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T-61.3010 Digital Signal Processing and Filtering

T-61.3010 Digitaalinen signaalink  asittely ja suodatus

Exercise material for spring 2009 by professor Olli Simuland assistant Jukka Parviainen. Cor-
rections and comments td613010@cis.hut.fi , thank you!

This material is intended for \paper sessions" on Tuesdays2114 L, on Wednesdays 10-12 G,
and on Thursdays 14-16 D, six times in spring 2009. Each preloh [Pxx] refers to Problem xx
in this material. Bring your own copy when coming to the sessi.

The course follows the book \Digital Signal Processing" by @jit K. Mitra. There are three
di erent editions available, 3rd being the newest. Notatia (Mitra 2Ed Sec. 5.2 / 3Ed Sec. 4.2
refers to the section 5.2 in the 2nd Edition (yellow cover) dflitra's Book and to the section 4.2
in the 3rd Edition (blue, antenna). There is a brief correspadence table of three editions and
errata lists in the course web pagebttp://www.cis.hut.fi/Opinnot/T-61.3010/ . Course
lecture slides by Olli Simula follow the third edition of Mitra's book.

Other books mentioned in these problems are Heikki Huttuné&nbook \Signaalinkasittelyn
menetelmat” (in Finnish) which is available from http://www.cs.tut.fi/~hehu/ ,\The Scien-
tist and Engineer's Guide to Digital Signal Processing, Send Edition" by Steven W. Smith,
available from http://www.dspguide.com/ , and \Introduction to Digital Filters" by Julius O.
Smith 11l in http://ccrma.stanford.edu/~josffilters/ . Other DSP and related courses
in WWW can be found, e.g., Connexions portahttp://cnx.org/ and MIT OpenCourseWare
http://ocw.mit.edu/

Index list in the end contains some (problems not fully indeed) terms both in Finnish and En-
glish. Terminology lists related to DSP can be found in the vie e.g., \Audiosignaalinkasittelyn
sanasto”by professor Vesa &limeki http://www.acoustics.hut.fi/~vpv/ask-sanasto.htm s

an index list by J. Smith in http://ccrma.stanford.edu/~josffilters/Index.html ,and a
glossary by S. Smith in his book at pages 631{642.

Contens

Description of Example Problems
Notations

Example Problems with Solutions
Formula tables

Index

This copy belongs to:

T-61.3010 DSP 2009 2 /170 DESCRIPTIONS

T-61.3010 Digital Signal Processing and Filtering

Description of Problems

# [ Subject

A: Math Background 1-13

complex numbers, Carthesian and polar coordinate systentuler's formula
Euler's formula, cosine and sine, odd and even functions
complex numbers, graphical notation

complex-valued function

phasors

cosine function, amplitude, frequency, phase

logarithm, decibels, sinc, modulo, binary number represtation
roots of a polynomial

complex-valued function, roots of polynomial

partial fraction expansion / decomposition

sum of geometric series

integral transforms

matrix product

: Preliminary DSP 14-18

analog, discrete-time and digital signal

magnitude/amplitude response of lters LP, HP, BP, BS

digital signals and spectra, spectogram

Fourier series, Fourier transforms: CTFT, DTFT, DFT
time-frequency-domain analysis and ltering

: Discrete-time Signals and Systems in Time-domain 19-35
signals and sequences, unit impulse and unit step functiofign], [n])
periodic signals

moving average (MA) lter, a simple FIR Iter

a simple IR lter

ow / block diagram of a discrete-time system

recognition of LTI systems, causal LTI systems, lIter orderFIR, IIR
properties of LTI systems: linear, time-invariant, causalstable
shifted and scaled sequences in LTI system

impulse responsé[n], FIR, IR

28 | step responses[n]

29 | linear convolution y(t) = x;(t) ~ x»(t) of continuous-time signals
30 | linear convolution y[n] = h[n] ~ x[n] of discrete-time signals

31 | convolution as products of polynomials

32 | deconvolution

33 | parallel and cascade (series) LTI systems

34 | matched Iter

35 | auto- and cross-correlation

D: Discrete-time Signals in Frequency-domain 36-42
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continued on next page
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continued from previous page

# | Subject

36 | continuous-time Fourier transform (CTFT)

37 | spectrum, CTFT, discrete-time Fourier transform (DTFT), discrete Fourier trans-
form (DFT)

38 | DTFT, computation from de nition

39 | DTFT, using a transform table

40 | 2 -periodic spectrum, DTFT

41 | magnitude/amplitude response, periodicity of DTFT

42 | analysis of LTI FIR system: frequency, amplitude, phase rpsnse, group delay
E: Digital Processing of Continuous-Time Signals 43-49

43 | sampling, Shannon's theorem

44 | impulse train and Fourier-series

45 | impulse train and sampling in frequency-domain

46 | sampling in frequency-domain

47 | aliasing

48 | sampling, aliasing, anti-aliasing

49 | anti-aliasing Iter

F: Finite-Length Discrete Transforms 50-52

50 | DFT, matrix product

51 | circular shift, DFT

52 | circular convolution

G: Discrete-Time Systems in Frequency-domain 53-57

53 | analysis of LTI IIR system, transfer function, convolutiontheorem, partial fraction
expansion

54 | amplitude response gra cally from pole-zero-plot

55 | analysis of LTI IR system, pole-zero plot

56 | transfer function, region of convergence (ROC)

57 | scaling factor

H: Filter Types 58-61

58 | linear-phase FIR lters

59 | lter types: allpass, zero-phase, linear-phase, minimurphase, maximum-phase
60 | minimum-phase FIR lter, inverse Iter

61 | parallel system

I: Digital Filter Structures 62-65

62 | LTI subsystems

63 | direct form (DF) structures

64 | allpass Iter

65 | polyphase structure

J: 1IR Digital Filter Design 66-68

66 | lter speci cations

67 | analog lter approximations

68 | bilinear transform and impulse-invariant method in digitd Iter design

K: FIR Digital Filter Design 69-71

69 | optimal nite-length approximation of ideal in nite-leng th impulse response
70 | FIR-window method in digital Iter design

71 | computational comparisons between IIR and FIR lters

continued on next page|
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continued from previous page

# [ Subject

L: DSP Algorithm Implementation 72-76

72 | computational set of equations, presedence graph

73 | FFT computational complexity

74 | radix-2 DIT FFT algorithm

75 | binary addition and substraction, two's complement
76 | xed-point binary number representations

M: Analysis of Finite Wordlength E ects 77-80

77 | quantization, error densities

78 | roundo noise in FIR lters

79 | signal-to-noise ration (SNR)

80 | error-feedback structure

N: Multirate Digital Signal Processing 81-86

81 | up- and downsampling in time- and frequency domain
multirate system analysis

linearity of up- and downsampling systems

Iter bank

interpolated FIR lter (IFIR), FIR window method design
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T-61.3010 Digital Signal Processing and Filtering

Notations

Notation Explanation suomeksi

x[n] input sequence syetesekvenssi
y[n] output sequence vastesekvenssi
h[n] impulse response impulssivaste
s[n] step response askelvaste

[n] unit impulse function yksikkeimpulssifunktio

[n] unit step functign yksikkeaskelfunktio
I imaginary unit 1, ] is preferred in DSP | imaginaariyksikke
z,z complex numberz and its complex conjugate| kompleksiluku ja sen liit-
toluku
X(d") input spectrum syetteen spektri
Y(e') output spectrum vasteen spektri
H(e') frequency response of a digital Iter taajuusvaste
jH(E")j magnitude (or amplitude response) of a digita] magnitudivaste (tai ampli-
Iter tudivaste)
A(e") amplitude response of a digital lter amplitudivaste
\H(e") phase response of a digital Iter vaihevaste

") group delay function ryhmaviive
H(z) transfer function of a lter siirfofunktio
H({ ) frequency response of an analog lter taajuusvaste
frequency, f]=Hz=1=s taajuus
angular frequency for continuous-time signalg, kulmataajuus

=2 f ,[]=radls
normalized angular frequency for discrete- normalisoitu kulmataajuus
time sequences,! = 2 = = 2f=f 1,
[! ] = rad/sample
sampling frequency naytteenottotaajuus
cut-o frequency for stopband estokaistan rajataajuus
cut-o frequency for passband peastokaistan rajataajuus
normalized frequency in Matlab,fyarias = | Matlabissa normalisoitu
2f=f ¢ taajuus
Wy = €27V "afrequency componentin DFTY DFT:ssa kaytetty kompo-
nentti
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T-61.3010 Digital Signal Processing and Filtering
Example problems for spring 2009. Corrections and commerits t613010@ics.tkk.fi !

Problems and Solutions
1. Problem: Complex numbers and trigonometric functions.

a) Expressz =2e ! in Cartesian coordinates.

b) Expressz= 1+ 2j in polar coordinates.

¢) Which angles satisfy sin() = 0:5?

d) Whatarez+ z , jz+ z j? and\ (z+ z )? What are zz , jzz j? and\ zz ?

[LO130]Solution: Complex numbers in theCartesian coordinate systenor rectaqgular
coordinate system) are given witle = x+ yj, wherej ori is theimaginary unit j 1.
The same in the polar coordinate system ig = r € , wherer is distance to origin
(radius) and angle, see the formula table on page 166. Themplex conjugatez (or
Z)isz =x yj=r el Eulers formula decomposes complegxponential functionto
cosine and sineg' =cos(! )+ j sin(! ). Remember also that 360 degrees (whole circle)
corresponds 2 in radians.

a) \Brute force" using Euler's formula and cos( x) = cos(x) and sin( x) =  sin(x),
z = 2e! =2(cos( )+jsin( ))=2(cos() jsin()= 2
or using directly the unit circle and seeing that when the arlg is in radians
( 180 degrees) thee | = 1.

b) The radiusr = = ( 1)2+22 = p§ 2:2 and th$ angle in radians =
arctan(2=1) 203 065. So,z = 1+2j = 5d( acan@) 2:2e7%9,
Note! Always check the right quarter in the gure.

c) In Figure 1(b) a dashed liney = 0:5 gives!; = arcsin(0:5) = =6 and!, =

arcsin(@5) =5 =6, or any 2 -multiple.

d) Summing is concatenation of vectorsz+z = r(é' +e ! )=2rcos( ) 2 R. From
previous,jz+ z j = j2r cos( )j and\ (z+ z ) = 0. Using Cartesians,z+ z = 2x.

Prqduct of complex number and its complex conjugatezz = (rel' )(re I') =
r2d ') =r2 andjzzj=r2and\ zz =0.

in Carthesian and polar coordinate system:

Yl
=r sin(q)

X =rcos(q)

05 =
-

1

15
ER 0 05 1 2 -1 0 1

Figure 1: Problem 1, unit circle in complex plane (left), angpoints for (a), (b), and (c) (right).
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2. Problem: Examine the connection between exponential functions andsines and sines.

a) Express with cosines and sineg + é( ).
b) Express with cosines and sines  &( ).
c) Express with cosines and sineg =8 & d( =8 & ),

[LO140] Solution: Euler's formula € =cos( )+ j sin( ) can be thought as aphasor
oing around on the unit circle, see Problem 5. It is an unit mile becausee j =
cog +sin® = 1 always. Cosine is areven functionf (x) = f ( x), whereas sine isodd

function f (x) = f( x). Real part of € is cosine, and imaginary part is sine.

a) Sum of exponentials at positive frequency and negative frequency gives a real
cosine at frequency :

e = cos()+j sin()
g ) = cos( )+j sin( )=cos() | sin()
¢ +éd( ) = 2cos() 2R
cos() = 0:5 € +0:5 ()

b) In the same way as in (a) but substracting the last from the rst gives

d = cos()+j sin()
g ) = cos( )+j sin( )=cos() | sin()
¢ &) = 2jsin() 2C
1 1
i il = dl )= o5 5 dl )
sin( ) 7 é % e 05 € +0:5 €
wherez = % as shown in Problem 3(e).
c) This can be thought as phase shift. First, use the rule* & = e*¥,

d =% = d(r=9
el gi=8 = gi(+=9

Now, we see using (b)
é¥8 d 79 dl)=2jsin( + =8)

Notice that each sinusoidal (cos, sin) can be replaced by tvemmplex exponentials with
a positive and a corresponding negative angle. When considg Fourier analysis, a real
cosine signal with frequency . can be represented in the spectrum with a peak dt (in

one-sided spectrum) or with peaks &t; and f. (in two-sided spectrum). If the two-sided
spectrum is not symmetric, then the signal is surely not reddut complex. More about
this later in Fourier analysis, see Problem 37 and 41.
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3. Problem: Consider the following three complex numbers; =3+2j,z, = 2+4j, and
z3= 1 5.
a) Draw the vectorsz;, z,, and z; separately in the complex plane.
b) Draw and compute the sumz; + z, + z3.
c) Draw and compute the weighted sunz; 2z, + 3z3.
d) Draw and compute the productz; z, z3.
e) Compute and reduce the divisiorz;=z.

[LO138]Solution:

a) Each complex numbercan be thought as a vector starting from origin and the other
end at point z. See Figure 2(a).

b) Real parts and imaginary parts can be summed separatety= (3 2 1)+(2+4
5)j = j. This can be expressed in the polar coordinates= (=2, i.e. on the unit
circle (radius 1) and the angle one fourth a circle (90 degiee= 2) counterclockwise.

c) If you are computing without computer, be attentive and cleck twice that all coef-
cients are correctly reduced. z = (3+2j) 2( 2+4j)+3( 1 5)=4 2I.
Again, in the polar coordinatesr = = (4)2+( 21y 21:38. The angle =
arctan((  21)=(4)) 1:38 044 ( 79).

If z= 4 21, then the calculator gives = arctan(( 21)= 4)) 1:38 044

(+79 ), which is incorrect (atan(-21/-4) ). Notice that now z is in the third quarter

and hastobe added. The correct angle is= arctan(( 21)=( 4)) 1:76
0:56 ( 101), in Matlab either atan2(-21,-4) or angle(-4-21j)

d) When using Cartesian coordinates, multiply terms norm#y and applyj?= 1, e.g.,
(B3+2j) ( 2+4j)= 6+12] 4 +8j2= 14+8j. The product in the polar
coordinates means multipling the lengths of vectors and suning the angles.

z = (g,+2j) ( 2+4j2]( 1 5)=54+62j 822 &©27)
= 9+4 pm 1+ 25 ¢ (@rctan(2 =3parctan(4 =( 2))+arctan(( 5)=( 1))

e) The denominator is now complex. If both sides are multigd by the complex con-
jugate of the denominator then the denominator becomes real. Jussan Problem 1
z z =jzj?=r?2 R. Notice also that ==j is | because (%) (j=j)=j=j%2= |.

2= @+2) 2+4) (2 4)A 2 4)
= (2 1%)=20

z,

E £
543210123456 1012 3 4

Figure 2: The vectors in Problem 3(a) and (b).
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4. Problem: Examine a complex-valued function
H()=2 el
where! 2 [0::: ]2 R.

a) Compute values of Table 1 with a calculator. Eulerg! =cos(! )+ j sin(! ).

b) Draw the values at! = f0O; =4; :::; g into complex plane §; y). Interpolate
smoothly between the points.

c) SketchjH (!)j as a function of! . Interpolate smoothly.
d) Skecth\ H(!) as a function of! . Interpolate smoothly.

x =Real(H(!)) y =Imag(H(!)) r=jH()j

Table 1: Problem 4: values of a complex-valued function inecgangular (x; y) and polar (r; )
coordinates.

[LO131] Solution: In this course complex-valued functios are widely used, e.g. as fre-
quency responses of the systems or in Fourier transforms. &’largument of the function
is real-valued! 2 R, but the value of the function is generally complex (! ) 2 C due to
complex factoré' . In case of the transfer functionH (z) both the argument z and the
function H (z) are complex-valued.

a) Sometimes it is possible to simplifyH (! ). However, normally it is useful to write
down a suitable format for the use of the calculator. In thisase, Cartesian coordi-
nate system withx andy is used:

H(') = 2 el =2 (cos( !)+]sin( 1))
T2+ )
X y

The variablesr andp of the polar coordinate system are received from the right-
angled triangle:r = x2+ y2 and = arctan(y=x).

On the other hand, in this case it is easily seen that there isnty a circle (e ')
whose origin is shifted toz = 2.

b) Take the columnsx andy of Table 2 and sketch the curve like in Figure 3(a). There
is a line drawn in the plot, from the origin to a point related ©! =3 =4, i.e. (x;y).
The length of the line isr and the angle between the line and x-axis is, so it can
be written in polar coordinatesre! .

c) Take the columnr of Table 2 and sketch the curve like in Figure 3(b). The plot
shows the distance from the origin to a point at given value of! .

d) Take the column of Table 2 and sketch the curve like in Figure 3(c). The plot
shows the angle between the origin and a point at given value of .
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! x =Real(H(!)) y =Imag(H (! )) r=jH()j =\H()
0 1.0000 0 1.0000 0
=4 1.2929 0.7071 1.4736 0:1593
=2 2.0000 1.0000 2.2361 0:1476
3 /4 2.7071 0.7071 2.7979 0.0813
3.0000 0 3.0000 0

Table 2: Problem 4: values of a complex-valued function inctangular (x; y) and polar (r; )
coordinates. The row 3=4 is highlighted for Figure 3.

o e
SR
Op/- \q p
1 2 3 olspi p W 0i5pi p W

Figure 3: Problem 4: Plots of a complex-valued function, (aH (! ) in complex plane, (b)
absolute valuegH (! )j, and (c) angle\ H(! ). The case wherl =3 =4 is highlighted.

5. Problem: Compute values of a complex-valued functiohi (! )
H(!)=3e! +2e 2" e

at! = f0; =2; g considering each complex exponential function as a phasomft
explicitly applying Euler's formula (decomposition to comes and sines).

[LO165] Solution:  The exponential functionf (! ) = Ae' * , where A is radius and
phase shift, can be considered aspghasor, which draws counterclockwise a circle with
radius A when! =0:::2 . The starting and ending point isAe' .

There is a very nice Java applet demo \Harmonic phasors and &oer series" inhttp://
www.jhu.edu/~signals/phasorlecture2/indexphasorlect 2.htm. Choose \Harmonic
Phasor Sums" and click positions (), (5;0), and (4 0) in the complex plane for the
starting point and press Play button. This phasor rotates conterclockwise @' instead
of e I' ). A similar Matlab program phasor.m can be found in the course web site. This
problem requires a commangbhasor([3 2 -1], -1);

Consider each exponential as a phasor with radius 3, 2, andstarting points (3; 0), (2; 0),
and ( 1;0), angular frequencies !, 2! ,and 3!, and gure out/compute the values
H(')=f4 2 4 Ogat! =f0; =2; @

el 2% e I [TH()
3 2 1 4
3 2 j 2 4
3 2 1 0

These values are illustrated in Figure 4, where rst three domns are individual phasors
and the last column the phasor sunH (! ). The rst row is the initial case at ! = 0.
The second row shows that the rst phasor has moved one quartelockwise ( ' ), second
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phasor two quarters (2 ), and third phasor three quarters (), i.e., moving three times
\faster" than the rst phasor.

