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Introduction

e 16. Functional linear models for functional responses
— Generalize Ch.15 to a fully functional linear model where
the response and covariate are all functions.
e 17. Derivatives and functional linear models

— Two examples of the idea of a differential equation.

e 18. Differential equations and operators

— A systematical look at how derivatives might be employed

in modeling functional data.



Predicting Log Precipitation from Temperature

LogPrec,(t) = a(t) + /o Temp,(s)5(s,t)ds + €;(t)
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Fitting The Model without Regularization
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Restricting The Basis 7(s)
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Restricting The Basis 6(t)

8 i "l; B,

g T~ - T qﬁﬂwﬂ”””]iﬁ g@l:f"";,’,,,}",’,{!ﬂu:% "

. | gy !lﬂ;,,u" i;?l"" Wi I ........ "--..-.!_I_ i .

el ”I i T

T i Wf”"””""f; e

(N L
Ul 7,{ _..,«l/\\-

Log precipitation

Log precipitation

-1.0

1.0

Q.0

-1.0

1.0

0.0

Montreal

W

JFMAMJJASOND
{64 and 7@?5?50{%%%'0% used)
Prince Rupert

~

JEMAMJJASOND

(84 and 7@?&:%%%%% used)

Log precipitation

Log precipitation

1.0

1.0

.0

-1.0

1.0

0.0

Edmonton

JFMAMJJASOND
(64 and TEg'se;sothX\%%ns used)
Resolute

JFMAMJJASOND

{64 and 7%?9?50{}{1%%% used)




Restricting Both Bases
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Assessing Goodness of Fit

= 1- [ {0 - w0y a) [0 -

()2 dt

S ) — GO (Ke — 1)
FRATION) = = 0 0 = 520 12 (n — Fo)
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Computational Details

y*(t) = /z*(s)ﬂ(s,t)ds + €(t)

_ / 2* ()0 (s)Bn(t)ds + €()
=Z"Bn(t) + e(t)
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Computational Details (with Regularization)

PEN(9) = [ [ [L.6(s.0)? dsi
_ / / 1,6 (s)Bn(1)] [L.6'(s)Bn(t)] dsdt
_ / / L,6'(s)] Bo(t)n' (t)B' [Ly6(s)] dsd

= /trace Bn(t)n'(t)B'R] dt

= trace B RBJ,,]
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Computational Details (with Regularization)

PEN;(3) = trace [B'J4ySB]

S — / Len()] [LO' ()] dt Jgg — / 0(s)0' (s)ds

Z*'7*BJ,, + A\,RBJ,, + A\ JgyBS = Z*' / y'
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The General Case
Kz
=) bi(s,t) =6'(s,t)b
k

y;(t) = /Q 2i(s,0)B(s,t)ds + €;(t) = / 2i(5,1)0'(s,t)bds + €;(t)

y

,7;;‘11{7(75)2/Q zi(s,t)0,.(s,t)ds

U 7' 7* + MR + )\tS] b= /z*’y

R = // [L.0(s,1)] [LsO(s,t)] dsdt // [L:0(s,t)] [L:0(s,t)] dsdt
Qt Qt
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Reflux flow

The Oil Refinery Data
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Tray(t) = Reflux(t)5(t) + €(t)
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B
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DTray(t) = =/ Tray(t) + (2(t)Reflux(t) + €(t)
Let y(t) = Tray(t), x(t) = Reflux(t). We get

y(t) = e [y(O) - %/Ot eﬁlsu(S)dS] :

which can be simplified to

y(t) = 0.4924@ {1 — e_ﬁl(t_m)] , t > 67, and 0 otherwise

b
by setting

y(0) =0,u(t) =0,t <67, and u(t) = —0.4924, t > 67.
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DTray(t) = =/ Tray(t) + (2(t)Reflux(t) + €(t)

o
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The Melanoma Data

o Dir = —p3,D%*z — 3,D3x

e Algorithm steps:

1.

Do smoothing by using penalty of order D*

2. Compute the derivatives of the smooth up to order four
3. Estimate 81 and (B> by e.g. regression

4,
5

Solve Lz = 31 D?*x + B2 D3x + D*x =0

. Do smoothing again by using penalty defined by the linear

differential operator.

