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Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition FuntionSamplingIn many pratial problems sampling is used to
◮ Obtain a olletion of samples {z(l)} from a distribution p(z)
◮ Approximate the expeted value of a funtionE [f ] =

∫ f (zp(z))dzSampling allows the expetation to be approximated asf̂ =
1L L∑l=1 f (z(l))
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Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition FuntionWhat's so hard about sampling?Why not just simply examine all possible values of p(z) andgenerate samples aordingly.Consider a problem where a 1000-dimensional variable an have 50values in all dimensions. Integrating over the whole distributionwould require evaluating p(z) in 501000 points. By omparison, thetotal amount of eletrons in the universe is about 2266...Problems
◮ How to normalize the distribution p(z) = 1Zp p̃(z)?
◮ How to generate independent samples?Matti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition FuntionThe solution
Most sampling methods use the basi idea of1. �rst seleting some other distribution q(z) that an besampled diretly and then2. ompensate for the adverse e�ets of using a wrongdistribution.
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Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Standard distributionsRejetion samplingAdaptive rejetion samplingImportane samplingSampling-importane-resamplingSampling and the EM algorithmFrom uniform to nonuniform random numbers
◮ Generating uniformly distributed (pseudo)random numbers iseasy
◮ Suppose that z is uniformly distributed in (0, 1) and a funtionf (·) is used to make a transformation y = f (z) andp(y) = p(z)| dzdy | z = h(y) ≡

∫ y
−∞

p(ŷ )d ŷ
Matti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Standard distributionsRejetion samplingAdaptive rejetion samplingImportane samplingSampling-importane-resamplingSampling and the EM algorithmFrom uniform to nonuniform random numbers
p(y)

h(y)

y0

1

Matti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Standard distributionsRejetion samplingAdaptive rejetion samplingImportane samplingSampling-importane-resamplingSampling and the EM algorithmBox-Muller
◮ The Box-Muller method an be used to generate Gaussianrandom numbers from uniformly distributed random numbers
◮ First, random number pairs z1, z2 ∈ (−1, 1) are generated froma uniform distribution inside a unit irle −1

−1

1

1z1

z2

◮ Then, we evaluate yi = zi (−2 ln zir2 )1/2where i = {1, 2} and r2 = z21 + z22
◮ Now y1 and y2 are independent and have a Gaussiandistribution with zero mean and unit varianeMatti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Standard distributionsRejetion samplingAdaptive rejetion samplingImportane samplingSampling-importane-resamplingSampling and the EM algorithmRejetion sampling
◮ Suppose we wish to generate samples from p(z) for whih wean easily evaluate p(z) = 1Z p̃(z)
◮ We an draw samples from another (simpler) proposaldistribution q(z) multiplied by a onstant k so thatkq(z) ≥ p̃(z) ∀z
◮ Now we an generate a random number z0 from q(z) andaept it with a probability p̃(z)/kq(z)
◮ The seletion of q(z) and k e�ets the rejetion rate ofsamples Matti Pöllä 11. Sampling Methods
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Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Standard distributionsRejetion samplingAdaptive rejetion samplingImportane samplingSampling-importane-resamplingSampling and the EM algorithmAdaptive rejetion sampling
◮ In pratie it is often di�ult to determine a suitable analytiform for q(z)
◮ The envelope distribution an be adjusted during the samplingproess by de�ning q(z) in smaller piees

z1 z2 z3 z

ln p(z)
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Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Standard distributionsRejetion samplingAdaptive rejetion samplingImportane samplingSampling-importane-resamplingSampling and the EM algorithmImportane sampling
◮ If we are only interested in evaluating the expetations of afuntion, we an use importane sampling to draw samplesfrom a proposal distribution and ompensate the error by usingimportane weightsE [f ] =

∫ f (z)p(z)dz =

∫ f (z)p(z)q(z)q(z)dz ≃ 1L L∑l=1 p(z(l))q(z)(l)
︸ ︷︷ ︸weight f (z(l))

◮ Similarly to rejetion sampling, the performane is heavilydependent on the seletion of q(z)Matti Pöllä 11. Sampling Methods
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Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Standard distributionsRejetion samplingAdaptive rejetion samplingImportane samplingSampling-importane-resamplingSampling and the EM algorithmSampling-importane-resampling
◮ It is often di�ult to de�ne the parameter k whih was neededin rejetion sampling
◮ We an avoid using the parameter by the following proeedure1. draw L samples from q(z)2. ompute importane weights (w1, ...,wL) for the samples3. re-selet L samples from {z} aording to probabilities givenby the weights
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Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Standard distributionsRejetion samplingAdaptive rejetion samplingImportane samplingSampling-importane-resamplingSampling and the EM algorithmSampling and the EM algorithm
◮ Sampling an also be useful in �nding maximum likelihoodsolutions, for example, if the E-step annot be performedanalytially
◮ Consider a model with observed variables X, hidden variablesZ and parameters θ

◮ The maximized (M-step) omplete-data log likelihood an beapproximated by samplingQ(θ, θold) =