3¢l w=0p 2e3Y w=0p -e ¥ w=0p SUM, w=0p

Abbiomsws
AooE o
AR o
bR

432101234 432101234 432101234 432101234
3¢’ w=05p e? Y w=05p -e SUM, w=0.5 p

B o
E SR
oot s
E SR

3¢l Y w=lp 2¢? " w=lp Se W, SUM, w=1p

4 4 4 4
3 3 3 3
H 2 2 2
1 1 1 1
0 0 0 0
1 1 1 1
2 2 2 2
3 3 3 3
4 4 4 4

432101234 432101234 432101234 432101234

Figure 4: Problem 5: Columns: Phasors and their sum. Rows:=0, ! =0:5 ,and! =
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6. Problem: A cosine signal can be represented using its angular frequgn or frequency
f, amplitude A and phase :

x(t)= Acos(t+ )= Acos(2ft + )
a) Estimate A; f;  for the cosinex,(t) in Figure 5(a).
b) Sketch a cosinex,(t), with A = 2, angular frequency 47 rad/s and angle =2.
c) Expressx(t) in (b) using exponential functions.

01 0 01 02 03 04 05 06 07 0 002 004 006 008 01 0.2

Figure 5: Cosinex,(t) (left) and x(t) (right) in Problem 6.

[LO132] Solution:  There is a lot of variation in symbols in di erent signal pro@ssing
books and texts. There is probably also variation in these excises, however, we try to
use the following symbols listed on page 5 and in Table 3 below

symbol | units | meaning

f Hz frequency

rad/s | angular frequency, =2 f

! rad normalized angular frequencyl =2 ( = )
fumatias |1 normalized Matlab frequencyfwarias = 2f=f ¢

Table 3: Problem 6, symbols of frequencie$s refers to sampling frequency, and s =2 f .

A cosine signal can be represented using @sgular frequency or frequency f , amplitude
A and phase :
x(t)= Acos(t+ )= Acos(2ft + )
For a discrete sequence of numbers
X0 = X(Ojteor, = XOkierer, = A coS2 ({=fJn+ ) = A costn + )

where T is sampling interval (period), fs sampling frequency, and normalized angular
frequency
a) Cosine oscillates between 0:8 and 08, soA = 0:8. There is no phase shift, = 0.
There is one oscillation in 0.2 seconds, so there are 5 pesad one secondf =5
Hz,or =2 f =10 radls.
Hence,x;(t) = 0:8 cos(10t ).
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b) x,(t) can be written directly x,(t) = 2 cos(4t  =2).
Now = 47 rad/s, hence f 7:5 Hz and the periodT = 1=f 0:13 s. At
t=0, x2(0) =2cos( =2)=0, and increasing. Note that cos(t =2) sin( t).
Amplitude A = 2, so the curve oscillates between 2 and 2. The curve is plotted in
Figure 6(b).

Using Euler's formula, and properties of cosine (even fation f ( x) = f (x)) and
sine (odd functionf ( x) = f (x)),

e = cos()+ ] sin(!)
e = cos(t) jsin()
2cos(! )
cos(! )+ j sin(!)
cosf )+ j sin(!)
2j sin(!)
Now, it can be seen that

Xo(t) = 2cos(4®h =2)
= @t =2 4 g i@t =2

which can be even \simpli ed" (?!) to x,(t) = j[e 14" €&4"].

1
01 0 01 02 03 04 05 06 07 0 002 004 006 008 0.1 0.2

Figure 6: Cosinex,(t) (left) and x,(t) (right) in Problem 6.
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7. Problem: Some elementary functions and notations.

a) Compute with a calculator: log, 7.

b) The power of signal is attenuated from 10 to 0.01. How mucls ithe attenuation in
decibels?

P
c) Sketch the curvep(x) = ;:N  kx for variousN.

d) Sinc-function is useful in the signal processing. It is deed sinc(x) = sin( x )=( x ).
Also it is known that sin(x)=x! 1, whenx ! 0, and with sinc-function sinc(0) = 1.
Considerh(n) =sin(0:75n )=( n ). What is h(0)?

e) What is the binary number (100101%)as a decimal number?

f) What is the hexadecimal number 0x01EF3A as a decimal numiie

g) Modulo-N operation for number x is written here as< x > . Whatis < 5>3?

[L0133]Solution:

a) logarithm: logs 7 = log, 7=log, 8  1:9458-2:0794 (0:936.

Sometimes it is useful to convert, e.g.,22® to decimal base: 2% = 10, taking log,,
on both sides: x = 2008log,,2  6044682. Now 1642  2:9392, which nally
gives 2°0% 2.9 10°. Remember also ® = 1024 1000 (k), 2° = 1048576 10°
(M), etc. For instance, 22=22 250 4G.

Decibel scals are widely used to compare two quantities. The decibel dirence
between two power levels, L, is de ned in terms of their power ratio W,=W,; (p.
99, Rossing et al., The Science of Sound, 3rd Edition, AddisdVesley)

L=1L, Lj=10l0goW,=W;

Now the power (square) of signal is attenuated from 10 to 0.0%o0 the signal is
attenuated by 30 dB:

1010g,(0:01=10) = 10l0g,, 10 = 30

In case of computing amplitude responsg (¢! )j, e.g. in Matlab directly from the
equation or with the commandfreqz , the values are squared for decibels

10l0g,j(H=Ho)j? = 20109y, j(H=Ho)j

If confuses, open the expression! There is hardly anythg to draw!
XN

p(x) = kx =( N)x+:::4( 2)x+( 1)x+0x+x+2x+:::+ Nx 0O; 8N;x
k= N

sinc-function is very useful in the signal processing, and it isedned sinc(x) =
sin(x )=( x ). Also it is known that sin(x)=x ! 1, whenx ! 0, and with sinc-
function sinc(0) = 1. Fourier-transform of a rectangle (box signal produces a spec-
trum with shape of sinc-function, and vice versa, a signalké sinc-function has a
spectrum of rectangular shape.

Note that the result of the problem is not 1 nor 0,

h(n) = sin(0:75n)=(n)=0:75sin(Q75n )=0:75n ) = 0:75 sinc(Q75n)
h(©) ! 075

T-61.3010 DSP 2009 15 /170 PROBLEMS { Part A 1-13

e) The result depends on which number representation is clems In case of multi-byte
data types numbers can be saved in big-endian or little-erati manner. DSPs are
divided to xed-point and oating-point processors (IEEE 754, sign bit, exponent
and mantissa elds). Least signicant bit (LSB) is normally the last bit, most
signi cant bit (MSB) leftmost. Negative numbers and fractions has to be considered,
too. (Mitra 2Ed Sec. 8.4 / 3Ed Sec. 11.8 deals with all aspects of thenumber
representation
When both negative and positiveb-bit fraction values are needed, 1001011 is con-
sidered to have a sign bit rst, and then fraction bits, likes a ;a ,:::a . Table 4
contains some possible results with valuds= 6 and s = 1, see also Witra 2Ed Table
8.1, p. 557 / 3Ed Table 11.1, p. 638

non-negative xed-point | 1001011 |1 64+1 8+1 2+1 1=75
sign-magnitude| 1 001011 ( 2s+1) 2= 11=64 0:1719
ones' complement 1 001011] s (}, 2 b) + |b:1 a2'= 5264 0:8125
two's complement| 1 001011 s+ [ a2 = 5364  0:8281
oset binary | 1 001011| +11=64 +0:1719

Table 4: Problem 7: Examples on binary number representatis with valuesb=6 and s = 1.

f) In some programming languages a pre x Ox is reserved ftvexadecimals 16-base
numbers, where A, B, C, D, E, Fg = f(10)10; (11)10 (15)109. Now, OXO1EF3A
is0 166+1 16'+14 16°+15 162+3 16+10 = 126778. If considering RGB colors,
then each component has two hexas, 01.EF.3A, meaning valuesl = 1 (1=255),
green 239, and blue 58. A similar approach for IP addressesyf 2-hexas).

See also tircular shift of a sequence”Nlitra 2Ed Sec. 3.4.1, p. 140 / 3Ed Sec.
5.4.1, p. 244). In the modulo operation, (m mod N), or, < m >, we want to
compute theremainder (or residue) r whenm is divided by N, that is, m = r + kN,
so that the remainder is always in the range 0:N 1. Now for< 5>3 we have
the equation withm= 5andN =3 as 5=r+k 3. With k= 2r becomes in
therange 0::2 and itisr = 1. Hence,< 5>3=1. In case of a periodic sequence
(N =3) thisyields :::= x[ 5]=x[ 2]=x[1] = x[4] = x[7] = :::
A circular bu er is implemented in the instruction sets of many DSPs. Assuméat
there is a bu er of size 1024 bytes, with addresseg@000 to &03F F in hexadecimals.
New 8-bit (byte) samples are read into a bu er where an addrescounter (pointer)
is increased by one each time. When the counter has the valueOGF F, the next
value is< 0x0400> gy400= 0X0000. In other words, the oldest sample is replaced by
the newest. See Figure 7 for gures of linear and circular bers.
0x03FF 0x0000

0x0000 D ‘ xOg(x)éooz
0x0001
0x0002

0x03FD)
OxO3FE
Ox03FH

Figure 7: Problem 7: linear and circular bu er with addresse from 0x0000 to OxO3FF.
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8. Problem: Roots of a polynomial.

a) Compute roots ofH (z) = 22 +2z +2.
b) Compute roots ofH (z) =1+162z “.
c) Compute long division (&* 8z2°+32z2 4z+6)=(2z 3).

[LO134]Solution: Roots of a polynomial p(x) can be found fromp(x) = 0. Nth order
p(x) hasN roots, see Problem 8(b).

Roots of a complexz = rel( 2 k) are Rz i F"JFj d@kN+=N) wherek=0:::N 1.
In this course roots of transfer functiorH (z) provide information on the behaviour of the

Iter. The order of the rational polynomial H(z) = B(z)=A(z) is the maximum of the
orders ofB(z) and A(z).

a) The orderlng (z) is 2. Using the equation for solving the second-order polgmials
z=( b 2 4ad=(2a), the roots arez; = 1+j andz,= 1 j. Thiscanbe
assured by multiplication @ z)(z 2)= 22 (z1+ 2)z+ 212, = 22+22+2.

b) The order ofH (z) is 4, and we have 4 roots. Now, when setting (z) = 1+16z * = 0,
the equation can be multiplied byz* on both sides. Heé;cez‘% 6=0andz=""16.
Because 16 =2* &( *2k) we get four roots using® z= j N rj d@kN+=N)
Roots: z, = 2@k 4 =4 with k = 0:::3. Again, z§ = (2€~ 44 = 24d*47*4 =
16¢ = 16, and similarly otherz result to 16. In Figure 8 all four roots are
plotted with circles.

Figure 8: Problem 8(b): four roots of fourth orderH (z) =1+ 16z *.

Division operation can be applied to polynomials just a®f normal numbers. Polyno-
mial product and division have a very close connection to theonvolution operation.
For example, in Matlab there is the same functiortonv for the both operations.
Al 2
2z 3 47* 82°+3z2 4z+6
42* +62°
2723 + 322
27% 372
4z+6
4z 6
0
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9. Problem: Examine a complex-valued functionZ 2 C)
1+0:5z 1+0:06z 2
H@O= T 12 Tvoam 2
a) Multiply both sides by z2.
b) Solvez?+0:5z+0:06 = 0.
c) Solvez? 1:4z+0:48=0.
d) H(z) can be written with ve values complex valuesK , z;, z,, p;, and p,
(z z) (z 2
H(z)= K ——F———=
@=K @0 @
What are the ve values?

e) What are the coe cients of H (z). What are the roots ofH (z)? What is the order of
the numerator polynomial ofH (z)? What is the order of the denominator polynomial
of H(z)?

[LO139]Solution: In this course complex-valued functions are widely used. tase of the
transfer function H (z) both z and H (z) are complex-valued. A typical form of aransfer
function of a FIR lter is
H(@Z)=th+ bz *+bz 2+ 0+ byz ™
and that of an IIR lter is
b+ bz '+ bz 2+ i+ byz M
1+az Y+ az 2+ i+ ayz N
a) Multiplication H(z) (z?=2%) does not change the values ofl (z), but it is more
convenient to work with positive exponentials:
22 +0:5z +0:06
72 1:4z+0:48
b) Using the formula for second order polynomialaz? + bz+ c¢=0
b "F Zac
=
we get easily the rootsz; = 0.3,z = 0:2. In Matlab you can write P = [1 0.5
0.06]; roots(P)
c) Similarly, the roots p; =0:8, p, = 0:6.
d) Using the notation from (b) and (c),

H(z) =

H(z) =

(z+0:3) (z+0:2)

(z 08) (z 06)

22+0:5z + 0:06

72 1:4z+0:48
we can scaleH (z) correctly by choosingK = 1.

e) Inthis case the coe cients weref 1; 0:5; 0:06g in numerator polynomial (upper part),
andfl; 1:4; 0:48g in denominator polynomial (bottom part).
Roots were computed in (b) and (c). In DSP we call the roots ofumerator poly-
nomial as\zeros. The roots of denominator polynomial (bottom part) are \poles'
As seen in (d) the same functiorH (z) can be expressed either using coe cients
or roots (and scaling factor). In the Iter analysis the podions of roots give some
information on the nature of the Iter. More about this in Problem 54.

H(z) = K

= K
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10. Problem: Partial fraction decomposition is used to divide a high-orer rational ex-
pression into a sum of low-order rational expressions. Forample, :=(x? + 3x +2) =
I=(x+1) 15(x+2).

a) Decompose (x) = 1=(x?+ 1) into sum of rst-order expressions.

b) DecomposeH(z) = (0:4 02z H=1 01z * 0:06z ?) into sum of rst-order
expressions.

[LO135] Solution:  Partial fraction decomposition (or expansior) is used to divide a
high-order rational expression into a sum of low-order raihal expressions.

Decomposition is quite trivial if there are not multiple rods neither is the order of nu-
merator polynomial as big or bigger as the order of the denondtor polynomial. Decom-
position requires taking roots of a polynomial, so it is po#se to derive by hands only in
some trivial cases, e.g.,4x?+3x+2)=1=x+1) 1=(x +2). For more complicated
cases, seeMitra 2Ed Sec. 3.9 / 3Ed Sec. 6.4.3, or any other math reference. The
command in Matlab isresiduez .

In this course partial fractions are used when nding an expdit form of the impulse

responseh[n] from the transfer functionH (z). In the list of Fourier-transform pairs there

are only inverse transforms for the rst order expressionsSo, if the transfer function is

of second-order or higher, it has to be converted to a sum ofst-order expressions by
partial fraction decomposition (expansion).

Rules of thumb, (1) compute roots of the denominator polynoral, (2) write down the sum
of rst-order rational polynomials, (3) compute the unknown constants (equation pairs).
Note that the decomposition in not unique, but there are seval di erent expressions
which lead to the same result.

a) Find the roots of the denominator:x2+1=0) x; = |, X2 = j. Roots can be
complex, too! Hence,
f(x) + B = A_ + B.
X X; X Xp X+j X j
Ax_j)+B(X+j) _x(A+B)+j( A+B)
X2+ jx  jx +1 x2+1

( (
) A+B=0 A=05
A+B= |j B= 05
Finally, . .
f(x) = 0'5]. 0'5].
X+]  x ]
b) In this course z * corresponds a unit delay in time-domain. The numerator poly
nomial can divided andz * terms can be taken to front, and the partial fraction is
done only once foP(z), whose numerator polynomial is plain 1,

04 02z1
1 01z ! 006z 2
1 1
4 12z 1
0 L olz f 0:06z 3 0 L0z ¢ 0:.06z %
P@) P(2)

H(®)
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The denominator of P (z) is set to zero and multiplied byz? z> 0:1z 0:06 = 0.
The roots arez; =0:3 andz, = 0:2.

A . B
1 03zt 1+0:2z 1%
A+0:2Az 1'+B 03Bz ?

1 01z ! 006z 2
.
1 0lz1' 006z 2

P =

j as stated above

{\Iow we get a pair of ecwations from comparing numerator polgmials
A+B=1 A=0:6
02A 03B =0 ) B=0:4
and nally,
0:6 + 0:4
1 032! 1+0:2z 1%

0:6 04

2z b ——
0 1 031! 1+02z1

H(z) = 04

From this expression ofH (z) we can easily (inverse) transformH (z) ! h[n], see,
e.g., Problem 55(f).

T-61.3010 DSP 2009 20 /170 PROBLEMS { Part A 1-13

11. Problem: Sum of geometric series.
P
a) What is sum of seriesS = |_; (0:5)%.
b) S=  fo( 06) 2
C) S= 4,(0:8 2 elk).

[LO136]Solution: Sum ofgeometric seriess applied in Fourier andg—transforms. When
the ratio qin geometgp series ifgj < 1, the sum of series converges to;:D q=1=1 o),
and correspondingly o =1 q'*1)=1 q).
Other known series aref 1=ng and f 1=n?g. Notice that the sum of the former does not
converge, while the latter does.

a) Directly from the formula with q=0:5,S=1=1 0:5)=2.

b) Open expression if it seems to be di cult.

b3
S (06) 2=( 06)°+( 06)°+( 06)°+:::
k=10
X
( 0:6)¢

k=8

» X
( 06) ( 06)
k=0 k=0
1=(1+0:6) (1 ( 06)%)=(1+0:6)=( 0:6)°=1:6

c) Discrete-time Fourier transform is de ned as

X
X(e')= x[n]e "
n=1

(0:8< 2 e i)
0:8" elm el?)

X
(0:8e i ym
m=0
1

j2!
€ 1 08el

The term e 12 can be seen as a time shift (delay in this case) of two units.
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12. Problem: Integral transforms, like Fourier transforms, play an impdant role in signal

processing. Compute integrals

a) X() = Rigi gt
b) x[n]= £ , X(€')e™ d!, where
X(e')=2 (1+02) j (1+01)+j ( Ol)+2 (I 02)

[LO137]Solution: A general integral transform is de ned by
Zy
F(l)= f(OK (5t)dt
a

whereK (!;t ) is an integral kernel of the transform, see e.gMitra 2Ed Sec. - / 3Ed Sec.
5.1) or http://mathworld.wolfram.com/IntegralTransform.html See Problem 17
for discussion on transforms used in DSP.

a) Now x(t) can be considered as a rectangular signal, and its Fourierahsform is a
sinc-function.
Z, 4

X() = oe“dt=-(1=(J'))e“=(1=(J'))(e“ &y

0
A= jNC e’ ) e e’?)=@= N e’'?)@2sin@2))
= 4e1? (sin(2) =(2))=4 e ? sinc2 =)

Now we have computedontinuous-time Fourier transform (CTFT). It is often writ-
ten asX (j ) instead of X () in DSP.

