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Bayes Classifier

Data are real vectors.

Idea: vectors are from class-specific multivariate normal
distributions.

Full model: covariance matrix has O(Kd2) parameters.
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Figure 5.3: Classes have different covariance

matrices. From: E. Alpaydın. 2004. Introduction to

Machine Learning. c©The MIT Press.
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From Figure 5.3 of Alpaydin (2004).
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Bayes Classifier

Data are real vectors.

Idea: vectors are from class-specific multivariate normal
distributions.

Full model: O(Kd2) parameters in the covariance matrix.
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Bayes Classifier
Common covariance matrix

Idea: the means are class-specific, covariance matrix Σ is
common.

O(d2) parameters in the covariance matrix.

       
 

 

 

 

 

 

 

Figure 5.4: Covariances may be arbitary but shared

by both classes. From: E. Alpaydın. 2004.

Introduction to Machine Learning. c©The MIT Press.
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Bayes Classifier
Common diagonal covariance matrix

Idea: the means are class-specific, covariance matrix Σ is
common and diagonal (Naive Bayes).

d parameters in the covariance matrix.

Discriminant: gi (x) = −1
2

∑d
j=1 (x t

j −mij)
2/s2

j + log P̂(Ci ).

       
 

 

 

 

 

 

 

Figure 5.5: All classes have equal, diagonal

covariance matrices but variances are not equal.

From: E. Alpaydın. 2004. Introduction to Machine

Learning. c©The MIT Press.
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Bayes Classifier
Nearest mean classifier

Idea: the means are class-specific, covariance matrix Σ is
common and proportional to unit matrix Σ = σ21.
1 parameter in the covariance matrix.
Discriminant: gi (x) = − ||x−mi ||2.
Nearest mean classifier. Each mean is a prototype.

       
 

 

 

 

 

 

 

Figure 5.6: All classes have equal, diagonal

covariance matrices of equal variances on both

dimensions. From: E. Alpaydın. 2004. Introduction

to Machine Learning. c©The MIT Press.
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Discrete Features

Most straightforward using Naive Bayes (replace Gaussian with
Bernoulli):
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Multivariate Regression
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Kai Puolamäki T-61.3050



AB

Multivariate Methods
Dimensionality Reduction

Subset Selection
Principal Component Analysis (PCA)
Linear Discriminant Analysis (LDA)

Why Reduce Dimensionality?
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Feature Selection vs. Extraction
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Subset Selection
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Subset Selection
Example

Toy data set consists of 100 10-dimensional vectors from two
classes (1 and 0).

First two dimensions x t
1 and x t

2: drawn from Gaussian with
unit variance and mean of 1 or -1 for the classes 1 and 0,
respectively.

Remaining eight dimensions: drawn from Gaussian with zero
mean and unit variance, that is, they contain no information
of the class.

Optimal classifier: If x1 + x2 is positive the class is 1,
otherwise the class is 0.

Use nearest mean classifier.

Split data in random into training set of 30+30 items and
validation set of 20+20 items.

Kai Puolamäki T-61.3050
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Subset Selection
Example

Forward selection:
Features EVALID

∅ 0.500
1 0.175
1, 2 0.100
1, 2, 4 0.100
1, 2, 4, 5 0.100
1, 2, 4, 5, 3 0.075
1, 2, 4, 5, 3, 8 0.050
1, 2, 4, 5, 4, 8, 6 0.075
1, 2, 4, 5, 4, 8, 6, 7 0.075
1, 2, 4, 5, 4, 8, 6, 7, 10 0.100
1, 2, 4, 5, 4, 8, 6, 7, 10, 9 0.150

Backward selection:
Features EVALID

9, 10, 4, 6, 7, 8, 3, 5, 2, 1 0.150
10, 4, 6, 7, 8, 3, 5, 2, 1 0.100
4, 6, 7, 8, 3, 5, 2, 1 0.075
6, 7, 8, 3, 5, 2, 1 0.075
7, 8, 3, 5, 2, 1 0.075
8, 3, 5, 2, 1 0.050
3, 5, 2, 1 0.075
5, 2, 1 0.100
2, 1 0.100
1 0.175
∅ 0.500

Optimal solution would be features 1, 2!
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Principal Component Analysis (PCA)

PCA finds low-dimensional linear subspace such that when x
is projected there information loss (here defined as variance) is
minimized.

Finds directions of maximal variance.

Projection pursuit: find direction w such that some measure
(here variance Var(wTx)) is maximized.

Equivalent to finding eigenvalues and -vectors of covariance or
correlation matrix.

Can also be derived probabilistically (see Tipping ME, Bishop
CM (1999) Mixtures of Probabilistic Principal Component
Analyzers. Neural Computation 11: 443–482); probabilistic
interpretation is important in deriving discrete variants.
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Principal Component Analysis (PCA)
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Figure 6.1: Principal components analysis centers

the sample and then rotates the axes to line up with

the directions of highest variance. If the variance on

z2 is too small, it can be ignored and we have

dimensionality reduction from two to one. From:

E. Alpaydın. 2004. Introduction to Machine

Learning. c©The MIT Press.
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Principal Component Analysis (PCA)
Example
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Principal Component Analysis (PCA)
Example

Previous 10-dimensional toy example:
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Principal Component Analysis (PCA)
Example
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Example: Optdigits

optdigits data set contains 5620 instances of digitized
handwritten digits in range 0–9.

Each digit is a R64 vector: 8× 8 = 64 pixels, 16 grayscales.

0 4 6 2
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Principal Component Analysis (PCA)
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Linear Discriminant Analysis (LDAA)
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