc^WV SYVTS � e
UX\ � e UWV WVT [UbV\ `j YQV SYVT

� e �nU[kUYV �  RX YQV \R�VWVXY S^[kYR^XS x� � · � � y b^W]
WVST^X\RXZ Y^ YQV _ RXR_ U ^c � � UX\ bQ^^SV US YQV S^[kYR^X
YQV ^XV d RYQ YQV S_ U[[VSY nU[kV ^c �  e
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Signal of interest
Noise

fRZkWV � � �RZXU[ ^c RXYVWVSY UX\ X^RSV ST VbYWU xVaTVWR_ VXY
�y
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Non Linear Correlation

fRZkWV � � PQV nU[kVS c^W b^SY ckXbYR^XS x� � ·� � · �  y c^W
SVnVX SYUYR^XUWj T^RXYS ^c � � x[^ZUWRYQ_ Rb SbU[Vy

� q Lr¤ v¢JMrtsL N�Lv¢ML
� UXj SR_k[UYR^XS QUnV `VVX TVWc^W_ V\ Y^ YVSY YQV \R�VWVXY
b^SY ckXbYR^XS e �V WVT^WY QVWV ^X[j Yd^ YjTRbU[ WVSk[YS e
��� ���� ��� 	


o _U[V ST VVbQ SRZXU[ � x� y ^c [VXZYQ ��¶¶¶ | SU_T[V\ UY
��¶�{��³ RS b^WWkTYV\ `j oh `UX\TUSS X^RSV ^`YURXV\ US
i [YVWV\ kXRc^W_ X^RSV e PQV oh i[YVW QUS Yd^ b^_T[Va b^X]
m kZUYV T^[VS d RYQ V�kU[ _ ^\k[V ^c ¶ ¸�} bVXYVWV\ UY �¶¶¶�³ e
PQV SRZXU[ T^dVW RS � UX\ YQV ��h RS �\� e f RZ e � SQ^d S
YQV X^RSV T^dVW ST VbYWU[ \VXSRYj UX\ UX UnVWUZV T^dVW ST Vb]
YWk_ c^W YQV ST VVbQ SRZXU[ e PQV [VXZYQ ^c i [YVWS � � UX\ � �RS ¹ ° �� e fRZ e � SQ^d S YQV X^W_ U[R³V\ nU[kVS ^c YQV b^SY
ckXbYR^XS � � | � � | V �  | RX S^_ V ^c YQV _^SY WV[VnUXY [^bU[
_ RX R_ U ^c � � xSVnVX y e gX � � YQV X^X [RXVUW ckXbYR^XS �´ x�´ yQUnV `VVX bQ^SVX V�kU[ Y^ YUXQ x�¶� ´ y | RX �  | 
 � UX\ 
 �UWV YQV S^kWbVS w�fS | USSk_ V\ �X^dX e obYkU[[j YQV w�fS
dVWV VSYR_ UYV\ ^�][RXV UX\ YQV VXYW^Tj b^_TkYV\ kSRXZ YQV
VaUbY V_TRWRbU[ w�fS e �^YV Q^d YQV \R�VWVXY b^SY ckXb]
YR^X d^k[\ TRb� Y^YU[[j \R�VWVXY S^[kYR^XS  PQRS _ VUXS YQUY
bQ^^SRXZ YQV `VSY \Vb^WWV[UYR^X _ Uj `V SYW^XZ[j _ RS[VU\]
RXZ c^W RX\VTVX\VXbV e PQV `VSY S^[kYR^X c^W �  RS YQV YQ RW\
T^RXY " YQV ^TYR_k_ d eW eY � � RS YQV SVb^X\ T^RXY UX\ YQV
`VSY c^W � � RS YQV iWSY T^RXY e

f^W b^_TUWRS^X dV QUnV U[S^ b^_TkYV\ YQV � RVXVW i [YVW
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Min nonlinear correl. filter
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Wiener filter

fRZkWV { � fWV�kVXbj WVST^XSVS ^c YQV \V]X^RSRXZ SRZXU[ i [YVWS
� � b^WWVST^X\VXY Y^ YQV `VSY S^[kYR^XS c^W YQV YQWVV b^SY
ckXbYR^XS x� � · � � · �  y UX\ Y^ YQV � RVXVW i [YVW
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Max. entropy filter
Min. nonlinear corr. filter
Min. correl. filter