Now we are computing inverseliscrete-time Fourier transform (IDTFT), ( Mitra 2Ed
Eq. 3.7 / 3Ed Eq. 3.16). The spectrum X (€' ) consists of four peaks (only!) at
lo=f 02; 01; 01; 02 g, which are written with Dirac's delta function
( !y and compulezd as

k (I 1o f()d =k f(1o)
2

when! =1, and zero elsewhere. Integral is taken from any period of 2and here
we choose . Euler'sformula (€ +e! =2cos()ande e ! =2jsin()),
see Problem 2, is applied and the result is a discrete sequerfn] of numbers. Note
that each peak pair at ! and! make up a sinusoidal, if the phases are correctly
chosen. 7

x[n] = X (&' )™ di; where

[m

2
(€)=2 (1+0:22) j (+01)+j (! 0O1)+2 (1 02)
z z

2( 02) M di+ j( 01) &l
z
j(1+0:1) €M d o+

2
X
1
z

1
2
1
2

2( +0:2) €M dl
2d 0:2n +jejl):1n je joln 4 og 02
Z[éO’Z" +em'z]Jrj[éoln ejD‘ln]

2cos(02n) sin(0ln) 2R
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13.

Problem: Using notati%n Wy = e 12N and matrix
w2 WP w2 Wy 11 1
b _gw,g’ wi w2 w}é_ 1 Wi ow?
ATAWS w2 owl o wpfS T A1 w2 owg
W WE ws owy 1 W2 we

compute X = Dsx, whenx= 2 3 5 17

[LO163]Solution: A common notation Wy is de ned asWy = e 12°N | We see that
. N . L
Wyj=jel2™j=jcos(2=N) j sin(2=N)j= cos(2=N )2+sin(2 =N )2=1

That is, the points WY are lying uniformly spaced clockwise on the unit circleWy is

periodic with every N, e.g., WV *™® = g i2 @N+)=N = g i4 (6N = g i6=N = w3,
Note that W = 1. An example with N =16 is given in Figure 9.

LW 13
e

Figure 9: Problem 13: Uniformly spaced Wy g= fW3; Wi; :::; Witg with N = 16.

When N = 4, the angle between each point is 24 = =2 (equivalent to 90). We can
compute valueswf =1, Wi = e 1274=¢el1=2= j W2= 1,andW}=j. Using the
periodic properties ofWY the square matrixD 4 is

11 1 1

_f1 1 é
D.= gl 11 4
1 1
Size of matrixD4 is 4 rows and 4 columns (4 4), and that of column vectorx is (4 1).
In the matrix product X = D4x dimensions must agree: (4 4)(4 1), and the nal size
of X is (4 1%. 7
1

32 3 2 3 3
1772 12+1 3+1 5+1 ( 1)

2
1 9
X_Dx_gl j o1 jzgaz_ 12 j3 15+ ( 1)2_@ 3 412
T 741 01 01 154557412 13+15 1 (107 5
1 1 1 12+j 3 15 j (1 3+4j
We have computed heréliscrete Fourier transform (DFT) for a real sequencd 2; 3; 5; 1g.
The result, heref9; 3 4j; 5, 3+4jg, is generally complex-valued. There are several
symmetric properties of DFT that are discussed later.
The matrix D, (DY, Hermitian) is transpose ofD 4 with complex-conjugate values:
11 1 1
_fr g 1 Jé
Dy= g1 1 1 1
i 1

1 i
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14. Problem: Consider an analog signak(t) =

cos(4t ). Plot the analog signal, the
discrete-time signal sampled with 10 Hz, and the digital sigl with accuracy to integer
numbers.

[LO280] Solution:  Analog signat both t and x(t) 2 R. For example, you can measure
the outside temperature at any time with continuous scale.

Discrete-time signal(sequencg signalx[n] may get any values at certain time moments,
x[n] 2 R; n 2 Z. Often explained as a sampled version of analog signal.

Digital signal (sequencg signal x[n] is discrete also with amplitude valuesn; x[n] 2 Z.

A pure sinusoidal isx(t) = A cos( t+ ) and now we havex(t) = cos(4t). The
angular frequencyis =4 rad/s and the frequencyf = 2 Hz while =2 f . The
period of the sinusoidal signal i§ = 1=f = 0:5 second.

The sampling frequencyis fs = 10 Hz, i.e., samples are taken everys = 0:1 seconds:
t  nTs = n=fs. This gives a discrete-time sequence

x[n]=  cos(Q4n)
where thenormalized angular frequencys! =0:4 rad/sample.

Some numeric values are given below in a table, and the plotsFigure 10, where in (a)
t runs from 0 to 1.25 seconds, and in (b) and (a) correspondingly from 0 to 12.

t n | (a) x(t) (b) x[n] | (c) x[n]

0 0 cos(0) = Intf g=3

0<t< 0:1| @| cos(4t)
1
5

@ @
0:1 cos(04 ) 0:9708| 0:9708] Intf0:9708 = 1
05 cos(2 ) = Intf g=3

X(t) = p xcos(4p t) x[n] = p xcos(0.4p n) x[n] = ROUND{ p xcos(0.4p n) }

X0.5)=p X[0=p [5l=p X[01=3 X[51=3

P 3 T f 7 1 T Tt T 1

05
t n

Figure 10: Problem 14: (a) analog signal, (b) discrete-timsignal, (c) digital signal.

Discrete-time or digital signal is often called &equencenstead of signal. For instance, in
(b) we have a sequence_; cos(04 ); cos(08 ); cos(@8 ); cos(Q4); ;:::g
and in (c) a sequenceé3; 1; 3; 3; 1; 3;:::g. Note that is an irrational number
which cannot be expressed accurately with nite number of .

In practice, A/D (analog to digital) converter discretizes the analog sighanto digital
signal with a certain accuracy. For instance, in audio recdings (CD quality) the sampling
frequency is 44100 Hz (44100 samples each second) and thl data sample is expressed
with 16 bits, i.e., having 26 = 65536 discrete levels between (appr.) 1:::+ 1.

De nitions of signal types (analog, digital, etc.) may varyfrom book to book.
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15.

1

Problem: There is a sketch of the magnitude response of a typical lowgs lter in
Figure 11. Sketch some other examples of the magnitude (aritpdie) responses of the
following lIters in the frequency domain: (a) highpass lIter, (b) bandpass lter, (c)
bandstop lter, (d) notch lter, (e) multiband lIter, and (f ) comb lter.

14 [HEe)]

0 w

p
Figure 11: Problem 15: Magnitude (amplitude) response of gpical lowpass lter.

[LO288]Solution: In this course we are dealing with digital LTI lter s which are frequency-
sensitive lters, in other words, you canamplify or attenuate sinusoidal components of the
input signal. Furthermore, LTI constructions are key elemets in, e.g., adaptive lters.

Typical LTI Iters are lowpass, highpass, bandpass, and batstop. A word lowpass means
that low frequency components of the input signal are left aeven ampli ed (boosted) by
the Iter whereas high frequencies are attenuated (suppresd). Sketches for these basic
Iter types are given in Figure 12.

[H(em)| 1.4 [HEw)| 1.4 HEw)| [H(em)|

Figure 12: Problem 15: Plots of some magnitude (amplitudelesponses of lters. (a) lowpass

(LP),

(b) highpass (HP), (c) bandpass (BP), and (d) bandstop(BS) lter.

There are a few things to notice here. Thenagnitude responsgH (€' )j 2 R, or often
also amplitude responsgis the absolute value of the frequency respons¢(e' ) 2 C
(generally), which is a function of (normalized angular) quency! 2 R.

Both the x- and y-axis can be either in linear or logarithmic ¢ecibel) scale depending
on the application. The x-axis of a magnitude response of agiial LT! Iter is normally
scaled to the range 0:: which is equivalent to O.::fy=2 wheref; is the sampling
frequency. The maximum of the magnitude response is oftenased to unity, that is,
the maximum in y-axis is either 1 (linear) or O decibels (logiéhmic). See more spectra
examples from Matlab in Problem 16.

An example of anideal Iter (bandstop in this case) is given in Figure 12(d)
(
H(e')=

<l 4; 1, I<

1<,

where! ; and! ; arecut-o frequencies. Ideal Iters are important in theorical derivations
but they may give poor results in practice (ringing e ect wih audio or images). In practice
we allow some ripple (deviation) both in the stopband and paband, see Figure 12(a,b,c).
Smooth transitions from stopband to passband make the Iteorder lower which is often
desirable.
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There are some other LTI lters, too. The spectrum of anotch lter is one (or almost)
for all frequencies expect o, which is Itered out, see Figure 13(a). It can be achieved
with a simple IR lIter by setting a pole-zero pair at a cut-o frequency, see Problem 54.
A comb lter is periodic and therefore it is often used to remove harmon@omponents,
see Figure 13(b). For example, distortion of multiples of 581z (AC supply) is common.

A multiband lter , see Figure 13(c), can be utilized in an equalizer to booseble (discant)
or bass tones. An example of a 10-channel software equalizan be seen in Figure 14.
The user can adjust ten dierent sliders from which the amptude response curve is
formed. In the right-most gure all high frequencies are agnuated.

1‘|H(eiw>| 14 HEw)! 114 HEm)|
O by e 0 G B e
0 P 0 P o

p

Figure 13: Problem 15: Plots of some magnitude (amplitude)esponse of lters. (a) notch
Iter, (b) comb lter, and (c) multiband lter.

Equalizer e

o (s wmww_

UL 1= llll

20un JJJJ

pieane 0 600 % 3K BL ik ik n pieaw 60 vn sm mn m s B e iac e

Figure 14: Problem 15: Example of an equalizer in a softwar&/(nAmp).

Remark. All magnitude responses in Figure 12 and 13 are sketched bynda They
y-axis is linear and scaled in range 0:1. In Figure 15 there are gures of a lowpass
Iter plotted in Matlab. Figure 15(a) is from command freqz(B, A) . The top sub gure
is the magnitude response, where x-axis linear:[0:1] , and y-axis logarithmic. The
bottom sub gure contains the phase response. Figure 15(k§ from commandsH, w]

= freqz(B, A); plot(w, abs(H)) . Both x-axis and y-axis are linear, x-axis is scaled
to 0::: . Figure 15(c) is from commandgH, f] = freqz(B, A, [], f_s); plot(f,
20*log10(abs(H))) . Now x-axis is linear but y-axis are logarithmic, and x-axiss scaled
to 0:::22050, that is, half of the sampling frequency wheh, = 44100 Hz (CD quality).
Note that magnitude response curves look like the same in (&) sub gure and (c), while
in (b) the same curve is in linear scale. The ripple of 1 decib@&B) in passband corre-
sponds oscillation between:891:::1 in linear y-axis. Similarly, the stopband attenuation
of 40 dB corresponds 0.01.

Magnitude (48)

Py

02 04 05 08
Normaized Frequency (p radisample)

H

m—— | S

"

Phase (deorees)

H

1 2 3 0.} 1 15 2
Notmaized Fsauency (p radisarpe) normalized frequency w frequency (HZ) 1o

Figure 15: Problem 15: Magnitude responses of a LP lter.
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16. Problem: Explain the spectra in Figure 16(a) and (b). What does a speatm of a signal
in Figure 16(c) look like? How about its spectrogram?

i } t o001 002 008 004
time

"fh fhfs?2 6 kHz
Figure 16: Problem 16: (a) two-sided triangular spectrumréquency in x-axis, (b) one-sided
line spectrum, frequency in x-axis, (c) signal waveform,rtie in x-axis.

[LO290] Solution:  In Problem 15 we saw several types of lIters depicted in fregacy-
domain. Now we are considering signals and their spectra.

The triangular spectrum in Figure 16(a) typically depicts aspectrum X of any kind of
signal, or, we are not interested how the signal looks like tiime-domain. However, one
should nd out from the context, if we are talking about spectum X (j ) of an analog
signal after continuous-time Fourier transform (CTFT), X (¢' ) of a discrete sequence
after discrete-time Fourier transform (DTFT), or X [k] of a discrete sequence after discrete
Fourier transform (DFT). X [k] can be thought as a sampled version of (€' ).

In Figure 16(a) we have atwo-sided spectrumwhich is band limited between f, and

fn. It is symmetric around y-axis, that is, the correspondingignal in time-domain is

real-valued (like all signals found in nature), see Proble1. The highest frequency
component isf, which is less than half of the sampling frequend=2

The line spectrumin Figure 16(b) contains two peaks at 2 kHz and 4 kHz. If the siwl is
real-valued, as it is often by default, theone-sided spectrunis enough because its left side
is a mirror image of the right side. One could draw the left silof the spectrum by adding
2 units high peak at -2 kHz and 1 unit high peak at -4 kHz. The sigl x[n] or x(t) can be
quite easily plotted from the spectrum, e.g.x(t) =2cos(2 2000 t)+cos(2 4000 t).

In Figure 16(c) there is a signal which contains one slowly sating signal, a quickly
changing part at @03:::0:04 seconds, and small amount of other noise. We can imagine
that we will have a line spectrum with two peaks: one strong @ at very low frequency
and the other, smaller peak at a frequency that can be estimed from the gure. We
can read that there are 11 oscillations in:03:::0:04 seconds, that is, 1100 oscillations a
second (1100 Hz).

Figure 16(c) is plotted from Matlab. In this case we have a disete sequenca[n] of 1000
numbers in a computer, from which we can compute another diste sequenceX [k] by
DFT (fft ). Using all 1000 samples we get the absolute value of disa@&burier transform
in Figure 17(a). Two peaks close to 0 and 1100 Hz can be found.

There is a large number ospectrum estimationmethods. Figure 17(b) shows the result
of Welch approximation using only 256 sample(velch). It also detects a peak at 1 kHz.
See discussion on spectrum spreading in DFT in Remark of Pietn 37.

In both gures we clearly see that there is energy at zero fregncy (or low frequency)
and at about 1 kHz which re ects the high-frequency componeéstarting at 0.03 seconds.
However, the time information, when the high-frequency coponent occurs, cannot be
seen from the spectrum. Therefore we can analyze the signaltime-frequency-domain.
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Power/frequency (dB/Hz)

The spectrogramis a short-time Fourier transform (STFT) method, (Mitra 2Ed Sec.
11.3.1 / 3Ed Sec. 15.3.). It is nothing but computing spectra in small time windows.
In a spectrogram, see Figure 17(c), time is in x-axis and fregncy in y-axis, and the
gray level in z-axis shows how strong a certain frequencyr{gsoidal) is at a certain time
moment. It can be seen that the component at 1 kHz is present lgnin the end.

.
Furier-transform [X(e! "), N=10 wer Spectral Density Estimate via We

N
S

o

S

FS
S

A
8
Frequency (Hz)

&
3
a
3

Powerffrequency (dB/Hz9

&
3
&
3

E % ~
123456 78091011 1234567891011 0.01 0.02 0.03 0.04
Frequency (kHz) Frequency (kHz) Time

Figure 17: Problem 16: (a)X j, Fourier transform with full length, (b) jXj, spectrum estimation
(Welch) using DFT-256, both plotting a peak at about 1100 Hz(c) spectrogram of the signal,

tim

e in x-axis and frequency in y-axis. See the high-frequey (1100 Hz) component with white

color starting at 0.03 seconds.

Remark. In Fourier analysis we assume that the signal examined &ationary. In
Figure 16(c) we see a signal which is not stationary in thisrtie window. The standard
way is to examine the signal in small consecutive (or/and oxepping) time windows or
frames, just like in the spectrogram above. The window sizend other parameters are
application-dependent. In speech analysis it is around ¥B ms.

When taking Fourier transform of the signal in Figure 16(c) w get the spectrum in
Figure 17(a). However, if we see rst the spectrum, we canneiactly say, how the signal
looks like. For example, even if the spectrum estimation inigure 18(a) is very similar
to that in Figure 17(a), the original signal is very di erent, see Figure 18(b).

Note that the conversionx[n] $ X (€' ) via Fourier transform is unique (Fourier is bi-
jection function), but we normally examine only absolute vime jX (€' )j, which can be
achieved by several (in nite number)x[n].

pousr Spectal Densty Estmate vie Weich

Froqueney (o12)

Figure 18: Problem 16: (a)jXj, spectrum estimation (Welch) using DFT-256, very similar &
a spectrum above, (b) the original signal for (a), the occuree of the high-frequency signal
component is di erent from above.
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17. Problem: Categorize Fourier-transforms for aperiodic/periodic amog/digital signals.

[LO291] Solution: Integral transforms are important and essential tools in ghal pro-
cessing. With Fourier-transforms you can change betweenme-domain and frequency-
domain, see Problem 18. In a high level several Fourier trdosms can be catego-
rized into four classes according to signal type (analog/gital) and periodicity (peri-
odic/aperiodic), see Table 5 from Kluttunen: Signaalinlesittelyn menetelnat, p. 33) and
(Smith: DSPguide, Ch. 8, p. 14% In addition, more generalz-transform for digital,
and Laplace transform (with variables) for analog signals are applied. There exist lots
of other transforms, too, e.g., cosine and Hadamard transfos used in image processing.

All transforms have exact mathematical de nitions from wheh transforms can be com-
puted. However, there are several parametrized formula th#s which o er ready-calculated
transform pairs and computation rules, see Page 166. Exareplfrom Problem 36 on.

Next we introduce the Fourier transforms in Table 5. Small sybol, e.g. x, refers to
a time-domain signal which is then analyzed (decomposed) #ofrequency-domain sig-
nal (spectrum) X, written with a corresponding capital letter. The inverse peration,
synthesis, forms an unique signal from spectral componentsx .

continuous-time signal | discrete-time signal

aperiodic signal Fourier transform Discrete-time Fourier transform
(cont. ! cont.) (discrete! cont.)

periodic signal Fourier series Discrete Fourier transform
(cont. ! discrete) (discrete! discrete)

Table 5: Problem 17: Classi cation of Fourier transforms.

Fourier transform.  Continuous-time and aperiodic signak(t) is transformed. The re-
sult X (j ) is continuous-frequency and aperiodic. Mitra's book uss the term continuous-
time Fourier transform (CTFT)g (Mitra 2Ed p. {/ 3Ed p. 118F\Q The analysis and syn-
thesis equations areX (j ) = i x(t)e } tdt, and x(t) = - i X(j) € 'd. Note
that tand 2 R.

Discrete-time Fourier transform. Discrete-time and aperiodic signak[n] is trans-
formed. The resultX (€' ) is continuous-frequency and periodic with 2. See more about
discrete-time Fourier transform (DTFT) F;n (Mitra 2Ed p. 117 / 3Ed p. 1@2) The analy-
sis and synthesis equations ad¢(e' )=~ ._, x[n]e " ,andx[n] = X(e')en dr .
Notethatn2 Z and 2 R.

Fourier series.  Continuous-time and periodic signalx(t) is transformed. The result
are the Fourier series coe cientsa, with a fundamental frequency ,. Coe cients are
theyefore discrete-frequency apd aperiodic. The analysiad synthesis equations arey =

17 x(ek otdt, andx(t)= 4., a€* . Notethatt2 Randk 2 Z.