∫ p(Z|X, θold) ln p(Z,X|θ)dZ ≃ 1L L∑l=1 ln p(Z(l),X|θ)Matti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion The Metropolis-Hastings algorithmMarkov Chain Monte Carlo
◮ The previously disussed sampling methods su�er fromlimitations in high-dimensional spaes due to high rejetionrates
◮ MCMC methods produe samples by maintaining a reord of aurrent state z(τ) and a proposal distribution q(z|z)(τ) toprodue a sequene of samples z1, z2, z3 forming a Markovhain
◮ At eah step a andidate sample z∗ is generated and thenaepted or rejeted aording to a riterion
◮ In the basi Metropolis algorithm, a andidate sample isaepted with a probabilityA(z∗, z(τ)) = min(1, p̃(z∗)p̃(z(τ))

)Matti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion The Metropolis-Hastings algorithmMetropolis algorithm
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Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion The Metropolis-Hastings algorithmMetropolis-Hastings algorithm
◮ In the Metropolis-Hastings algorithm the proposal distributionis no longer symmetri and the aeptane of the proposalstate is de�ned byAk(z∗, z(τ)) = min(1, p̃(z∗)qk (z(τ)|z∗)p̃(z(τ))qk (z∗|z(τ))

)where k labels the members of the set of possible transitionsbeing onsidered
◮ The sale of the proposal distribution has a strong in�uene onthe performane of the algorithm

◮ large step size → independent samples
◮ small step size → small rejetion rateMatti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion The Metropolis-Hastings algorithmMetropolist-Hastings algorithm
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Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition FuntionGibbs sampling
◮ Gibbs sampling is a modi�ation of the Metropolis-Hastingsalgorithm whih involves iteratively replaing the value of onevariable by a value drawn from the distribution of the valueonditioned with all the other variableszi ← p(zi |z\i )
◮ The pratial appliability of Gibbs sampling is determined bythe di�ulty of sampling from the onditional distributionsp(zi |z\i ) Matti Pöllä 11. Sampling Methods
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◮ The sensitivity to the step size in Metropolis algorithms an beoverome by using an adaptive step size using slie sampling
◮ Slie sampling involves augmenting z with an additionalvariable u and then drawing samples from the joint (z , u) spaeMatti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Dynamial systemsHybrid Monte CarloDynamial systemsThe Hybrid Monte Carlo algorithm is rooted in the simulation ofdynamial physial systems (Hamiltonian dynamis). Detailsomitted here, see setion 11.5.1 of the book..Basi idea: augment the variable position z in the state spae witha momentum variable r and de�ne the total energy of the system asthe sum of the potential and kineti energyH(z, r) = E (z) + K (r)Matti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition Funtion Dynamial systemsHybrid Monte CarloHybrid Monte Carlo
◮ Standard Metropolis algorithms su�er from random walk -typebehavior where the exploration of the state stape is slow(proportional to √number of steps)
◮ Using a larger step size would only lead to a high rejetion rate
◮ Now, new proposed states are aepted aording totransisions in the Hamiltonian dynamis and aepting thestate with the probabilitymin(1, exp(H(z, r) − H(z∗, r∗)))Matti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition FuntionEstimating the Partition Funtion
◮ Most of the onsidered sampling methods have only used thefuntional form of the distribution p̃(z) without knowlegeaboutthe normalization onstant Z (=partition funtion)
◮ If we write pE (z) =

1ZE exp(−E (z))is not needed to draw samples from p(z)
◮ Still, knowledge about ZE would be useful for Bayesian modelomparison (sine it represents the model evidene)
◮ To ompare models, only the ratio of partition funtions isneeded and an be omputed asZEZG =

∑z exp(−E (z))
∑z exp(−G (z)) ≃∑l exp(−E (z(l)) + G (z(l)))Matti Pöllä 11. Sampling Methods



Introdution11.1 Basi Sampling Algorithms11.2 Markov Chain Monte Carlo11.3 Gibbs Sampling11.4 Slie Sampling11.5 The Hybrid Monte Carlo Algorithm11.6 Estimating the Partition FuntionSummary
◮ Sampling methods an be used to evaluate expetations insituations where deterministi inferene methods are notappliable
◮ The auray of Monte Carlo estimates depends only on thevariane (not dimensionality) of the sampled spae � often asmall number of samples su�es
◮ Basi sampling methods based on proposal distributions q(z)do not sale well to higher-dimensional spaes
◮ Markov Chain Monte Carlo methods are useful in higherdimensions but the random walk behavior an produedependent samples Matti Pöllä 11. Sampling Methods


	Introduction
	11.1 Basic Sampling Algorithms
	Standard distributions
	Rejection sampling
	Adaptive rejection sampling
	Importance sampling
	Sampling-importance-resampling
	Sampling and the EM algorithm

	11.2 Markov Chain Monte Carlo
	The Metropolis-Hastings algorithm

	11.3 Gibbs Sampling
	11.4 Slice Sampling
	11.5 The Hybrid Monte Carlo Algorithm
	Dynamical systems
	Hybrid Monte Carlo

	11.6 Estimating the Partition Function