fRZkWV # � fWV�kVXbj WVST^XSVS ^c YQV X^RSV VaYWUbYRXZ i [YVW
� � b^WWVST^X\VXY Y^ YQV `VSY S^[kYR^XS c^W YQV YQWVV b^SY
ckXbYR^XS x� � · � � · �  y

xdQVWV ^`nR^kS[j dV QUnV USSk_ V\ c^W YQUY S^[kYR^X Y^ QUnV
UbbVSS Y^ YQV VaUbY b[VUX SRZXU[ � x� yy e gX PU`[V � YQV WVSk[YS
RX YVW_ S ^c S�kUWV W^^Y � �� UX\ SRZXU[]Y^]X^RSV WUYR^ x��� y
UWV WVT^WYV\ e ��� RS \ViXV\ US YQV WUYR^ ` VYdVVX YQV T^dVW
^c YQV SRZXU[ ^c RXYVWVSY UX\ YQV X^RSV T^dVW UY YQV SU_ V
^kYTkY xYQV U_`RZkRYj U`^kY dQRbQ ^kYTkY Y^ USS^bRUYV Y^
YQV kSVck[ SRZXU[ QUS ` VVX S^[nV\ `j ^�][RXV SV[VbYR^X y e �^YV
YQUY ��� RS U _ ^WV UTTW^TWRUYV _ VUSkWV ^c SVTUWUYR^X US RY
RS X^Y U�VbYV\ `j T^SSR`[V SRZXU[ \RSY^WYR^X e

�  � � � � �� ´����
� ¶ e���} ¶ e���{ ¶ e}��} ¶ e�}��

��� z\� ~ �{ e¶� �� e}� �� e}} �# e¶ �
PU`[V �� ��kUWV W^^Y � �� UX\ SVTUWUYR^X ��� c^W YQV \Rc]
cVWVXY b^SY ckXbYR^XS x�  · � � · � �y

� ^YV YQUY YQV S^[kYR^X d RYQ YQV QRZQVSY VXYW^Tj RS YQV
` VSY UX\ YQUY YQV `[RX\ S^[kYR^X RS ^X [j U cVd \� `V[^d
YQV � RVXVW S^[kYR^X e PQV VWW^W RS b[VUW[j \kV Y^ YQV kXb^X]
YW^[[U`[V \RSY^WYR^X RXYW^\kbV\ `j YQV `[RX\ i [YVWS | dQRbQ
SVUWbQ c^W RX\VTVX\VXY ^kYTkYS ^X[je gX cUbY | RX YVW_ S ^c
��� | dQRbQ _ VUSkWV ^X[j YQV [VnV[ ^c SVTUWUYR^X ^c YQV Yd^
RXTkY SRZXU[ | YQV _ Ua VXYW^Tj S^[kYR^X WVSk [YS VnVX `VYYVW
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fRZkWV � � �TVbYWU ^c YQV Yd^ oh SRZXU[ xVaTVWR_ VXY �y
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fRZkWV } � �RZXU[ ^c RXYVWVSY

YQUX � RVXVW S^[kYR^X e
gX fRZS e { UX\ # UWV WVT^WYV\ YQV i [YVW cWV�kVXbj WV]

ST^XSVS ^c WVST VbYRnV[j YQV \V]X^RSRXZ SRZXU[ i [YVW UX\ YQV
X^RSV VaYWUbYRXZ i[YVW | b^WWVST^X\VXY Y^ YQV `VSY S^[kYR^X
c^W YQV YQWVV b^SY ckXbYR^XS e gX YQV iZkWV YQV � RVXVW i [YVW
cWV�kVXbj WVST^XSV RS U[S^ WVT^WYV\ c^W b^_TUWRS^X e

�^YV Q^d YQV `[RX\ S^[kYR^XS YVX\ Y^ bWVUYV U SYW^XZVW
Xk[[ YQUX YQV � RVXVW i [YVW | UX\ YQUY YQV S^[kYR^X d RYQ _ RX]
R_k_ VXYW^Tj RS U[dUjS ` VYYVW YQUY YQV \Vb^WWV[UYRXZ S^[k]
YR^X UX\ � � e
��� ���� ��� � 