Discrete Fourier transform. Discrete-time and periodic signal[n] is transformed.
The result X [K] is discrete-frequency and periodic. This is what billion®f chips do
right now all over the world! When Matlab plots you a nice, smoth frequency response
(DTFT) curve of a digital Iter, it actually computes DFT so d ensely in frequency-domain
that the result seems to be continuous. (Just like when Mattaplots you an audio signal
waveform, it is actually only a series of points, sequencegrmected with lines!) See more
about discrete Fourier transform (DFT) in (Mitra 2Ed p. 131 / 3Ed p. 234). In DFT
equations e use a shorthanivy = e 127N | and the anaIyS|sFand synthesis equations
areX[k]= o x[n]WN" where0 k N 1, andx[n]= 1 >< [KIWy knwhere
0 n N 1 Notethatnandk2 Z.
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18. Problem: Consider a signak[n] shown in Figure 19. Assume that there exists a lowpass from which the sequence y[n] is plotted in right-top. The oyiut spectrum of HP lter is
and a highpass Iter with a cut-o at 1 kHz. Sketch the outputs of the both Iters. in Figure 22, respectively.

1
x[n] X y[n]

0.04
0.02
0
0 0.08.08 02 0 0 0.08.04

time index time

\

001 092 003 004 1} FOURIERY] } FOURIERY) } FOURIERY)

Figure 19: Problem 18 Input signak([n]. X(€ ") Welch He ™) vie') ) Welch
0| 0 0

[L0289] Solution:  First, some sketches in frequency domain are given as resuio this
problem. Second, gures from Matlab with some real (but heraingiven) signals and W WV
Iter constructions are plotted. Third, the overall pictur e of the time-frequency-domain
analysis is given in the end of this problem (Remark).

1.1 5 10 1.1 5 10 1.1 5 10
frequency (kHz) frequency (kHz) frequency (kHz)
The signal in Figure 19 was already analyzed in Problem 16. ¢bntains slowly changing
part (low frequency) and quickly changing part (high frequecy, approx. 1100 Hz, only Figure 21: Problem 18: Lowpass ltering. Top row: input S|gal x[n], impulse responsé[n] of
present at Q03:::0:04 s). Therefore we can sketch a spectruki(e' ) of the signal in left LP lter, output signal y[n]. Bottom row: input spectrum X (€' ), transfer function H (€' ) of
in Figure 20. LP lter, output spectrum Y (€' ).

Filtering in frequency-domain is purely a product of the inpt spectrum X (&' ) and the
lter H(€'). Now the cut-o is at 1 kHz and the magnitude response is sketied in
middle in Figure 20.

The output spectrum Y (€' ) of a lowpass lter (LP) is sketched in right in Figure 20.
There is a peak at very low frequency meaning that only the sidy changing part of
the signal is left. Filtering with a highpass Iter (HP) gives a peak at 1.1 kHz, which in hih]
time-domain corresponds quickly changing part of signal .03 seconds.

X ~0.09.04 0 ’ T 0.09.04
time index time
\ W . 1} FOURIERY] } FOURIERY) } FOURIERY)

11 11 (kHz) 11 1 (kHz 11 11 (ki) Y X(e'™)/ Welch He' ™) Y(e' ™) / Welch
0 o F/——————— o

Figure 20: Problem 18: Sketch of lowpass Itering. From lefto right: input spectrum X (€' ),
transfer function H (€' ) of LP Iter, output spectrum Y (€' ).

Mnann
In reality, we should, of course, know an exact form dfi (€' ) to lter the signal. Next, 5 10 5 10 11 5 10
the problem is illustrated with some real sequence valuesciMatlab gures. frequency (kHz) frequency (kHz) frequency (kHz)
The magnitude response of the LP lter using the cut-o freqency 1 kHz is given in
frequency-domain in middle-bottom in Figure 21, and that oHP lIter in middle-bottom
in Figure 22.

Filtering in frequency-domain is a product of the input spetcum X (€' ) and the Iter
H (€' ). Hence, the output spectrum of LP lter is given in right-battom in Figure 21

Figure 22: Problem 18: Highpass ltering. Top row: input sigal x[n], impulse responséi[n]
of HP lter, output signal y[n]. Bottom row: input spectrum X (€' ), transfer function H (¢" )
of HP Iter, output spectrum Y (&' ).
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Remark. This course deals with SISO systems, that is, a system with angle input and 19. Problem:  Sketch the following sequences around the origin
a single output. The systems are mainly linear and time-invant (LTI) digital ones. The .
analysis of signals and systems requires Fourier transfoor equivalent) to change from a) xy[n] =sin(0:1n)
time-domain to frequency-domain and back. b) x;[n]=sin(2 n)
The big picture of the analysis can be seen in Figure 23. Theigean input x[n], a system c) xg[n]= [n 1]+ [n]+2 [n+1]
h[n] and an output y[n] in time-domain, or X (z), H(z), and Y (z) in frequency-domain, d) xan]= [ 1+ [01+2 [
respectively. The system is called a Iter.

e) xsin]= [n] [n 4]

= f) xeln] = xs[ n+1]
Xl hin] |- h[yn[]"é ]

TIME-
DOMAIN

[LO297] Solution:  The unit impulse function [n] and the unit step function [n] (or

} FOURIERY] } FOURIERY] } FOURIERY] ufn)) are de ped
1; whenn=0 1; whenn 0O

[n]= [n]=

0; whenn 60 0; whenn< 0

Y(z) =
X@) = H@ 1) x@

A sequenceor a discrete-time signalx[n] can be shown with individual valuesx[k] and
impulse function as

FREQUENCY-
DOMAIN

®
x[n] = xk] [0 K]
Figure 23: Problem 18: Filtering in time-domain and frequery-domain. Time-domain: Input k=1
signalx[n], impulse responsé[n], output y[n] = h[n]~ x[n] by convolution. Frequency-domain: For example, ifx¢[0] = 2, x¢[3] = 4, and x¢[n] = 0 elsewhere, we get
Input spectrum X (z), transfer function H(z), output Y(z) = H(z) X (z) by multiplication.
Fourier or z-transform (etc.) are needed in the analysis. Xe[N] = Xe[0] [N O]+ xe[3] [0 3]=2[n] 4[n 3]

Signal is a function of independent variables such as timep@ech) or position (images) The discrete-time signal is purely a sequence of numbers. & are equivalent ways to
(Mitra 2Ed Sec. 1.0, p. 1/ 3Ed Sec. 1.0, p. 1 It nature signals carry information, write a sequence, e.g. in (cks[n] =2 [n+1]+ [n]+ [n 1], orxs[n] = f2;1;1g, where
e.g., a speech signal is a longitudinal waveform transpart energy from speaker's speech non-zero values are listed and the underlined position is at= 0. Non-zero values can
organ to listener's hearing. Signals have certain propees: they can be analogx(t)) or be also written explicitly, e.g.,xs[ 1] =2, x3[0] = 1, x3[1] = 1, and x3[k] = 0 elsewhere.
digital (x[n]), periodic or aperiodic. In this course digital signals €juences) are plain There are di erent ways to draw discrete-time signals. Hereve use \pins" or \stems",
sequences of numbers which can be processed and saved in gputen There exist which emphasizes that the sequence is discrete-time. Seareples in Figure 24.
analog/digital (AD) and digital/analog (DA) hardware to ma ke conversionx(t) $ x[n]. L . ) .
5 . X While sin(:), [n], and mu[n] are functions ofn, we can compute these functions at certain
System takes_ an input, processes |t_ and returns an output. has also some propertles. points of n by using tables, like in (a)
In case of digital systems, realized either software or haxdre, system can be, e.g., linear,
time-invariant (or shift-invariant), causal or stable. Se more in Problem 25.

sin(0:1n) x1[n]

In time-domain we speak about input and output signalx[n] and y[n]. All symbol letters ::::gi E i;; 8332

are typically written with lower case. A LTI system is identied uniquely with its impulse sin(O:l (o)lo ’

responseh[n], and the output y[n] is computed as a convolution of sequencé$n] and sin(O:l @) 0:309

x[n]. _ o sin(:L (2)) 0:588

_In frequency-domain(or transfo_rm-domal‘n) signals ar‘e transformed and the correspond- that in (b) the argument for the sine function is always 2-multiple and therefore

ing symbol letters are capitalized. X (¢' ) and Y (€' ) are input and output spectra, sin(0) =sin(2 )= ::: = 0. Shifted sequences can be written in a table, like in (c)

whereasH (€' ) is the frequency responsef the system { (z) is calledtransfer function). o ' ’

Here the output Y (€' ) is computed as a product of spectrunX (€' ) and frequency [n] 2[n+1] x3[n]

responseH (€' ). [ 2] 2[ 2+1]=0[0+0+0=0
] 2[ 1+1]=2 |0+0+2=2

[0] 2[0+1]=0 0+1+0=1

Altering between time-domain and frequency-domain is aahed by applying Fourier
transform and inverse Fourier transform (or other integrakransforms, like z-transform
and Laplace transform). For example, if we want to compute taconvolution in frequency- (1= 2[1+1]=0 1+0+0=1
domain, we rst apply discrete Fourier transform (DFT) to x[n] and h[n] in order to get [21= 0 2[2+1]=0 0+0+0=0
X [k] and H[K], then we computeY [k] = H[k] X [k], and nally apply inverse discrete In (d) there are only constants [ 1] = [1] = 0 and [0] = 1 from the de nition,
Fourier transform (IDFT) to get y[n]. More about transforms in Problem 17. hencexy[n] = 1 for all n. Sequences can be summed together, like in (&s[n] =
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f1, 1,1, 1,1, 3;:::,9 f0,0,0,0; 1; 1; 1;:::9g=f1; 1; 1; 1g. If you have troubles to
read time-reversed sequences, e.g., in (Rs[n] = x3[ n +1] in (f), you can simply put
values into a table:
n | xs[n] xg[N] = x3[ n+1]
Xs[ 1]=2|xe[ 1]=xs[ ( 1)+1]= x5[2] =0
X3[0]=1 | x6[0] = X[ (0)+1]= x3[1]=1
X3[l]=1 | xe[1] = xs[ (1)+1]= x3[0]=1
X3[2]=0 | xe[2] = xs[ (2)+1]= x3[ 1]=2

(@) (b)

i
LB

-10 (8) 10

1

05
0 o]

-54321 012345 -321 012345 2-1 012
Figure 24: Sequences of Problem 19. Top row: (a)-(c), bottond)-(f).

Remark. For real-world physical signals, e.g., speech signal, tleeexists thesampling

frequencyfr (Hz). The inverse Efr gives us the time in seconds between each sample.

Assume that there is an audio lekiisseli.wav , which contains a Finnish word \kiisseli"
pronounced by female, see Figure 25. The le can be loadeddnMatlab. It can be
seen that the length of the digital sequenca[n] is 29001, each number is coded with
8 bits (2° = 256 quantization levelsbetween 1 and +1), and the sampling frequency
is f+ = 22050 Hz (sampling periodT = 1=fT  454s). The sequencex[n] is in the
memory as \double" type meaning double precision oating piot, 8 bytes (64 bits) per
sample. The whole sequence requires therefore 232008 bjjtessar memory. For instance,
the samplex(1) is 0:094 andx(29001) 0:023.

Matlab commands: [x, fs, nbits] = wavread('kiisseli.wav');
length(x) , class(x) , x(1) , x(end) .
We can now write our signal using notations

x[n]= 0:094 [n]+ :::+0:023[n 29000]

The length of x[n] in seconds id_s = 29001=f; = 1:315 s, which can be derived from the
fact that in one second there arét samples.
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kiisseli.wa fT = 22050 Hz

1 22050 29001

0 02 04 06 08 1 12 14
time (s)

Figure 25: Remark of Problem 19. The waveform of a speech sigin the le kiisseli.wav
While sampling frequency is 22050 Hz, there are 22050 sansgleeach second. Therefore 29001
samples correspond 1:3 seconds.

20. Problem:  Which of the following signals are periodic? Determine theehgth of the
fundamental period for periodic signals.
a) x(t) = 3cos($;t)
b) x[n] = 3cos;n)
©) x(t) = cos(5t?)
d) x[n] =2cos(gh  =8)+sin(gn)
e) x[n] = {3 2,0,1,2,0,1;,2,0;1;:: g
fyxinl=" 2, [0 4]+ [0 4k 1]

[LO162]Solution: A continuous-time signalx(t) is periodic if there exists periodT 2 R,
for which x(t) = x(t + T); 8t. The fundamental periodis the smallestT, > 0.

A discrete-time signal(sequence)[n] is periodic, if there exists periodN 2 Z, for which
x[n] = x[n+ NJ; 8n 2 Z. The fundamental periodis the smallestNg > 0.

Examination of periodicity can be restricted to a certain tine range.

One way to nd the period is to replacet by t + T (n by n+ N) and try if the equation
x(t) = x(t+ T) holds.

Another way to nd the period of a sinusoidal component (sinecosine) is to express
the function in form of x(t) = sin(2 f t) wheref is frequency ( = 2 f is angular
frequency). ThenT = 1=f.

Typically signals can be synthesized as a sum of sinusoidaBnes, cosines, and exponen-
tial functions are all 2 -periodic, e.g.,Asin( t+ ) Asin( t+ +2 k). Note that the
amplitude A or phase shift does not have e ect on periodicity.

If there is a sum of cosines, like in (d), one has to nd period, (No), to which all periods
of individual cosines are multiples, see Figure 27. Correspdingly, in the frequency
domain one has to nd a fundamental frequency,, with which all individual frequencies
can be represented as multiples.
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Signals (a)..(f) are plotted for a small range in Figure 28. fie non-periodicity of the
signal is often easy to see from the signal plot, for instancthe signal (c) is clearly not
periodic.

a) Periodic. Substitutet by (t + T) and test, if the additional part is multiple of 2 .

8 8 8 8
x(t) 3cos(ﬁt) =3 cos(ﬁ(t +T)=3 cos(s—lt + ELT)

8
3 —t+2
cos(31 |_(

4
1))
&)
=2 k
4
2k = 2 ﬁT
T = (31=4)k

When T = (31=4)k, then 2 -multiple is added to the argument of the original cosine,
and x(t) = x(t+ T) holds. The fundamental period is the shortest period, = 31=4,
thatis, k = 1.

Periodic. Substitute n by (n+ N) is a similar way as in (a)

8 8 8 8
x[n] 3005(3—1n) = 3cos(ﬁ(n + N)) = 3cos(s—ln + —N)

31
8 4
3 cos(3—1n +2 (=N))

L}
2k

4
2k =2 2N
N = (31=8)k

Again N = (31=4) k, where the periodN has to be integer. The smallest possible
k = 4 gives the length of the fundamental periodN, = 31.

Notice also the di erence of the results in (a) and (b), wherex(t) = x(t + (31=4)),
but x[n] = x[n + 31]. The signals are plotted in the same axis in Figure 26.

(a) vs (b): x(t) = 3cos(8p / 31 1) vs x[n] = 3cos(8p / 31 )
_—
— Y=t
=31/4

1 X f
2
— X

sk ¥ ; 0 xin)

0 5 10 15 20 25 30 35
n.t

Figure 26: A visualization of the di erence of fundamental priods of similar looking analog
and discrete-time signals in Problem 20(a) and (b)To = 31=4 but Ny = 31.

¢) Not periodic (aperiodic), the latter term depends ort. The result can be also seen
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in Figure 28(c).
x(t) = cos(gtz) = cos(g(t +T)?) = cos(gt2 + g(2'rT +T2)

T T2
cos(zt?+2 (& + =)
8 | SZ(E 16}

tT . T?
2k = 2 (g+ o)

T =t 2 16k no constantT exists

d) Periodic, No = 48. Compute rst individual periods of each sinudoidal. Ttre funda-
mental period is theleast common multiple(LCM) of periods N; =12; N, =16 )
No =4N; = 3N, = 48. See Figure 27.

. 1 ) 1
x[n] = 2COS(6n _8)+sm(§n) =2cos(2 l—zn =8) +sin(2 En)

Correspondingly, the fundamental angular frequency is thgreatest common divisor
(GCD) of individual frequencies { =2=N): !, = =6=4=241,= =8 =
3=24) o= =24) ;=414 !, =3y More about computing LCM and
GCD can be found, e.g. \Beta, Mathematics Handbook for Scies and Engineering".
There are Matlab commanddcm and gcd, too.

36 48 60

\
16 32 18 64
Figure 27: Problem 20(d): least common multiple (LCM) foN; = 12 and N, = 16 is No = 48.

e) (Assume that) the period isNg = 3, i.e. x[0] = x[ 3k] =2, x[1] = x[ 3k+1]=0,
x[2] = x[ 3k + 2] =1, where the integerk > 0.

f) No = 4. \Open"the sequence if you do not see it directly:

xl

x[n] [n 4k]l+ [n 4k 1]

k=1

i+ [n+4]+ In+4 + [n]+,]n + [n 4]+, n 4 +
jnedlr dnes g ivg vl Avn 4y

k= 1 k=0 k=1

fii5;1,1,0,0, 1, 1,00, 1; 1,0 0,009

Remark. Real-life signals are seldom periodic in strict sense; almost periodic sigsal
are sometimes calledjuasi-periodic See Figure 29, where the signal part of a vowel /i
in 0.02 second range is not exactly periodiq(t) = x(t + 0:02s) but almost.
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AL
i

0
n

Figure 28: Signals and sequences in Problem 20, (a)..(c) mptrow, (d)..(f) in bottom row. It
can be seen that (at least) (c) is not periodic in the scene shin.

il in kiisseli.wav

0.6

0.4

02)

o

02

0.4

06

0.8

0435 044 0445 045
time (5)

Figure 29: Problem 20: example of a quasi-periodic signal.

21. Problem: Compute \a two-point moving average" temperature from day temperatures
in DSPVillage in early July:

[July [ 1st]2nd | 3rd [ 4th [ 5th | 6th [ 7th |
[ C [ 12] 16] 15] 22| 20| 24] 23]

[LO279] Solution: A two-point moving averagetakes two adjacent samples, sum them
together, divide by two, and goes on to the following point. fie purpose of averaging is
to suppress quick changes, possibly noise, in the signal.

In order to compute the average temperature on 3rd July, we ke temperatures of 3rd
and 2nd, and compute mean of them as shown below. First and aglues of the result
are not comparable because the other value is assumed to bez&his problem is known
as aborder e ect and it has to be dealt with in appropriate way.

1st| 2nd | 3rd | 4th | 5th | 6th | 7th
12| 16| 15| 22| 20| 24| 23
12| 16| 15| 22| 20| 24
14| 155 21| 22
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Formally, the input sequence ix[n] = f12 16, 15 22, 20, 24, 23g or
x[n]=12 [n]+16 [n 1]+15[n 2]+22[n 3]+20 [n 4]+24 [n 5]+23[n 6]

The averaging process can be thought as a Itering operation

= {6, 14, 155; 185; 21, 22, 235; 11:59

yin] = X[n] + Z[n 1]

This corresponds a LTI system with the nite-length (nowN = 2) impulse response

M+ [ 1_
2 !

h[n] = 0:5; 0:59

and the frequency responsésee, e.g., Problem 42 and 55)

1+el
H(!)=

)= =
which in DSP literature is normally written as H (€' ). The corresponding ow (block)
diagram is plotted in Figure 30. In this case computation \ ows" into right direction
without any feedback loops { the lIter type is now FIR ( nite impulse response, FIR),
whereas Problem 22 shows an example of the other type IIR.
Slow changes in the signal (temperature) mean low frequeesiand quick changes mean
high frequencies. Averaging smoothens the signal. In DSPgwsay that it is a lowpass
Iter while it preserves low frequencies in the signal but attentes high frequencies.
High-frequency variation is often considered asoise.