Go back to step 2 if not converged.
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The Melanoma Data (cont.)
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Acceleration

0.3

The Melanoma Data (cont.)
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Exploring A Simple Linear Differential Equation
o Da(t) = —Ba(t) + e(t) (Homogeneous Equation)
r(t) = Ce™ P!
o Dx(t) = —px(t) + au(t) + €(t)
z(t) = Ce P + o /0 t e PUE=3)y(s)ds
Let u(t) =0for0<t<1,u(t)=1fort>1; 2(0)=C = 1.

z(t) =

Bt 0<t<l1
Ce P+ (a/B) [1 —ePUD] ¢t>1
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Exploring A Simple Linear Differential Equation
(cont.)

e Rearrange the nonhomogeneous equation
Lx(t) = Bx(t) + Dx(t) — au(t) — €(t)

e Function x is a solution of the original equation when ¢ = 0 if

and only if Lx = 0.

e We call L = 31+ D a linear differential operator.
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Beyond The Constant Coefficient First-Order

Linear Equation

Nonconstant coeflicient

Dx(t) = —=6(t)x(t) + a(t)u(t) + €(t)

Higher order equations

m—

1

B () D7 (t) + at)u(t) + (t)
Systems of equations
Dz (t) = =B (t)x(t) + ax(t)u(t)
Du(t) = —Fu(t)u(t) + an(t)x(t)
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D?x(t) = —4.04x(t) — 0.4Dx(t) 4 2u(t)

z(t) = e ?" [sin(2t) + cos(2t)]

1.5

..................................................

Output x(t)
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Some Applications of Linear Differential
Equations and Operators

e Newton’s third law

t Uu
s(t) = so+wvot + M~} / / F(z)dzdu
0o Jo

e The gross domestic product data

Lx = Bx + Dx
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Differential Operators to Regularize Models

1 . .
PENSSE, () = — >y — &)+ A / (L&)” (¢)dt
J
It follows that we can use a relatively large value of the smoothing
parameter A, leading to lower variance, without introducing

excessive bias.

27



Differential Operators to Partition Variation

e The functions &; that satisty L§; = 0 forms a basis of the null
space of L, i.e. kerL.

e Linear differntial operators make use of the information in

derivatives while projection operators do not.

x(t) = co + Z [cor—1 8in(27kt) + cox cos(2mkt)]
k=1

oo

Qu(t) =) [cop—1 sin(2mkt) + cap cos(2mkt)]
k=2
Lx(t) = 4n*Dx(t) + D>z (t)

= Z 8mok(k* — 1) [—cop_1 sin(2mkt) + cop, cos(2mkt)]
k=2
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Finding A Linear Differential Operator That
Annihilates Known Functions

x(t) = A(t) [cq sin(wt) + ¢o cos(wt)]
Lz = Box + f1 Dz + D*z

Bo(t) A(t) sin(wt) AS
t — t — —
B B31(t) 0 A(t) cos(wt) AC

Bo€ + HDE= D% or | & D& |B=-D%

Wronskian matrix

AS (DA)S +wAC
AC  (DA)C — wAS

wW(t)=| ¢ D¢ |=
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Finding A Linear Differential Operator That
Annihilates Known Functions (cont.)

Wronskian

'W| = AS[(DA)C — wAS] — AC[(DA)S + wAC] = —wA?

W2+ 2(DAJA%)?2 — D2A/A
—2DA/JA

B=-W'D% =

Lz = [w? +2(DA/A)* — D*A/Alx — 2[(DA)/Al(Dx) + D*x
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Finding A Linear Differential Operator That
Annihilates Known Functions (cont.)

e If A is constant,

L =w*I + D?.
o If A(t) = e,
w? 4+ X ) 5 ,
B = or Lz = (w*+4+ \)x+ 2 \Dx + D*x.
2\

e For high-order equations,

W(t) = | &(t) D&(r) ... DE(r) |

W()B(t) = —D™&(1),

which is solved by numerical differential equation solvers.
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Additional Constraints Needed to Define A
Solution

Any specific solution of Lx = 0 requires m additional pieces of

information about .

- 7 (0
2(0) (0)
z(T)
Initial Dz(0) Boundary
Bg.r = - BBCC =
Operator : Operator
1 D(m=2)/24(0)
u D ZC(O) _ D(m_2)/2$(T)
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Additional Constraints (cont.)
| 2(T) — 2(0

Dx(T) — Dz(0)
Perodic Operator Bpx =

Integral Operator Byx =

33




The inner products defined by operators L and B
(@9)ms = (Ba) (By) + [ (La)(t)(Lo) ()

2|3, = (Bx) (Bz) + / (L) (1)t

r = z + e where z € kerL and e € kerB

|zl = 215 + llellZ
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