T-61.231 Principles of Pattern Recognition
Answers to exercise 2: 8.10.2000

1. a) Misclassification events are defined as follows:
€1 = P(z € wy, but is classified into class wo)
€a = P(z € wy, but is classified into class wy)
These probabilities are obtained by integration;
€1 = [pop(zlwi)dz = [{°0.5e7 % = 0.5e7!
€2 = [ p(@lwn)dz = [* e 772 = [T 0.5¢274 = 0.5¢2
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b) Let r be the decision boundary. From the figure it can be seen that when r < 0 = € > % > €9 and
whenr > 2 = ¢ < % < € Therefore r € [0,2] if €1 = €2
e1=e & [Cp(zlw)ds = [T p(rlws)dr < 0.5e7" = 0.5t & r =3

2. )jj is the cost of choosing class wj if the correct class is w;. The risks of both decisions are defined as
R(Class w; is chosen) = A11p(w1|z) + Ao1p(wa|z) = R(wq|z)
R(Class wy is chosen) = Ajop(w1|z) + Agep(we|z) = R(w2|z)

According to the decision rule, the class corresponding to the lowest risk is chosen. Thus class ws is
chosen if R(wi|z) > R(we|z)
& (A1 — A)p(wi|z) > (A2 — Aar)p(walz) & (A1 — Aw2)p(z|wi)p(wi) > (A2 — Ao1)p(z|w2)p(ws)

AN p(z|wr) Aaa—Ao1 P(w2)
p(zlwz) ~ Ar1—Ai2 p(w1)

where in the last stage it is assumed that A;; — A2 < 0, ie. the cost of choosing the correct class is
assumed to be lower than choosing a wrong class (as should be expected).

Now p(z|wi) = 0.5e~ e , p(z|we) = e~ 2z=2| iff_i“’; = 5 and the classes have some a priori probabi-
lities and can be stated as p(w;) = p and p(w2) = 1 — p. Thus R(wi|z) > R(w2|z)

0.5e 1zl 11-p —1|z|+2|z—2
<:>e_2|w_2|<2T<:>e H ‘ ‘<5—1

Now by taking the natural logarithm of both sides and dividing the situation into three cases we can
see that

r<0:z=4-1 (%—1)
0§w§2:x:%—%ln(%—1),the decision boundary
z>2:x=4+In(;—-1)

Ry is reduced to an empty area if Z Ewizg > %

sufficient that Of’glm”m' > 1222 s true when p(z
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, Vz. As p(z|ws) decreases faster than p(z|ws), it is
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3. Class wi is selected if
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Thus the given samples are classified as {71 = 2.8,25 = —1.9} € w; and
{(1?2 =0.2,243=14,24 = —0.6} € wsy.

4. a) A Gaussian distribution for a d-dimensional random variable T can be written as

p(@) = (27) Y2|5| 2 2@ METER

The Bayes decision rule with 2227221 = 1 and 2&2) — 1 ig
A=Az p(w1)

if p(ZT|w1) > p(T|w2), select wy,
if p(T|w1) < p(T|ws), select wo

On the decision surface p(Z|w;) = p(T|w2). And since we can also use any monotonically increasing
function, lets use the natural logarithm, resulting in

In(p (37|w1)) In(p(Z|w2))
—@-m)"S (- ) - 3 ln|531| —3(@ - m)"S, (T — 1) — 5 In[%y
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Thus the decision surface is




b) Asin a),

In(p(Z|w1)) =1n
—3(T — M1)T§31 HE-m) - 5In[%| = -
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Thus the decision surface is

$1+%=$2+% N To = T
T1+35=—(z2+3) To=—11— 3
As the two lines divide the space into four segments, which class each segment belongs to can

easily be verified by calculating one point in each segment and checking which Class that point
would be assigned to. Let’s choose the points (0, —%), (—%,0), (—%, g) and (—32 3 g)
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5. The Poisson distribution: p(z|\) = 2°% %,z > 0. The maximum likelihood estimate for the parameter
A p(H|A) = [Tz p(zk|), where H = {z1,... ,z,} is the sample set.

The maximum likelihood estimate can be found by maximizing p(H|A). The same solution can also
be found by maximizing the functions natural logarithm, as the logarithm function is monotonically
increasing. The maximum can be found by setting the derivative regarding A to zero,

S ln{p(HN} = & Y (@ 1a(\) — A~ Ina) = Y ok = 1) = 135 @ —n =0

= A = % Zz:l Tk

For an unbiased estimate E{f} = 6.

E{\} = E{Ay 0z} =137 E{zx} = E{z)} = X, as for the Poisson distribution E{z} = A.
Thus X is unbiased.