MA2, Hel™)=05(1+el™

0z 04 06 _ 08
norm. angular freq.w (' p)

Figure 30: Problem 21: (a) Flow (block) diagram of the Iter. Input x[n] is lItered by the
systemh[n], which is dashed and includes everything between input amditput, and the output
is y[n]. A delay unit (register), here \z ", is sometimes named as\D". There are no loops and
therefore the lter type is FIR. (b) Magnitude responsejH (€' )j of MA-2 lter. It can be seen
that it is a lowpass lter.

Remark. The sliding window can be increased in q;der to have smootheesults. A
weekly average would be MA-7, that isy[n] = (1=7) ﬁ;o x[n  Kk]. MA-Iter can be
also noncausal (not real-time), e.gy[n] = (1=2) (x[n+1]+ x[n]), if needed. MA- Iter can
even be implemented in a recursive manner, which can make qurtation much lighter,
see Smith: DSPguide, Ch. 15, p. 288 Border e ects occuring in start and end have to
be dealt with in an appropriate way.
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22. Problem: Compute an average temperature by adding half of temperateitoday and half
of average temperature yesterday. Use the same daily temptrre data as in Problem 21:

[July [ Ist] 2nd [ 3rd ] 4th | 5th | 6th | 7th |
[[C [ 12] 16] 15] 22| 20| 24| 23|

[LO287] Solution: Take a new sample and the last computed output value, sum them
together, divide by two, and go on to the following point. Thepurpose of averaging is to
suppress quick changes, possibly noise, in the signal.

In order to compute the average temperature on 3rd July, we ka temperature of 3rd
and the avarage of 2nd, and compute mean of them as shown beloBorders have to be
dealt with in appropriate way.

Ist| 2nd | 3rd | 4th | 5th | 6th | 7th
n] 12| 16| 15| 22| 20| 24| 23
n 1] 6| 11 13| 175 | 188 | 21:4 | 222
nj 6| 11| 13|175| 188|214 | 222 | 111

Now the averaging process can be thought as a ltering opeian:

y[n] = w = f6; 11, 13 17:5; 188; 21:4; 222; 111; 56; :::

This corresponds a LTI system with the in nite-lengthimpulse response
h[n]=0:5 05" [n]= f0O5 0:25 0:125 :::g
and the frequency responsésee, e.g., Problem 42 and 55)

0:5

HE)= T ose7

The corresponding ow (block) diagram is plotted in Figure 31. In this case there exists
a feedback loop { the lter type is now IIR (in nite impulse response, IIR), whereas
Problem 21 shows an example of the other type FIR.

R HE") =05/(1-05e7")

0204 06 08
nom. angular freq.w ( p)

Figure 31: Problem 21: (a) Flow (block) diagram of the lter. Input x[n] is ltered by the
systemh[n], which is dashed and includes everything between input amaitput, and the output
is y[n]. The system includes a feedback loop which is equivalentahthe system is IIR. (b)
Magnitude responsgH (€' )j of an IR lter. It can be seen that it is a lowpass  Iter.
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23. Problem: Express the input-output relations of the discrete-time sstems in Figure 32.

cos(w n)

©

Figure 32: Discrete-time systems for Problems 23, 27, and.28

[LO244]Solution: In this problem there are several types of discrete-time dgsns. Notice
that the scope of this course is LTI systems (linear and timewariant). LTI systems are
very easy to detect, they are relatively simple but very usef. In this course the system
input x[n] and output y[n] are 1-dimensional except some examples with pictures (2D)
For LTI-systems the input-output relation can be written with a di erence equation or a
set of di erence equations.

There are some basic operations on sequences (signals) stmite-time systemsx refers
to input to the system / operation, y output) shown also in Figure 33:

sum of signals (sequencegIn] = xi[n] + xz[n]

signal multiplication (by constant) y[n] = ax[n]

delay or advance of signay[n] = x[n K]

product of signals, modulator (non-LTI systems)y[n] = xi[n] Xz[n]

branch / pick-o node yi[n] = x[n], y2[n] = x[n]

-1
x[n] x[n] Da ax[n] x[n] @ xX[n-1] x4[n] X0 % [l
Mx—llﬁ]ﬂz[n] Al Xin-1] M xIn]

(@) (b) (©) (d) (e)
Figure 33: Problem 23: Basic operations in discrete-time stgms.

Now we analyze the systems depicted in Figure 32.
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a) Dierence equation: y[n] = x[n] 2x[n 1]+ x[n 2]. LTI-lter, type FIR (see
Problem 24).

b) The memory registers / unit delays are often drawn eitherD" (delay) or\z * (refers
to a delay in z-transform). Note that the output is fed back inthe loop. The left
part of the Iter is the same as (a). The sequence right aftertte second summing on
top line is y[n] which goes both to the output and down to feedback loop. Thefore
the terms coming into the last summing unit arex[n] 2x[n 1]+ x[n 2] from left
and y[n 1] from the loop. The di erence equation is

y[n]=2y[n 1]+x[n] 2x[n 1]+ x[n 2]
The system is LTI and type IIR (see Problem 24).
Input signal x[n] is multiplied by a sequence co&f ) (not a constant). This operation
is called modulation and is not LTI. The relation can be writen as
y[n] = x[n] cos(n)

This is so called lattice structure Mitra 2Ed Sec. 6 / 3Ed Sec. §. In order to get
relationship betweenx[n] and y[n] temporary variables are used after each summing
unit. In this case, there is one temporary variablev[n], and the set of di erence
equations is

v[n] = x[n]+avin 1]

yln] = bvn]+cvin 1]
The temporary variable v[n] can be simplied away, but it is easier to determine

the transfer function H (z) in frequency domain and then apply inverse-transform,
which is discussed later. The system is LTI and IIR (see Prafih 24).

Remark. The simplied di erence equation for the system in (d) can bereceived by
eliminating all temporary v[n] sequences:
x[n] = v[n] avn 1] | xon left side
y[n] = bvn]+cvin 1] j yon left side
bxin] = byvin] + abyn 1] j y[n] bxn] cancelsv[n]
ay[n 1] = abyvyn 1] acvin 2]
cxn 1] = cvin 1]+acvn 2] jallvin 1] v[n 2] cancelled
which nally gives y[n] = ay[n 1]+ bxn]+ cx[n 1].
The discrete-time system does some computation for sequiescof numbers. Therefore it
is straightforward to write down a computer program, e.g. ifa),
x1:=0; x2 := 0;
while TRUE {
X2 = x1;
x1 = x0;
x0 := read_next_input(input_stream);
= x0 - 2*%x1 + x2;
write_output(output_stream, y);
}
or if all samples are known in advance and written in vectox,
for (k = 2; k <= length(x); k++) {
yIk] = x[K] - 2*x[k-1] + x[k-2];
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24. Problem: Look at the ow (block) diagrams in Figure 34.

x[n] [:1/2 f ynl
1l

iv

Figure 34: Flow diagrams of Problem 24.

a) What does LTI mean? In what ways can the system be proved (Bolem 25) or
shown to be LTI?

b) Which systems are linear and time-invariant (LTI) without any computation?

c) Which systems have feedback?

d) Which LTI systems are FIR and which are IIR?

[LO245]Solution:  In this problem we try to recognise LTI systems by their layou

a) LTI = linear AND time-invariant (=shift-invariant) syst em. These two properties
belong to a system not to a signal. Other system properties e, e.g. stability,
causality, or if it needs memory or if it can be inverted.

See Problem 25 for mathematical proofs.
Recognition of LTI systems from the ow (block) diagrams: tlere are only (1) sums
of signals, (2) multiplication by a contant, (3) delays or adtances. The components
were introduced in Problem 23, see Figure 33 at page 40.
LTI systems can be represented with a linear constant coe ent di erence (or dif-
ferential in case of analog system) equation

X

deyln k= pex[n K]
k k
wheref dyg apsif p.gare constants. Often in practice, we use causal nite-dimsional
LTI systems 1 cdkyln kl= 1 pxin k], where the order of the system is
given by max N; M g (Mitra 2Ed Sec. 2.6.0 / 3Ed Sec. 2.7.Q. If the system cannot
be written in the format above, it is not a (causal) LTI system
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b) LTI? Only summing, delays, ampli cations by constants. {) Yes, (ii) Yes, (iii) Yes,
(iv) No, adding a constant, (v) Yes.

c) Feedback means that some of the output (or internal) valigeare fed back in the
system. Computation can be said to be recursive or iterativeThere are loops in (i),
(ii), (ii), and (v).

d) FIR = Finite (length) Impulse Response. IIR = In nite (len gth) Impulse Response.
If the system has a feedback loop somewhere in the structuiejs also IR at the
same time. The output value is computed using older output Vaes, i.e. there is
recursion. This can be seen that there are also terrgfn k], k 6 0, in the di erence
equation.

If there is no loop and computation ows forward all the time,then the system is
FIR. This can be seen that there is only the terny[n] in the left side of the di erence
equation above.

FIR: (iv) has an impulse response of nite length but it is notLTI. 1IR: (i), (ii), (iii),
and (v) have in nite (length) impulse response because ofddback loops.

T-61.3010 DSP 2009 44 /170 PROBLEMS { Part C 19-35

25. Problem:  For each the following discrete-time systems, determine wther or not the
system is (1) linear, (2) causal, (3) stable, and (4) shiftavariant. The sequences[n] and
y[n] are the input and output sequences of the system.

a) y[n] = Xa[nk
b) y[n]= + f= ,X[n 1], isanonzero constant,
c) y[n]= x [ n], isanonzero constant.

[L0238] Solution:  Properties of the discrete-time system, seéviftra 2Ed Sec. 2.4.1,
2.5.3,25.4/3Ed Sec. 2.4.2,25.3,, 251
Linearity:
If y1[n] and y,[n] are the responses to the input sequences[n] and x[n], respectively,
then for an input

x[n] = x 4[n]+ x2[n];

the response is given by
ylnl= yanl+ y[n:

Figure 35: Linearity. If the linear combinationy, of outputs of x; and x, is the same as the
output y; of the linear combination of inputs, then the systenS is linear.

Linear systems o er possibility to usesuperposition that is, a signal can be divided to
small portions, processed individually, and summed back.

Remark. When considering a constant-coe cient di erence equatiorlike y[n] +0:5y[n

1] = x[n] +0:5x[n 1] the system isnot linear, if the initial conditions are not zero, i.e.,
y[ 1]6 0. When initial values are zero, the system is said to be in s& See Mitra 2Ed
Ex. 2.30, p. 92 / 3Ed Ex. 2.37, p. 93.

Causality:
The no-th output sample y[no] depends only on previous output values and input samples
x[n] for n no, and does not depend on input samples far > n,. In case of a LTI
system, the system is causal if and only if impulse responkfn] = 0 for all n < 0. In
other words, if the system does not predict anything, it is assal.
Stability:
Bounded input, bounded output (BIBO) stability: If a bounded input (B is a nite
constant)

x[nj<Byx<1; 8n

produces a bounded outputB, is a nite constant)
jylni<By<1; 8n

as a response then the system is BIBO stable (see f@) and (b)Rage 45 for details). In
case of LTI-system, the system is stable if and only if '_, jh[n]j< 1 .
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Time/Shift-invariance:
If y1[n] is the response to an input;[n], then the response to an input

X[n] = xa[n no]
is simply
y[nl = yin  no];
whereng is any positive or negative integer.
Dy S
Xy X5 = X4 [n-K] \_1 Yo

Xy 2 \_1 Yo=Y, [Nk

Figure 36: Time invariance. If the outputy, of delayed input is the same as delayed outpyt,,
then the systemS is time-invariant.

a) y[n] = x°[n].
Take inputs x4[n] and x;[n], the outputs are theny;[n
Now the linear combination of the input signals is<s[n
output is

x3[n] and yz[n] = x3[n].
x 1[n] + x 2[n] and the

yalnl = ( x a[n]+ x2[nD®6 x 3[n]+ x3[nl= yan]+ ylnl:

Hence the system isiot linear .
Since there is no output before the input hence the system é¢ausal.
The system isstable : Assumejx[n]j < By, then

jyInli = ix°[nli j xli*<BZ=By<1:

The system istime-invariant : Assume inputx;[n] and output y;[n], then response
of input x[n] = x1[n  no] is

yinl=(xD* = (xaln - noD)* = yaln - ngl

P ’
ylnl= + 2 ,xIn 1], isa nonzero constant.
Use linear combination x 1[n] + x »[n] as the input

x
yaln] = (xa[n 11+ x2n 1))

x2
xi[n 11+0:5 + Xa[n 1]
I= 2 1= 2
X2 x2
+ xin 1]+ + Xz[n 1]
1= 2 I= 2

= yanl+ yoan);

where and are not xed. The system is hencenonlinear .
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The system isnot causal , because there can be output before input, wheh2
[ 25 1]
System isstable : Assume bounded inpufx[n]j < B «, then

jylni=j + x[n 1 j j+ jx[n 1i<jj+5Bx=By<1
1= 2 1= 2
The system is alsotime-invariant : Assume input x;[n] and output y;[n], then
response of inputx[n] = x1[n  ng] is
xR
yln]= + xi[n no] = yiln  nol:
1= 2

y[n]= x [ n], isanonzero constant.
The system islinear , stable and noncausal .
Assume inputsx,[n],x[n] and outputs yi[n], y[n] , respectively, then

ylnl = x[ n
viln] = x4 nl:

Let x[n] = x4[n  ng], then

ylnl = x[ nl= x4 n ng
6 xafno nl= x4 (N nol=yin ng

and the system isnot time-invariant
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26. Problem: A LTI system with an input x;[n] = f1; 1; 1g gives an outputy,[n] =
f0; 2; 5; 5; 3g. If a new input is xz[n] = f1; 3; 3; 2g, what is the output y,[n]?

[LO281] Solution:  While the LTI system is both linear (L) and time-invariant (T I) we
can apply superposition Now x,[n] can be synthesized as a sum of originai[n] and a
shifted and scaled £;[n 1]

xz[n] = xq[n]+2x3[n  1]=1f1 1 19+ f0; 2, 2, 29=f1; 3, 3, 29

Because of LTI, the outputy,[n] is also a sum of original,[n] and a shifted and scaled
2yi[n 1], as shown in Figure 37

yoln] = yaln] + 2ya[n - 1] =0; 2, 5, 5, 3g+ 0, 0; 4 10; 10, 69 = f0; 2; 9; 15 13, 69

999

0 2

n

LI,

n

o 119

0 2

©
6
n

Figure 37: Problem 26: Left column: sequences[n], 2x;[n 1], andx,[n] = xi[n]+2x,[n 1].
Right column: sequenceg;[n], 2y;[n 1], andy,[n] = yi[n] + 2y,[n  1]. This holds for linear
and time-invariant (LTI) systems.

Remark. A standard way to solve this problem is to compute deconvolign of x;[n] and
yi[n], and then apply the result to the new inputx,[n]. See Problem 32.

If we know how the LTI system modi epan impulse [n] into an output y[n] = h[n], we
can build an arbitrary synthesisx[n] = =, x[k] [n k] and receive the outputy[n] by
convolving x[n] and h[n]. See Problem 27 or§mith: DSPguide, Ch. 5, p. 98{99.

Notice that a synthesis signak[n] can be decomposed in several ways. For example, the
synthesis of 15+25 is always 40, but 40 can be decomposed to3B+ 1+41, 20+20, etc.

In case of signals, Fourier analysis (decomposition) or Foer synthesis (inverse Fourier)

is applied.
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27. Problem: Impulse responséi[n] is the response of the system to the input[n].

a) What is the impulse response of the system in Figure 32(a)¥hat is the connection
to the di erence equation? Is this LTI system stable/causat

b) What are the rst ve values of impulse response of the sysim in Figure 32(b)?
Hint: Fetch the input [n] and read what comes out. Is it possible to say something
about stability or causality of the system?

c) What are the rst ve values of impulse response of the sysm in Figure 32(d)?

[LO237]Solution: Impulse responsé[n] is the response of the system to the input[n].

Any discrete-time Impulse response
1 1
Impulse [n] ! system ! hi[n]

Here hi[n] may get di erent values at di erent moments. However, a disrete-time LTI
(linear and time-invariant) has only oneh[n] which speci es the system completelyNitra
2Ed Sec. 2.5.1/ 3Ed Sec. 2.5.1

Impulse [n] , Discrete-time || (unambiguous)
P : LTI system h[n] |~  Impulse responsé[n]
For a LTI system (see Problems 24 and 25) thstability condition is
jhin)j< 1

n=1

and the causality condition
h[n] =0; 8n<0

If the impulse responseh[n] is known for a LTI system, then the outputy[n] can be
computed for any inputx[n] by convolution.

Discrete-time Output sequencey[n]
Input sequencex[n] ! LTI system h[n] ! y[n] = h[n]~ x[n]

a) Dierence equation of the system ig/[n] = x[n] 2x[n 1]+ x[n 2]. Let the input
be [n] and read what comes out.
n 2x[n 1] | x[n 2]{yln]=x[n] 2x[n 1]+x[n 2]
0

0
0 0
0 1

2

X
0
0
1
0
0
0

0
0

0o |o
Kz}
[n]
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The impulse response is
hin]= [n] 2[n 1]+ [n 2]

The length Lf:g of the impulse response is niteL.fh[n]g=3 < 1 . So, the lteris

FIR ( nite (length) impulse response).

Notice that in case of FIR Iter (no feedbacks, ow always gaig forward), the

impulse response can be easily gotten from the corresporglidi erence equation

just by replacingy by h and eachx by (Mitra 2Ed Sec. 2.5.1 / 3Ed Sec. 2.5.).

In case of IIR, this leads to a recursive computation df[n].

All FIR systems are always stable because the length, of imsel response is nite,
d therefore also the sum of absolute values is nite:  jh[n]j < 1, in this case
Nihn)j=1+2+1=4 <1.

This FIR system is causal whilen[n] = 0 for all n < 0. In the di erence equation

there is no future terms &[n + k], k > 0) in right side of equation.

There is a feedback in the Iter whose di erence equationsi
y[n]=2y[n 1]+ x[n] 2x[n 1]+ x[n 2]

The impulse reponse is the response for impulse, so just feedlelta function in
and read what comes out. The initial valuey[ 1] is by default zero. Ify[ 1] were
non-zero, the system would not be linear, i.e., not LTINlitra 2Ed Sec. 2.4.1 / 3Ed
Sec. 2.4.2.

yln]=2y[n 1]+ x[n]

[n] 2x[n 1] 1] 2x[n  1]+2y[n 1]

=

2]

2y|
0
0
0
2
0
2
4

[=NeNeNe Nl leNalp
OO O0Or OO0O0OoOX

Iz} Iz}
In] hin]

Computing values in the right-most column is equivalent to aecursive f[n 1]

needed forh[n]) expression

hin]=2h[n 1]+ [n] 2[n 1]+ [n 2]

which is found by replacing eachy by h and eachx by . Because of the loop,
Lfh[n]g= 1 , which corresponds IIR lter (in nite (length) impulse response).