w^XSR\VW Yd^ oh x�y SRZXU[S d RYQ T^[VS bQUWUbYVWR³V\ `j
� � ° ¶ ¸�} | � � ° ¶ ¸}�� UX\ � � ° ¶ ¸�� | � � ° ¶ ¸��� UX\ d RYQ
��h° �¶\� e PQV TW^bVSSVS UWV ^`YURXV\ cW^_ kXRc^W_ R eR e\
SV�kVXbVS e PQV iWSY ^XV RS YQV kSVck [ SRZXU[ UX\ YQV SVb^X\
^XV RS YQV X^RSV e gX YQ RS bUSV YQV fgh [VXZYQ RS { e f RZ e �
SQ^d S YQV ST VbYWU ^c YQV Yd^ oh SRZXU[S e f RZS e } | � | �¶
SQ^d U SVZ_ VXY ^c YQV kSVck[ SRZXU[ | YQV ^`SVWnV\ SRZXU[ |
UX\ YQV \V]X^RSV\ SRZXU[ WVST VbYRnV[je �V c^kX\ RX YQRS bUSV
YQUY YQV ckXbYR^X � � QUS ^X[j ^XV _ RXR_k_ e PQV S�kUWV
W^^Y � �� b^WWVST^X\RXZ Y^ YQ RS S^[kYR^X RS ¶ ¸�¶}{ | dQR[V YQV
nU[kV c^W YQV � RVXVW i [YVW RS ¶ ¸�¶#�e � ^Y _kbQ \R�VWVXY RS
YQV i [YVW `UX� RX YQRS bUSV c^W ` VSY \Vb^WWV[UYR^X UX\ `VSY
RX\VTVX\VXbV e PQRS RS Y^ ` V UYYWR`kYV\ Y^ YQV �kUSR]ZUkSSRUX
XUYkWV ^c YQV Yd^ SV�kVXbVS e
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fRZkWV � � �RZXU[ b^WWkTYV\ `j X^RSV
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fRZkWV �¶ � fR[YVW ^kYTkY

� q Ots O¢vLrts L
gX YQRS TUTVW dV QUnV RXnVSYRZUYV\ YQV T^SSR` R[RYj ^c YWURX RXZ
Yd^ fgh i [YVWS ^X YQV SU_ V RXTkY US RX\VTVX\VXY b^_T^]
XVXY UXU[j³VWS SR_T[j `j c^WbRXZ RX\VTVX\VXbV UY YQVRW ^kY]
TkYS e PQV TW^`[V_ RS b^_T[RbUYV\ `j YQV TWVSVXbV ^c _ UXj
[^bU[ _ RX R_ U `VRXZ UX ^nVWb^_T[VYV TW^`[V_ e �V[VbYR^X UX\
_k[YRSYUWY _ VYQ^\ _kSY ` V kSV\ Y^ iX\ Z^^\ S^[kYR^XS e PQV
WVcVWVXbV UTT[RbUYR^X SbVXUWR^ RS YQUY ^c \V]X^RSRXZ U SRZXU[
b^WWkTYV\ `j RX\VTVX\VXY X^RSV e o Qj`WR\ SYWUYVZj QUS ` VVX
TW^T^SV\ c^W iX\RXZ Z[^`U[ _ RX R_ U U_^XZ T^SSR` [j _ UXj
[^bU[ _ RX R_ U e gY VaT[^RYS YQV SR_T[RbRYj ^c YQV \Vb^WWV[UYRXZ
U[Z^WRYQ_ RX iX\RXZ SVY ^c [^ bU[ _ RX R_ U YQUY bUX `V kSV\
US SYUWYRXZ T^RXYS c^W U X^X[RXVUW b^WWV[UYR^X U[Z^WRYQ_ | ^W
US bUX\R\UYV\ c^W U _^WV ZVXVWU[ RXc^W_ UYR^X bWRYVWR^X Y^
iX\ YQV Z[^`U[ S^[kYR^X e PQV SR_k[UYR^X VaTVWR_ VXYS S^_ V]
YR_ VS WVnVU[ _ UW�V\ \R�VWVXbVS RX S^[kYR^XS b^_ RXZ cW^_ YQV
\R�VWVXY b^SY ckXbYR^XS UX\ S^_ V ^YQVW YR_ VS ` VSY \Vb^WWV]
[UYRXZ S^[kYR^XS dQRbQ UWV U[_ ^SY RX\RSYRXZkRSQU`[V cW^_ YQV
^XVS b^_ RXZ cW^_ YQV ZVXVWU[ RXc^W_ UYR^X bWRYVWR^X e PQRS WV]
Sk [YS SkZZVSYS YQUY U Qj`WR\ _ VYQ^\ _ Uj `V YQV `VSY bQ^RbV
_^SY ^c YQV YR_ V RX \V]X^RSRXZ TW^`[V_ S e