The system is clearly causal becaudgn] = 0 for all n < 0. From the di erence
equation we see that in order to computg[n] we need only present and past values
of x and past values ofy. Hence, the system does not \predict" anything.

The system does not seem to be stable, while the output starsowing 1, 2; 4; :::
without bound. The stability of IR systems has to be checkeévery time, and there
will be easy tools for that later (poles oH (z) inside the unit circle).

The impulse response can be expressed in a closed form frora thansfer func-
tion H(z) by inverse z-transform (discussed later). From the sequench[n] =
f1, 0; 1, 2; 4;:::9 we can guess that the closed form equation (one possible ex-
pression) ish[n] = [n]+2" 2 [n 2]
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c) A set of di erence equations can be written,

v[n] = x[n]+av[n 1]
y[n] = bvn]+cvin 1]

Just like in (b), the columns for temporary values are competd, and nally the rst
values of the impulse response are

h[n] = fb ba+ c; b& + ca; bd + ca?; bd + ca;:::g

from which it can be guessed that the closed form representat for the impulse

response ih[n] = bd' [n]+ca * [n 1]

Di erence equation betweenx and y has been computed in Problem 23(d). It can
be derived even easier when utilizing-transform and removing temporary variable
v in transform domain. See an example in Problem 64.
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28. Problem: Step responses[n] is the response of the system to the input[n]. What are
the step responses of systems in Figures 32(a) and (b)?

[LO273]Solution: Unit step response, or shortlystep responses[n] is the response of the
system to the input [n] (Mitra 2Ed Sec. 2.4.2 / 3Ed Sec. 2.4.3. Step response can be
computed easily from the impulse responggn] by cumulative sum (accumulator)

x
s[n] = hik]

k=1

Now, in (a) the impulse response iB[n]= [n] 2 [n 1]+ [n 2], and the step response
is

sln]=f:::;0;0;1, 1,0;0;:::9
which can be also seen by feeding ones to the input and readthg output. The steady-
state response Nlitra 2Ed Sec. 4.2.3 / 3Ed Sec. 3.8.5 converges quickly to zero.
In (b) the impulse response divergeb[n] = [n]+ [n 2]+2 [n 3]+4 [n 4]+::;,
as well as the step response

s[n]=1f:::;0;0;1,1;2;4,8;:::g
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29. Problem: Compute the linear convolution of two signals(t) and x(t)
z 1
y(t) = xa(t) ~ x2(t) = x1( ) Xt )d
1

in both cases (a) and (b) in Figure 38. The arrows in (b) are imgses (t).

x2(t) 3 x1(t) x2(t)
2 2 2
1 1 1
{ 0 2 4

4 t 1o 12t t -10 12t
Figure 38: Problem 29: signalx,(t) and x,(t) to be convolved, left: (a), right: (b).

[LO272]Solution: Continuous-time  linear convolution of two signalsx;(t) and x,(t) is
de ned by zZ,

() = xa(t) ~ xo(t) = . Xi() xo(t  )d

You can see an example of graphical convolution in Java appie URL http://www.jhu.
edu/~signals/convolve/index.html . Sketch the signalsx,(t) and x(t) of Figure 38
into the boxes. The other signal is ipped around. When slidig the ipped signal to
right over the other signal, the integral of the product is commputed. At certain point to
the integral gives the convolution outputy(to).

The results of (a) can be seen in Figure 39(a). In (b) the arraware impulses (t) which
are signals having the area of unity and being in nitely narow, i.e. the height in in nite.
Convolving a signal with an impulse (t) can be considered as copying the signal at each
place where impulse lies, see Figure 39(b).

y(t) YO
2 2
1
0 2 4 t

0 2 4 t

Figure 39: Problem 29: convolution resultg(t), left: (a), right: (b).

Remark. The continuous-time convolution contains the product of tw signals and taking
integral of the product. In practice, the convolution can seom be computed in closed
form. However, in (a) the signals are

3; 1 t< 4
xi(t) = :

0; elsewhere

2 2, 0 t<1

Xo(t
20 0; elsewhere

&he ipped signal is x(t ) =2 2t+2 , and the convolution integral isy(t) =
X1() ot )d . The convolution can be computed in ve cases when sliding,
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from left to right: (1) t< 1, product of signals is zero, (2) 1<t< 0, X, \penetrating", 30. Problem:  Linear convolution of two sequences is de ned adftra 2Ed Eq. 2.64a, p.
(3) 0<t< 4,\stable"case, (4) 4<t< 5, x,\leaving", (5) t> 5, again zero. 72/ 3Ed Eq. 2.73a, p. 79
zZ »
y(t) @ 0 (@2 2t+2)d =0; t< 1 y[n] = h[n] ~ x[n] = x[n] ~ h[n] = x[klh[n K]
le k=1
y(t)@) 13 (2 2+2)d =3 3% 1 t<0 a) Computex[n] ~ h[n], when
Z x[n]= []+ [0 1], andh[n]= [n]+ [0 1].
y(t)@ 2t+2 )d =3; 0 t<4 What is the length of the convolution result?
b) Compute x4[n] ~ X,[n], when
V()@ 2t+2 )d =3t 30+75 4 t<5 xih]= [n]+5 [n 1], andxy[n]= [0 1]+2[n 2] [0 3] 5[n 4]
What is the length of the convolution result? Where does theutput sequence start?
y(t)e) 2A+2)d =0; t 5 ¢) Compute h[n] ~ x[n], when
h[n] =0:5" [n], andx[n]= [n]+2 [n 1] [n 2]
What is the length of the convolution result?

x4t 5 %) [LO239]Solution: Discrete-time  linear convolution of two sequence$[n] and x[n] is

/
A

X
2 4 6 B y[n] = h[n]~ x[n] = hlk]x[n K]

=19 k=1

x,(t) The convolution is an operation for two sequencesViftra 2Ed Sec. 2.5.1, p. 71 / 3Ed
Sec. 2.5.1, 2.5.2, p. 78 There are several ways to get the convolution result. Fits
in (a) the convolution is considered as ltering, the other squence is the input and the
other is the inpulse response of the system, and the convabn result is the output of
the system. Second, in (b) a graphical way of inverting andiding the sequences over
each other is represented. In (c) the convolution is considel as a sum of shifted and
scaled sequences, \tabular method" inMitra 3Ed Sec. 2.5.2. However, even if three
ways are introduced separately, they all rely on the same (drsimple) de nition of the
convolution.

xft-t) Y 12

2

When computing discrete-time convolutiory[n] = x[n] ~ h[n], it is nice know a couple of
rules. LetLf:g be a length of a sequence, e.g[n] = f3;2,0;5; 2g, then Lfx[n]g=>5.
Because LTl-system is shift-invariant, the starting pointof the convolution result can be

determined as a sum of starting points of the convolved sequates. LetAf:g be the index
number of the rst non-zero element, e.g.Afx[n]g= 1.

It is easily seen that for the convolution resulty[n] it holds

Lfylnlg = Lfx[n]g+ Lfh[n]g 1
Afy[nlg = Afx[n]g+ Afh[n]lg

Figure 40: Remark of Problem 29: Detailed example of contious convolution. Five gures There are also some nice convolution demos in Internet, e.dhttp://www.jhu.edu/
represent examples of(t)), i = 1:::5, as given in equations above. The shaded areas depict ~signals/discreteconv2/index.html

the integrand X;( ) Xo(t ) in the corresponding range. Note that they are not in scaleni
second and third gure, the peak should be at 6. a) Consider convolution as lItering with the input sequencex[n] = [n]+ [n 1] =
f1; 1g, and the impulse responsén] = [n]+ [n 1] = f1; 1g, of the system.
The corresponding di erence equation iy[n] = x[n] + x[n 1], that is, the output
is just the sum of the present and previous value in the input(You can draw the
ow (block) diagram for the system and verify the computatian.)
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[n] X 1] | y[n] = x[n] + x[n 1] x[n}=x, [n] * x,[n], method "inverse&slide”
0 0+0=0 5
0 1+0=1 _ T
1 1+41=2 =0 Q

1 x
0

0+1=1
0+0=0
4 0 0+0=0
So, the resultisx[n]~ h[n] = f1; 2; 1g= [n]+2 [n 1]+ [n 2], and the length is
Lfy[n]g = 3. The starting point can be checked:Afy[n]g = Afx[n]g+ Afh[n]g=0.

X
0
1
1
0
0
0

b) Another way (on-line) is computing output values at eachime momentn. Graphi-
cally this meansinverting (ipping around) the other sequence sliding it over the
other, and computing the output value as a dot sum. This is atsillustrated with
gures in (Mitra 2Ed Ex. 2.24, p. 73-75/ 3Ed Ex. 2.26, p. 80-83.

Now whenx;[n] = [n]+5 [n 1] andx,[n] = [n 1]+2[n 2] [n 3] 5[n 4]
thenLfx[n]g=2+4 1=5andAfx[n]g=0+1=1. Therefore we know that the
convolution result is of formx[n] = a; [n 1]+a [n 2]+a [n 3]+as [n
4]+as [n 5]

X
n=1: x[1] x1[K]x2[1 K] Figure 41: Problem 30(b): Linear convolution using \invertand slide". Caption from the step
k=1 n =3, i.e. computing the valuex[3] = 9. See the text for more details. There is a demo Matlab
0+ + +0 i ion i
( ﬁl;c}] riJ(zl_%]) (ﬁ?}] ritz_]}]) program linconv.m to demonstrate the computation in the course web pages.

1 Now, h[n] =0:5" [n], andx[n] = [n]+2 [n 1] [n 2], in other wordsx[0] = 1,

x[1] = 2, x[2] = 1, and x[n] = O, elsewhere. The division into three parts on
x1[K]x2[2 K] third line emphasizes the fact that a scalax[k] is zero with all values ofk except
k=1 k=10; 1; 2g.
= 0+(xa[0] x2[2 O] +(xa[1] x2[2 1))+0
2+( 5)= 3
yIn] x[n] ~ hn]
. x1[K]x2[3 K] Xhin K]

= 0+(xl0] %[3 O)+(xif] x2[3 1])+0 ol

x »
1+10=9 x[Khin  kl+  x[Kh[n kJ+  xKhin K]
x[4] 5+( 5)= 10 =1 ” k=0 k=
x[5] 25 0+  xklh[n K+0

k=0
r&?] r[n{Z C}]+x[l]h[n 1]+ x[2lh[n 2]
The procedure is represented stepwise, and step= 3 is shown also in Figure 41. scalingshifted seq.
In the top line of the gure there is the sequencexy[k] = f:::;0;1,5;0;:::g, in the 1 hn]+2 hin 1] 1 h[n 2]
second line the shifted and inverted sequeneg[n  k]. It slides from left to right .en en 1 = 2
whenn increases, and an = 3 itis x[8 k] = f:::;0; 5 1;2; 1;0;:::g. The 0:5 [n].+2 08 .[nn 1 08 4[n 2 .
point-wise product of sequences in top rows is shown in theitt line: = M+25n 1+05" [n 2] j altematively
fxi[KIx2[3 Klg=f:::;0;0 5);1 1);5 2,0 1);0;::.g=f 1, 10g. . .
Thle[c] 2[\/0Ivecligvaluex[3] is “ge s)um éf va?lues in th(e th)ird rovs' L1 It can be seen that values ok[n] were scaling factors and sequent¢gn] was shifted
x[3] :qg 1 xalkpo[3 K= 1+10=9 : each time. While convolution is commutative X;[n]~ x2[n] = X[n]~ x1[n]), one can
In the boéfolm line there is the result forn 3, and n = 3 underlined, and results compute the same using values ¢1ln] as scaling factors and shiftin[n]. The pro-
for n > 3 are to be computed ! ! cedure is depicted in Figure 42. While the length of the othesequence is in nitive,

. . so is also the length of the convolution.
c) The convolution can be computedas a sum of shifted and scaled sequences .
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y[n] = x[n] * h[n], method "scale&shift"

1--050.25 0.0625
T 0.1250.03125
? o

X[0] xh[n-0]

0

X[1] xh[n-1]

Figure 43: Problem 31: Flow diagram.

X[2] *h[n-2]

b) Using values ofh[n] = [n 1] [n 2] as scaling factors

x[n] * h[n]

y[n] = h[n]~ x[n]
2 025 0125 ****

®
2 1 hlkx[n k]

Figure 42: Problem 30(c): Linear convolution using \scalednd shifted sequences". Top line:
x[0] h[n 0] =0:5" [n], second:x[1] h[n 1]=2 05" * [n 1], third: x[2] h[n 2]=
1 05" 2 [n 2], bottom: convolution result, sum of sequences above.

x
h[KIx[n K]
k=1
1 2Mn 1+3 [N 3) 1 2[n 2]+3[n 4)

31. Problem: Consider a LTI-system with impulse responsk[n]= [n 1] [n 2] and =2bh 1 2 2+30 3 3 4

input sequencex[n] =2 [n]+3 [n 2.
a) What is the length of convolution ofh[n] and x[n] (without computing convolution
itself)? Which index n is the rst one having a non-zero item?
b) Compute convolutiony[n] = h[n] ~ x[n]
c) Consider polynomialsS(x) = 2+3x? and T(x) = x x2. Compute the product
U(x) = S(x) T(x)
d) Check the result by computing the polynomial divisionT (x) = U(x)=S(x).

[LO246] Solution:  An important rule of thumb for nding length Lf:g of the linear
convolution (di erent from circular convolution):

y[n] = h[n]~ x[n] ! Lfy[n]g= Lfh[n]g+ Lfx[n]g 1
The index of the rst non-zero item Af:g for nite sequences:
y[n] = h[n]~ x[n] ! Afy[n]g= Afh[n]g+ Afx[n]g
In this case,h[n]= [n 1] [n 2], which is drawn as a ow diagram in Figure 43.

a) Lfh[n]g = 2; Lfx[n]g = 3 ! Lfy[n]g = 4. Becauseh|n] is delayed by one
(dn = +1) and x[n] starts from the origo (dx = 0), also their convolution is delayed
by one: Afh[n]g=1; Afx[nl]g=0 ! Afy[n]g=1.

Now we know that the result is of form:

yin]=a [n 1+a [n 2]+as[n 3]+as[n 4]

) U(X) = S(x) T(x)=(@2+3x3) (x x?) =2x 2%+3x® 3x* Notice the
correspondence with the result of (b), the delay is the powef x (z *in z-transform).
d) Using long division Mitra 2Ed Ex. 3.35 / 3Ed Ex. 6.19). The polynomials are
U(x)=2x 2x2+3x3 3x*and S(x) =2+3x?,
X2 +Xx
3x2+2  3x*+3x3 % +2x
3x* +2x2
3x3 +2X
3x° 2x
0
We get the resultx  x? as expectedi[n]= [n 1] [n 2]). Convolution and

deconvolution operations can be computed using products éulivisions of polyno-
mials.
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32. Problem: The impulse responsé[n] of a LTI system is known to beh;[n] = [n]

[N 2]. Itis connected in cascade (series) with another LTI syst h, as shown in

Figure 44.
A g | e g P

Figure 44: The cascade system of Problem 32.

Compute the impulse responsk;[n], when it is known that the impulse responsé[n] of
the whole system is shown in Table 6 below.

Table 6: Impulse response of the cascade system in Problem 32

[LO241] Solution: There are three subsystems connected in cascade (serieshey are
all linear and time-invariant (LTI). The overall impulse response of the whole system is
therefore

hin] = (hy[n]~ ha[n]) ~ ha[n]

h[n] = (hy[n]~ ha[n]) ~ hz[n]
n+5 [ 1]+9[n 2]+7 [n 3]+2[n 4]
f1 59729

Notice that h[n] and h;[n] are known but hy[n] is unknown. If one of the signals to
be convolved is unknown and the convolution result is knowrthe operation to nd the
unknown is called deconvolution inverse operation of convolution. The procedure of
deconvolution is basically the same as that with convolutim If polynomial products are
used, then the operation is polynomial divisioH »(x) = H (x)=(H1(x)H1(x)).

First, compute hy;[n] = hy[n]~ hy[n], with hy[n] = [n]+ [n 1], orhy[0] =1, hy[1] =1,

hu[n] = hy[n]~ hyfn]
Xl
hy[k]hy[n K]
k=1
= [n+2[n 1]+ [n 2]
Second, compute the length (heref:g) of hy[n]. While Lfh[n]g =25, Lfhy[n]g =3, and
Lfh[n]g= Lfhyu[n]g+ Lfhy[n]g 1, the result isLfh,[n]g=3.

The index of the rst non-zero element (heréAf :g) is Afhy[n]g= Afh[n]g Afhy[n]g =
0 0=0. Therefore the unknown sequence can be written as

hynl=an]+b[n 1]+c[n 2]

T-61.3010 DSP 2009 60 /170

PROBLEMS { Part C 19-35

Third, compute the convolution, and solve the unknown conants a, b, and c.
hin] = hy[n]~ hy[n]
Xt x
hy[klhz[n k= hylklho[n K]
k=1 k=0
hu[0] ha[n O]+ hua[1] hp[n 1]+ hyy[2] ho[n 2]
ho[n  0]+2hyn 1]+ hy[n 2]
(a[n]+b[n 1]+c[n 2])
+2(a[n 1]+b[n 2]+c[n 3]
+a[n 2]J+b[n 3]+c[n 4])
= a[n]+(b+2a) [n 1]+(c+2b+a) [n 2]+(2c+b [n 3]+c[n 4]
= [n]+5[n 1]+9[n 2]+7 [n 3]+2[n 4] j h[n] is known
The comparison between the last two lines from left gives = 1, then (b+2 1)=5)
b=3,then (c+2 3+1)=9 ) c=2, and also the rest values hold. In the end, the
result is
hy[n]= [n]+3 [n 1]+2 [n 2]
which can be ensured by convolution.
Remark. The last convolution can be written easily in a visual way usig \tabular
method" (Mitra 2Ed Sec. -, p. - / 3Ed Sec. 2.5.2, p. 83{85.
Recall that h[n] = §:0 hyi[klho[n K], wherehys[n] = f1; 2; 1g, hy[n] = fa; b; @, and
hin]=f1; 5, 9; 7; 29. Write down the sum into a table
n: 1 0 1 2 3 4 5
h11[0] 0 a b c 0 0 0 ha[n]
hya[1] 0 0 a b c 0 0 holn 1]
+  hyf2] 0 0 0 a b c 0 hyln 2]
= h[n]= h[ 1] | h[0] | h[1] | h[2] | h[3] | h[4] | h[5]
Now, inserting all known values, and multiplyingh;1[k] scaling factors in, we get
n: 101 |2 4|5
alb |c ofo0
Of2a|2b ofo
+ 0|0 |a c|0
= h[n]= 0 (1|5 |9 2|0
We can start either from left-most non-zero column (or fromight-most) to solve unknown
values. First, we nd out that in the column at n = 0 there isa+ 0+ 0 = 1, from which
we geta=1:

3 4|5
0 (0[O0
2c(0|0
c|0
2|0
0=5

o

b
7
b+2+
3

4
0|0
2c| 0
c
2

+
= h[nl=
The next column ive:

, from which b=3:

3
7

Ok o o|N 0ok N O|N
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The next column atn = 2 givesc+6+1 =9, from which c=2:
n| 1 1/2[3[4]|5

2/0/0]|0

6/4|/0|0

1 0

9

0
1
0
0

+ 3(2
= h[n]= 0 |1 7/2|0
Because everything holds, the deconvolution result is

hyn]= [n]+3 [n 1]+2 [n 2]
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33. Problem: LTI systems are commutative, distributive and associative Determine the
expression for the impulse response of each of the LTI syseshown in Figure 45.

Figure 45: LTI systems in Problem 33.

[LO242] Solution: Al subsystems are LTI. Therefore we can use sum of impulse-re
sponses for parallel systems and convolution of impulse pesises for cascade systems
(Mitra 2Ed Ex. 2.27 / 3Ed Ex. 2.35).

If any temporary variables are needed, they are probably ktesituated right after the
summing units.

a) We can derive the impulse responsi[n] of the whole system directly, or using a
temporary variable v[n] (easier!?) shown in Figure??. The useful position forv[n]
is after summation.

vin] = (ha[n]~ x[n]) + ((hs[n] ~ hs[n]) ~ x[n])
yIn] = (hz[n]~ v[n]) +(( hs[n] ~ ha[n]) ~ x[n])

= (hz[n]~ h[n]) + (ha[n] ~ hs[n] ~ hs[n]) + (hs[n] ~ han]) ~ x[n]
h[n] = (ha[n]~ ha[n]) + (ha[n] ~ hs[n] ~ hs[n]) + ( hs[n] ~ ha[n])

b) In the same way as in (a).

vIn] = (haln]~ x[n]) + (( ha[n] ~ h[n]) ~ x[n])
y[n] = (hs[n]~ v[n]) +(( ha[n] ~ hs[n]) ~ x[n])

(hs[n] ~ ha[n]) + (ha[n] ~ ha[n] ~ hs[n]) + (ha[n] ~ hs[n]) ~ X[n]
h[n] = (hs[n]~ ha[n]) + (ha[n] ~ hz[n] ~ hs[n]) + (ha[n] ~ hs[n])
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34. Problem: The impulse response of a digital matched Iterh[n], is the time-reversed
replica of the signal to be detectedNlitra 2Ed Sec. 4.14, p. 272 / 3Ed Sec. -, p.): The
time-shift is needed in order to get a causal lter.

The (binary) signal to be detected is given bys[n] = f1;1;1; 1, 1;1; 1g. Consider an
input sequencex[n] which is a periodic sequence repeatirgjn]. Determine h[n] and the
result of Itering y[n] = h[n] ~ x[n].

[L0247] Solution: Matched lter. Let s[n] be a (binary) 7-bit long codeword to be
detected,x[n] an input signal of repeateds[n], and the impulse response of the matched
Iter h[n]=s[ n]:
sin] = f1,1,1, 1, 1,1, 19
x[n] f:i;s[n];sinl;sin];:ig=
f: L4144 L4 115y L LY LLLL L 1L Lg
h[n] st nj=f 1,1, 1, 1,1,%1g

The convolution resulty[n] = h[n] ~ x[n] is shown in Figure 46.

Problem 4. Output of the matched fiter with input to be detected.

THHTD DOITTD TTLNID IO JTTT

0 5 10 15 20 25

Figure 46: Convolution result of the matched Iter and desied sequence in Problem 34.

The signals[n] was chosen so, that the every seventh sample (lengthsjfi]) in output is
high, and all others are low. If the signab[n] were di erent, there would be not so clear
peaks in the convolution result.

Remark. Convolution and cross-correlation have a close connectigMitra 2Ed Eq.
2.106, p. 89 / 3Ed Eq. 2.127, p. 10}

b3
Nylll= yInx[ (I m] =y~ x[ 1]

n=1
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35. Problem:  Determine the autocorrelation sequence of the sequenggn] = " [n]; j j<
1 and show that it is an even sequence. What is the location dfi¢ maximum value of
the autocorrelation sequence?

[LO249]Solution:  Cross-correlation sequencey [I] of two sequences andutocorrelation
sequenca«[l] with lag | =0; 1; 2;:::are de ned in (Mitra 2Ed Sec. 2.7 / 3Ed Sec.
2.9)

b3
Nyl = x[nlyln 1] o] = X[nx[n 1]

xafnlxafn 1]
"t

2n | [n |]

h0 = forl< 0
R e o ; forl 0

Note for the lagl 0, r[l] = 1—‘5 and forl < 0, r[l] = 1—‘5

Replacingl with | in the second expression we gefx[ 1= 4 = ri[l].
Hence,r«[l] is an even function off.

Maximum value of r[I] occurs atl = 0 since ' is a decaying function for increasing
whenj j< 1.

Problem 3. Autocorelaion of xr] =a” ), a = 08

]’!TITTTTVVVOH:A

5 8 1 12

]]ITTTTTVW?GH

5 8 w0 12

Figure 47: ALgocorreIation sequence in Problem 35. Topx[n], middle: x[n 2], bottom:
Dol rc[2] = XIKIx[k 2]
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36. Problem: Compute continuous-time Fourier transform (CTFT) of the fdlowing analog
signals using the de nition
z 1
X()= Xa(t)e I tdt
1

a) xi(t)=e * (1)
b) xa(t)= e 12
c) xa(t) = e 13+ d3

[LO275]Solution: The continuous-time Fourier transform (CTFT) of a continuous-time
signalx,(t) is given by (Mitra 2Ed Eq. -, p. -/ 3Ed Eq. 3.1, p. 118) below. The variable
is the angular frequency =2f 2 R,inrangel < <1.
Z,
Xa(j )= xa(t)e ! ‘dt
1

a) Now xi(t) = e ® (t) 2 R, see Figure 48(a). Note that the unit step function (t)
sets the low border of intergration to zero. See alsdfitra 2Ed Ex. -, p. - / 3Ed
Ex. 3.1, p. 118).

Z, Z, Z,
Xi(G) = xy(tye ! tdt = eel tdt= e G+ gt
1 . 0 0
1. Te@itz -
3+]j o 3+]j
1
3+]j
b) Now x,(t) = e 13 2 C. The signal is complex-valued and runs clock-wise around
unit circle with angular frequency = 3 (rad/s), see Figure 48(b).
z 1 z 1 z 1
Xo(i) = Xa(t)e ! tdt = eldel tgt= e 169 tqt
1 1

=2 (+3)

. : R . .
There is a peak of height 2 at = 3, because (t)a(t)dt = a(t)ji=o. The signal
is complex and therefore the spectrum is not symmetric arodry-axis.

c) Now x3(t) = e 13+ &3 = 2cos(3) 2 R using Euler's formula. There are two peaks
of height 2 at frequencies = 3.

Xa()=2 ( 3+ (+3)
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- [ 10 E 0 -5 0

Figure 48: Problem 36: Top row (a), (b), (c): signalsxi(t), Xo(t), and xs(t), time t in x-
axis. Bottom row (d), (e), (f): corresponding CTFTs, amplitude spectrajX1(j ) j, jX2( ) |,
jXs(j ) j, angular frequency in x-axis. In case of real signalx(t) 2 R the spectrum is
symmetric around y-axis.

37. Problem: Sketch the following signals in time-domain and their (amgtude) spectra in
frequency-domain.

a) x1(t) = cos(2 500t)
b) xo(t) =4cos(2 200t)+2sin(2 300t)
c) xa(t) = e @ 2500) 4 @ (2 2501)

d) xa(t) = xa(t) + Xa(t) + xa(t)

[LO271]Solution: The continuous-time Fourier transform (CTFT) decomposes the sig-
nal to its frequency components. Cosine and exponential fcaion have a close relationship
via Euler's formula:

cos(t)=0:5 (¢ '+el )

Ideally, each real cosine componen (t) = A; cos(2f it+ ;) is a peak at frequencyf; in
an one-sided spectrum or a peak pair at frequencied; and f; in a two-sided spectrum.
So, if the signalx(t) is real-valued, then the two-sided spectrumX (j ) j is symmetric.

The amplitude A; expresses how strong the cosine component is.

a) A pure cosine at 500 Hz. Figure 49(a).
b) A sum of two cosines. Peaks at 200 and 300 Hz. Figure 49(b).

c) Two complex exponentials with the same amplitude and oppite frequencies can be
combined to a cosine using Euler's formula. A peak at 250 Hzidgere 49(c).

d) The sum signal contains all components in time domain as v&s in frequency
domain. Figure 49(d).

Remark. Typically, when computing spectra numerically X[n] instead of x(t)) with
computer, the peaks \spread". There is the of signats[n]  x4(t) in Figure 50, DFT
using N=40 points in (a), and DFT using N=41 points in (b), and both having the
sampling frequencyf s = 2000 Hz. So, in (a) the resolutionf o of the frequency is exactly
50 Hz, whereas in (b) it is 2000 Hz41 = 4878 Hz. The components of the signal are
multiples of 50 Hz (450 = 200, etc.) but not multiples of 4878 Hz. In practice, the former
case is very rare { normally all possible peaks are spread. i$hexample was executed
using the commandfft in Matlab.
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Time Domain Freq. Domain
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0.005 0.01 0.015 200 400
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0.005 0.01 0.015 200 400

0.005 0.01 0.015 0 200 400
time (s) freq. (Hz)

Figure 49: Problem 37: Signals and their one-sided spectt@TFT).

When analyzing spectra in any commercial software, the segpce is rst\cut” with a
window (Hamming, Hanning, Blackman, etc.). Windows and thie e ect on spectra are
discussed later in FIR Iter design.

100 —e DFT X[K] —o DFT X[k]
X141 DTFT X(") X141 DTFT X(e)

80 -
4fD:ZOO Hz 4fﬂ—195.12 H

60 - -
fs=2 kiiz, N=40 fs=2 kHz, N=41

40 fy=fsIN=50 Hz ! f,=fs/N=48.78 Hz

20|
o T 297 ‘H?GQT?«:&om'mnnﬂ s
0

© © ©

200 400 600 800 f(Hz) 0 200 400 600 800 f(Hz)

Figure 50: Remark in Problem 37. Discrete Fourier TransforrfDFT) of the same signal (now
discrete-time x4[n]) as in Figure 49(d): (a) signal components (200, 250, 3000®% Hz) are
multiples of the frequency resolutionf, = 2000 Hz =40, (b) signal components are not any
more multiples offo = 2000 Hz =41. Actually there are only four frequency components in
the signal, but this cannot be observed in (b). Fourier compent X 4[4] is highlighted in both
gures. In (a) its frequency is 4 = 200 Hz, while in (b) it is 4f; 195 Hz. Dashed line is the
result of discrete-time Fourier transform (DTFT) where thefrequency is continuous-valued.
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38. Problem: Compute discrete-time Fourier transform (DTFT) for each ofthe following
sequences using the de nition

_ b3
X(')= x[n]e I
n=1
a) xqfn]= [n 2]
b) x2[n] =0:5" [n]
c) x3[n] = a[n] cos@n), wherea[n] is a real-valued sequence whose DTFT s(e').

[LO258] Solution:  The discrete-time Fourier transform (DTFT) of sequence[n] is de-
ned

. ® )
X (€)= x[n]e I

a) xa[n]= [n

b) Xz[n] = 0:5"

b3
xz[n]e " 0:5" [n]e I
=1
05 e )"
n=0
1
1 05el

c) xa[n] = a[n]cos(gn). Using Euler's formula we can express

coszn) =0:5 g5+ elsn

b3
xs[nle ' = aln] cos(gn)e o
n=1
an] ds"+eis" g ln
n=1
X
0:5 an] e N4 eit*en
n=1

05 A(El )+ A *9)

where A(€' ) is DTFT of a[n]. Signal a[n] is modulated with! = =5. In the
frequency domain the spectruni (€' ) is\copied" (and scaled) at normalized angular
frequencies! = =5. See Problem 39(a) for solving the same problem with the
transform table.
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39. Problem: Consult the transform table and nd the DTFTs of sequences

a) x3[n] = a[n] cos(@2n)

b) x4[n]=0:25" * [n 1]

c) 8
0, n< 1

s 2, 1 n<1

33 1 n<4

"1, 4 n<6

xs[n] =

[LO282]Solution: The discrete-time Fourier transform (DTFT) is de ned as

1 X [l
X()= x[n]e '™
n=1
but can often be solved via the transform table. There are atsef transform pairs and
some properties listed in the table.

a) There are two following lines in the transform table relad to this problem. The
rst one is for modulation (product in time domain) and the latter Fourier-transform
of a cosine sequence:
1 z
xal] xe[n] $ o- , Xa(€ ) Xp(e¢ N)d

cos on) $ X((! To+2 1)+ (I +1o+21))
I

Now an unknown sequenca[n], whose DTFT isA(€" ), is modulated with a cosine
sequence withl o =0:2 . Transform of the cosine is

xa[n] = cos(( =5)n) $ X (1 =5+21)+ (1 + =5+21))= Xy(e')
I

which is an (in nite-length) impulse train. Convolving a spectrum X (€' ) = A(€' )

with the impulse train X (€' ) over one period, that isl = 0, and multiplying with
2 we get

Xa(e") Xa(€ ) Xa(e¢ ))d
z

2 z
( =5 AE" Nd + (+ =5) A" )d
2

2
AE¢ =9+ A=)

NI SR SR

. ; . R
where we have utilizedDirac's delta function, see Formulas i

X(to)-

An example can be seen in Figure 51. The time-domain modulafi corresponds
frequency-domain convolutiort. Hence, the original spectrum is \copied" at each
(:) frequency. In this case cosine cosg(5)n) = 0:5(€ (=9") + 0:5(d( =9"), from

which the normalized angular frequencies are =5 and =5.

(t  to)x(t)dt =

1Java applet for convolution of spectra http://www.jhu.edu/~signals/convolve/index.html
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-p ! P -p P b p

Figure 51: Problem 39(a): (a)X1(€"' ) (Dirac's) impulse train from a cosine, depicted only in
range (i ], (b) Xp(€' ) = A(€' ) spectrum from an arbitrary sequencea[n], (c) X3(€' )
convolution of spectraX; and X, which corresponds modulatiorx;[n] x,[n] in time-domain.
The spectrum X, is \copied"at =5 and =5, and overlapping parts are summed together
(assuming zero-phases signals). All scaling factors (yig)xhave been omitted in these graphs.
Discrete-time spectraX 1, X, and X3 are all 2 -periodic.

b) From table we see thata” [n]$ 1=(1 ae! )andx[n k]$ e ™ X(€'). In this
case we have = 0:25 and there is a time shift byk = 1, from which we get

X4 )=e 1=1 025

¢) The sequencexs[n] can be converted girectly with the pgir [n k] $ e K and
keeping in mind that transform is linear ;¢ [n k]$ ;¢ e kit In this way

Xs(€' )=2€" +2+3e’ +3e ' +3e I +e ¥ +e 9

However, this time we want to practice transform tables. Na that xs[n] can be
constructed as a sum from two \boxesXs[n] = xs1[n] + Xs.[n], see Figure 52(b)-(d)

xaln] = 2; 1 n<4
Xs2[n] = 1; 1 n<#6

we can utilize the time shifting property and a transform of aectangle

xin k] $ e x()
1;jnj Nj sin(! (N, +0:5))

Xreaa[N] = 0;jnj >N sin(!=2)

= Xvecl(é‘ Jiny

Now we can see thaks;[n] = 2Xrect[n 1] with length parameterN; = 2 and delay
k = 1, as shown in Figure 52(a)-(b). For the other rectanglesz[n] = Xrect[n 3] we
have N; = 2 and k = 3. Next, because of linearity, we can transfornxs; and xs,
separately and add the spectra together. Hence,

Xs(€') = Xe(€')+ Xsa(€')
= 2e 1 Xea(€" Jing=2 + € ' Xieat(€" iny=2
" ,  sin(25!)
= JLRPA
2 € sin(0:5! )
When computing at! = 0, we get X5(¢°) = 15, because sin(S! )=sin(0:5! ) !
5, when! ! 0 using I'Hospital's rule: If limy o2 = 9, then lim,, o L& =

9x) sin(2:5! ) 2:5c08(25!) — 5

limy o ) " Now limy; o Sin(081) — lim vy o 0:5cos(05! )
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x_rect[n] x_51[n] X_52[n] X_5[1
l N1=2 + 1=2 =
11 T

1

0 2 f

iTTN__ ‘TT‘T:TLTH TNWTL

Figure 52: Problem 39(b): (a)Xre«[n], @ rectangular sequence, whose transforfiecjn, is

known, (b) Xs1[n] = 2Xrect[N  1]in,=2, Which is a rectangle of height 2, of length 5, i.eN; = 2,

and delayed byk = 1 from origo, (c) Xsz[N] = Xrect[n  3lin,=2, height 1, length 5, delay 3, and
(d) xs[n] = Xs1[n] + Xsz[N].

40. Problem: Suppose that a real sequence[n] and its discrete-time Fourier transform
(DTFT) X (€') are known. The sampling frequency i$s. At normalized angular fre-
quency! .= =4: X((=9)=3+4]. Determine

a) jX (&= 9); b)\ X (¢=%)
o)X (et %) d) X (e(=42))
e) If fs = 4000 Hz, what isf

[LO257]Solution:  The discrete-time Fourier transform (DTFT) is always 2 -periodic:

) X X :
X (@20 = x[nje |¢#2kon = x[n]e " F’(zzk_"}: X (")

n=1 n=1
Complex-valued DTFT can be considered in polar coordinates
X(@) = jx() ¢
z =7r1¢€
wherejX (€' )j is (amplitude) spectrum and\ X (¢' ) phase spectrum.
The value of DTFT was given at! ;= =4: X(é(=9)=3+4j.
a) X (e(=)j=5
b) \ X (¢(=9) =arctan(4=3) 0:927
c) X(e( =9)=3 4
d) X(e(=#2))=3+4]
e) Normalized angular sampling frequency iss = 2 . The interesting frequency can
be obtained from the ratio ( .=!s) = ( f.=fs). If the sampling frequencyfs = 4000
Hz, then
_ 4000 Hz (=4)

fe 3

=500 Hz.

T-61.3010 DSP 2009 72 /170 PROBLEMS { Part D 36-42

41. Problem: The magnitude response functiofiX (€' )j of a discrete-time sequence[n] is
shown in Figure 53 in normalized angular frequency axis. Skb the magnitude response
for the range I'< . Is the signalx[n] real or complex valued?

7.50 8.5 9.5
Figure 53:jX (€' )j of Problem 41.

[LO276]Solution: Discrete-time Fourier transform (DTFT) is always 2 -periodic:

b3 b3
X (020 = x[nje 1€ 2 = x[n]e FJ{ZZk_n}:X(é\)
=1

n=1 n=1

The spectruminrange (75 ::: 9:5 ] can be repeated. Borders corresponds/ (2 4) =
0:5 and 95 (2 4) =1:5. When origo taken as a central point, it can be seen
that the spectrum is symmetric around y-axis. See Figure 54.