J q J¥¥�sur�
gX YQV c^[[^d RXZ dV WVT^WY YQV \VWRnUYR^X ^c YQV \Vb^WWV[UYRXZ
U[Z^WRYQ_ TW^T^SV\ RX z�~ c^W YQV S�kUWV bUSV UTT[RV\ Y^
YQV Yd^ fgh i [YVW `UX� e PQV YjTRbU[ b^^W\RXUYV \VSbVXY
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UTTW^UbQ Y^ _ RXR_ R³V � � d RYQ WVST VbY Y^ � � UX\ � � RS � ia
^XV i [YVW UX\ VnU[kUYV YQV ^YQVW ^XV Y^ _ RXR_ R³V � � | YQVX
ia YQV ^YQVW UX\ iX\ YQV iWSY ^XV " YQVX RYVWUYV e

� VX^YV d RYQ ¦� x	y | YQV nVbY^W ^`YURXV\ cW^_ YQV iWSY W^d
UX\ YQV iWSY b^[k_X ^c YQV _ UYWRa N � x	y � ¦� x	y ° z�� x	 ½
¹ y · ¸ ¸ ¸ · �� x	 ± ¹ y~º e gY bUX `V SQ^dX YQUY

N � x	y� � ° J � x� � y¦� x	y · xo e�y
dQVWV J � x� � y RS U ckXbYR^X ^c � � �

J � x� � y °
�
�

� � ��� � � �� � �� � � � � � ��� � � � � �
� � � ��� � � � � � ��� � � ��� � � � �
���

���
� � �

���
���

� � � �
� � � � � � � ��� � � �� � �� � � � � � ���

�
�

xo e�y
��kUYR^X x�y ` Vb^_ VS

�� �� � x	y ° � º� J � x� � y¦� x	y ¸ xo e�y
fW^_ xo e�y dV bUX \VWRnV �

¦���� ° � º� J � x� � y z¦� x	�y · ¸ ¸ ¸ · ¦� x	� y~ ° � º� J � x� �y¤ � ·
xo e�y

d RYQ ¤ � ° z¦� x	�y · ¸ ¸ ¸ · ¦� x	� y~ UX\ ¦���� ° z����� x	 �y · ¸ ¸ ¸ ·����� x	� y~ e PQkS WVSk[YS �
� � ° � º� J � x� � y¤ �¤ º� Jº� x� � y� � ±

±
� � x� ½ � º� N � x¶y� �y ±

±
�� x� ½ � º� N � x¶y� � y ·

° � º� ¡ �� � ±
� � x� ½ � º� N � x¶y� �y ±

±
�� x� ½ � º� N � x¶y� � y · xo e{y

dQVWV ¡ � ° J � x� �y¤ �¤ º� Jº� x� � y e PQV ZWU\RVXY ^c xo e{y
d eW eY � � RS �

� � � � ° �¡ �� � ½ �
� �N � x¶y� � ¸ xo e#y

gX U _ RXR_k_ RY XVV\S Y^ ` V �
� � � � ° ¶ · xo e�y

S^ YQUY dV QUnV �
N 	 �� x¶y¡ �� � °

� �� � ¸ xo e}y
P^ WVUbQ U _ RXR_k_ ^c � � | � � RS UX VRZVXnVbY^W ^c 
 	 �� x¶y� �UX\

� � RS YQV b^WWVST^X\RXZ VRZVXnU[kV e �k`SYRYkYRXZ RX
xo e{y �

� � °
� �� º� N � x¶y� � ±

� �� ½
� �� º� N � x¶y� � · xo e�y

PQVWVc^WV dV bQ^^SV
� � US YQV S_ U[[VSY VRZVXnU[kV e

gX YQV SU_ V dUj c^W � � | QUnRXZ iaV\ � � | dV QUnV �
� � ° � º� ¡ �� �� � x� ½ � º� N � x¶y� �y ±

±
�� x� ½ � º� N � x¶y� � y · xo e�¶y

dQVWV � � ° J � x� �y¤ �¤ º� Jº� x� �y UX\
J � x� �y °

�
�

� � ��� � � �� � �� � � � � � ��� � � � � �
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