LT

6p 7w 8
-2p P

Figure 54: Problem 41: Discrete-time spectrum is periodicith 2 . The bottom label line is
shifted by 8 . The two-sided spectrum in range ( ::: ]in a dashed rectangle.

In case of a real valued sequencgn] the following symmetry relations hold Mitra 2Ed
Sec. 3.1.4, p. 127 / 3Ed Sec. 3.2.3, p. 138

X(€") X (eh)
Xre(€') = Xe(e!)
Xim (€') Xim (e ')
X (e")j X (e ")
\X(@) = \X(e!")
Equivalently, because now our magnitude spectrum is symmuit (jX (€' )j = jX (e ' )j),

then x[n] 2 R. For real sequences|n] it is normal to draw the spectrum only in range
! 2[0::: ], as in Figure 55.

Figure 55: Problem 41: One-sided spectrum.
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42. Problem: A LTI lter is characterized by its di erence equation
y[n] = 0:25¢[n] + 0:5x[n 1]+ 0:25x[n 2]
a) Draw the block diagram
b) What is the impulse responséi[n]
e I

c) Determine the frequency responsH (&' ) = %

d) Determine the amplitude responsgH (€' )j

e) Determine the phase responseH (€' )

d\H(e" )
a

f) Determine the group delay (!)=
[LO277]Solution: LTI system can be characterized by a linear constant coe ciet dif-
ference equation of formMlitra 2Ed Sec. 4.2.7, 4.2.6 / 3Ed Sec. 3.8.3, 3.9.1

X
dyln kKl=  pxn K]

k k
and its cor_responding frequency response can be derived lyuRer transform (@ x[n
k]$ a e '™ X (€')) or directly
e itk
« de ik
Finite-length sequences with certain geometric symmetryalve an important role in digital

signal processingNlitra 2Ed Sec. 4.4.3 / 3Ed Sec. 5.5.2. A length-N sequence is said
to be symmetric if

H(e' )=

x[n]=x[N 1 n]
and a lengthN sequence is said to be antisymmetric if
x[n]= x[N 1 n]

Forexample,x;[n] = f _2; 3; 2gis symmetricaroundn, = 1,and x;[n] = f1; 2,2, 1g
is antisymmetric aroundn, = 0:5.

Remark. If the length of the impulse responséi[n] is N + 1, then the order of lter is

N. For instance, two-point moving averageg/[n] =0:5 x[n]+ x[n 1] , whose impulse
responseh[n] = 0:5 [n]+ [n 1] is of length 2, and has the frequency response
H(e')=0:5 1+e ' ,whichis 1storder Iter according to the order of the polynanial

of &' . There is a risk of confusing length and order, becausk is typically used for both
of them.

a) The block (ow) diagram of the Iter with the di erence equ ation y[n] = 0:25x[n] +
0:5x[n 1] +0:25x[n 2] is drawn in Figure 56(a). There is no feedback loops in
the system, i.e., there is no delayeg[n k] terms in the di erence equation. Hence,
the system is FIR.

The impulse responsd[n] is computed by assigning[n] [n], which gives in the
output y[n] =0:25 [n]+0:5 [n  1]+0:25 [n  2]. Because the system response to
an impulse is called the impulse response, we write

hn]=0:25[n]+0:5[n 1]+0:25[n 2]

The length of the impulse response ikfh[n]g = 3 < 1 . So, the system is FIR
(= Finite @ength) Impulse Response). Whileh[n] is of nite length, the stability
condition ~ jh[n]j always converges and therefore FIR lters are always stable
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c) Recall, that any complex‘glumbelz can be represented in the polar coordinate system
asz=r € ,wherer =j zjand =\ z=arctanlmag(z)=Real(z).
The frequency responsel (¢' ) can be expressed by its amplitude response (= mag-
nitude response)H (¢! )j and the phase responseH (€' ) (Mitra 2Ed Sec. 4.2.1 /
3Ed Sec. 3.8.)
H(g )= jH(e")j &'He)
Now using the expression above,

0:25+0:5e ' +0:25¢ 12
H(e )=~ TSR

In this particular case, whenh[n] is symmetric aroundn. = 1, we can takee /' " as
a common factor, utilize Euler's formula, and write the fregency response as follows
H(') = 0:25+05e /' +0:25e 12
= el 025 +0:5+0:25%
et 05cosl)+0:5
Recall that absolute value of productA and B is the same as product of absolute
valuesA and B: jA Bj = jAj jBj.

When computing values for the amplitude response in range:[Q ] we will get the
curve which says if the Iter is lowpass / highpass / bandpass bandstop

jH(E")j= F-:(;-i j 0:5cos{)+0:5 j=jo:5cos{ )+0:5
=1

The amplitude response is plotted in Figure 56(b).

e) Recall that angle of productA and B is the same as sum of angles &f and B:
\'(A B)=\A+\B.
Now, in this case wherh[n] is nite-length and symmetric, the phase response can
be expressed easily in closed fornviitra 2Ed Sec. 4.4.3 / 3Ed Sec. 7.3

VH(')=\e! +\ 05cos{)+0:5 = !
| {z
=0
The phase response is linear and plotted in Figure 56(c).

f) In case of linear phase response, the group delay is comstir all frequencies Mitra
2Ed Sec. 4.2.6 / 3Ed Sec. 3.2 That is, all frequency components are delayed by
the same amount (of time). In this case the output sequence delayed by 1 in the
Iter.

d

)= GHE)=1
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Amplitude response Phase response

1
x[n-1J ) 2

3

x[n-2]

05 “o 0.5 1

Figure 56: Problem 42: (a) block diagram, (b) amplitude resmsejH (€' )j, (c) phase response
\ H(€" ), which in this case is linear because of symmetric propesti of nite-length h[n]. x-axis
in (b) and (c) != , y-axis in (b) linear and in (c) radians.

43. Problem: Consider a continuous-time signak(t) which consists of two cosine compo-
nents:
x(t) = Ajcos(2f it + 1)+ Ajcos(2f t+ )

In Figure 57 there are the sinusoidal components in the rstwo rows and the sum signal
in bottom. The scale in x-axis is about 0::0:1 seconds.

a) Sketch the amplitude spectrumjX (j ) j of the signalx(t).

b) What is the smallest sampling frequency, with which therés no aliasing inx(t)?

c) Create a sequencg[n] by taking samples with sampling frequency+ = 100 Hz.

d) Sketch the waveform of the reconstructed signa (t) in the time domain.

0 0.02 0.04 0.06 0.08 01
Figure 57: Problem 43: Sinusoidal componenis (t) and x,(t) and their sum x(t).

[LO422] Solution:  The signal x(t) consists of two sinusoidals whose frequencies can be
computed from Figure 57. We see that the period ofy(t) is T, = 0:1 s, and it oscillates
10 times a second, that isf; = 10 Hz. There are 9 oscillations ok,(t) in 0.1 seconds,
i.e., T, =0:0111:::s, and 90 periods a secondl, = 90 Hz. Amplitudes can be read from
the extreme points,A; 1 andA, 0:8. The phase shifts; can also be approximated

if needed.

We can compute the fundamental frequency, of the signal x(t) by nding greatest
common divisor (GCD) off, =10 and f, = 90. That is fo = 10 Hz, becausef; =1 fy
andf, =9 fg, see Problem 20.
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a) The one-sided spectrum of a sinusoidal signal is a peak @responding frequency.
Thus, the spectral components are a peak at 10 Hz with relagvheight of 1 and
another peak at 90 Hz with height of 0.8. This is sketched in ure 58.X (j ) can
be computed viacontinuous-time Fourier transform (CTFT), where the spectrum
X (j ) is not periodic, see Problem 37.

Xaw)l
f

o 50 90 100 150 (Hz)

Figure 58: Problem 43: SpectrumX (j ) j.

b) The smallestsampling frequencyaccording toShannon sampling theorents at least
two times higher than highest frequency in the bandlimitedignal (Mitra 2Ed Sec.
5.2.1/ 3Ed Sec. 4.2.]). In this case,ft 2 90 Hz = 180 Hz.

c) Analog signalx(t) is sampled with a sampling frequency dfy = 100 Hz. This means
taking samples everyT = 1=f = 0:01 s. Thereforet is substituted by n'T

x[n] = x(nT) = x(n=ft) = Ajcos(2 (f1=fr)n+ 1)+ Aycos(2 (f=fr)n+ 7)

Two examples of sampling are given in Figure 59. Notice thahé component at 10
Hz can be recovered whereas the component at 8¢ =2 Hz is aliased to a lower
frequency.

d) After sampling the shape ofx[n] can be seen in bottom sub gures of Figure 59. It
is a pure sinusoidal curve with 10 Hz. This is because the hiftequency 90 Hz
component is aliased down to exactly 10 Hz, n=100:

cos(2 90(n=100)) = cos(L8n ) =cos( 0:2n)=cos(2 10(n=100))

see more examples in Problem 47. The same can be found in fegry-domain either
by copying the base band (0::f+=2) spectrum at each multiple off 1 (Problem 46)
or by ipping each component down to the base band (Problem 48

The ideal reconstruction returns the base band (correspoimdy 0::: ) back to analog
domain. In the reconstructed spectrumX,(j ) there is only one peak at 10 Hz,
which corresponds one single sinusoidal, see the dash carvebottom sub gures of
Figure 59.
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Figure 59: Problem 43: Sinusoidal componenis(t), X2(t), their sum x(t), and corresponding
sampled sequences;[n], x,[n], x[n]. The amplitude of x[n] depends on the phases. The
dash curve in bottom is reconstructed analog signai (t).

44. Problem:  Show that the periodic impulse trainp(t)

b3
p(t) = nT)
n=1
can be expressed as a Fourier series
()= & ® e LR
T k=1 k=1

where 1 =2 =T is the sampling angular frequency.

[LO400]Solution:  Sincep(t)
X
p(t) = (t nT)
n=1
is a periodic function of timet with a period T (time between samples), it can be repre-
sented as Fourier series (F-series for periodic, F-transfo for non-periodic signals):

b3
POz GeemET)
n=1

where Fourier coe cients (note, p(t) 0\£er one periodT)

1 -
@=7 p(t) e 1@MET ) gt
T

Thegnit impulse function (continuous-time) has propertie
(1) Ri (t)dt =1, and
(2 | (Wat)dt=a()jo-
Therefore Fourier series_coe cients are:
1772 - 1 -
G = = (t)e”z"” )dt = ?el(znu )j(:u -
T=2

1
T T

@ =2 aeen
T
n=1
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py T n
uT

t 2101234 n

Figure 60: Problem 44: impulse trairp(t) left, and its Fourier series coe cientsc, right.

45. Problem: Impulse train in Problem 44 can be also expressed as a Fouriensform

b3
PG)= 2 -

Ts k=1
Sampling can be modelled as multiplication in time domairx[n] = x,(t) = x(t)p(t).
What is X(j ) for an arbitrary input spectrum X (j )?
Hints: Fourier transform of a periodic signal (Fourier segs)

X
X()= 2ax (ko)
n=1
Multiplication of signals in time domain corresponds to cowolution of transforms in
frequency domain:
z 1

a) e $ 3 Xal) ~Xa) =3 X)) XG(

[LO415]Solution:  The Fourier series of a continuous-time signal can be expsesl

X

x(t) = a gk ot

k=1
whereay are Fourier coe cients and ¢ is fundamental angular frequency. Fourier trans-
form of a periodic signal can be written in form of

. b3
X(@)= 2ax (ko)

k=1

So, the impulse trainp(t) of Problem 44 with all coe cients ax = 1=T; and fundamental
angular frequency s can be written as

Sampling in time and frequency domain can be modeledn] = x(t) p(t)$ 5+ X () ~
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P(j ) ., which nally gives

N
-

ZiP(J') ~X0) PG XG( Nd
2
T5k=1
z,

N
-

( k 9XA( )d

-

kK )XG( Nd Ox(®dt = x(t)je=o

1

=

7

X k)

Al SAle Ne N
x

=
i
.

In other words, the spectrumX (€' ) of the discrete-time signalx[n] can be obtained
by summing the shifted spectraX (j ) of the corresponding analog signalx(t). Spectra
X (j ) are scaled by (1=T;) and copied at every sampling (angular) frequency.

P(w) X({W) (IT) P(GW) * X(jW)
o M MMM
w \ w 2 0 2 4 W

2 0 2 4
Figure 61: Problem 45: Left, an example of a spectruf(j ) of an impulse train, middle, a
spectrum X (j ) of an arbitrary signal, and their convolution in right. No tice that X (j ) is
not symmetric, which means thatx(t) is complex-valued.
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46. Problem: Suppose that a continuous-time signat(t) and its spectrumjX (j ) j in Fig-
ure 62 are known.

XGwl

o
Figure 62: SpectrumX (j ) in Problem 46.

The highest frequency component in the signal fs,. The signal is sampled with frequency
fs, i.e. the interval between samples i§s = 1=fs: x[n] = x(nTs). Sketch the spectrum
jX (€')j of the discrete-time signal, when

a) f, =0:25f

b) f, =0:5f

c) fn=0:75f,

[LO416]Solution: The spectrumX (j ) of a real analog signal is symmetric around y-axis.
When sampling, the spectrumX (€' ) is 2 -periodic (corresponds sampling frequendy)

b3
x[n] = xp(nTs) = x(Op(t)  $  X(')= Xp(i )= Ti XGC k)
Sk=1

where! =2 = (=2 f=f .
a) Figure 63. The highest component af(t) is only 0:25 fs) No aliasing.

1%, GwI
UT_s

[, }s/z Efs
Figure 63: f,, = 0:25f, no aliasing in Problem 46(a).

b) Figure 64. Case: Nyquist frequency, half of the samplingefquency.

[
2 f, 2,
Figure 64: f, = 0:5f, critical sampling in Problem 46(b).

c) Figure 65. Aliasing takes placeX (€' ) is the sum of all folded analog spectra. The
spectrum X (€' ) is depicted in Figure 65 with a thick continuous line.

X(e) = T% s X(( N+ XG)+ XGEC+ P+
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are frequencies over the Nyquist frequency in the originaigsal, those frequencies are
aliased into low frequencies.
x(t) = B?S(Zf 1)+ CoS(21 2t) *+ cos(2 f 4t); :< 8 In this problem X (j ) is sampled with three di erent sampling frequenciesf s of 1600 Hz,

! 800 Hz and 400 Hz, The Nyquist frequency is the half of the safiny frequencyfs=2,
800 Hz, 400 Hz, and 200 Hz, respectively. Lét, (in this case 750 Hz) be the biggest
frequency found in the input signal. If the sampling frequesy is less than 2, = 1500
Hz, then there will be aliasing.

47. Problem:  Consider a continuous-time signal

wheref =100 Hz, f,=300 Hz andf ;=750 Hz. The signal is sampled using frequendy.

Thus, a discrete signak[n] = x(nTs) = x(n=fs) is obtained.

Sketch the magnitude of the Fourier spectrum af[n], the sampled signal, wherfis equals

to (i) 1600 Hz (ii) 800 Hz (jii) 400 Hz. In the following gures for i, ii and iii, the scale and magnitde values for aliased frequen-
cies are not exactly correct. Phase shifts in input signal oae that a pure addition of

Use an ideal reconstruction lowpass lter whose cuto freqency 's.fS:Z for each case. magnitudes will not hold. (The sum of two cosines with samedguency and phase shift
What frequency components can be found in reconstructed dog signalx, (t)? . - 3 o P
of is zero. However, in practice, this is rarely signi cant.)

i) fs = 1600 Hz, highest frequency componerit, = 750 Hz. The inequality 1600>
2 750 holds, hence, there is no aliasing. All three frequergiean be recovered. See

X(t) =cos(2f it) +cos(2f ,t) +cos(2f st) Figure 66.

[LO417]Solution: There is a continuous-time signal

1,= 1600 Hz

Let f; =100 Hz, f, = 300 Hz andf3; = 750 Hz.

It is possible directly to express the Fourier transform of @eriodic signal using transform )
pairs (or see Page 78). In this case using frequencfesnd a constantA XaGw)l

o

mD’ - ’0‘ "f
RS

@ Py M)
07T O5h " &

T oo
] )

X(f)= A [f +750]+ [f +300]+ [f +100]+ [f 100]+ [f 300]+ [f 750] - o

@ ona_ 0 o 9T, 5 0 P
S B S )

reconst. x[n]  x().p(t) x(t)

[Xp(w)l

The signal is sampled with sampling frequencfs, (T = 1=f).

f f f
x[n] = x(nT) = x(fﬂ) = cos(2 fin) +cos(2 fin) +cos(2 fin)
s s s s

Figure 66: Sampling in Problem 47(i) with sampling frequenc1600 Hz: original analog spec-
trum X (j ) (left top), and spectrum X (€' ) of the discrete-time signal (left bottom). Time
domain view (right), top down x(t), sampling x(t) p(t) sampled sequencg[n] to be processed
“ with DSP, reconstruction, and reconstructed continuousitne signalx; (t). Again, in this case
) 1 . no aliasing, i.e.x(t X, (t).
&)= 1 Gl k1) o 1ex® %
k=1

In the frequency domain the discrete-time spectrurG,(j ) can be seen as a sum of shifted
and scaled replicas of the analog spectru®,(j ) as shown in Problems 45 and 46 Witra
2Ed Eq. 5.9, p. 302 / 3Ed Eq. 4.10, p. 17

Alternatively, sampling can be considered as ipping the amlog spectrum around each ii) 5 =800 Hz, highest frequency componerity = 750 Hz. The inequality 800> 2 750
half of the sampling frequency down to the band 0 : fs=2. QOes_ not hold, hence, there is aliasing. All frquenmes omo Hz are missed (750 Hz
X i o . . in this case); they cannot be observed. There is a new aliasygmonent at frequency
Reconstruction means converting a digital sequence back &malog signal. An ideal 50 Hz. See Figure 67.
lowpass Itt?r Wth the passhand up to half of the sf’:lmpllng frq'uency is used. When Before going further, there is a short demonstration on theliasing signal component
reconstructing signals we can only observe frequencies wpNyquist frequency? If there xs(t) (f; = 750 Hz) of the signalx(t) in Figure 68. The gures are depicted in
2There is variation in using \Nyqvist frequency” in the liter ature. It is either (1) half of the sampling time-domain: (a) original x(t) with period T = 1=f = (1=750) = 1:333 ms, (b)
frequency (Mitra 2Ed p. 302 / 3Ed p. 174) or (2) the highest frequency in the signal Mitra 2Ed p. 304 / 3Ed samplesx[n] using interval Ts = 1=f; = (1=800) = 1:250 ms, (c) reconstructed
p. 176). The rst one is much more common. The reader should not confise with this. signal X (t), whose periodT, = (1=50) = 20 ms. The same aliasing e ect can be
shown using the cosine function, which is 2periodic (cos{n ) cosfn +2 ))and
even (cos( !In) cos(n)). The highest componentxs(t) of 750 Hz aliases in the
sampling and reconstructing process to 50 Hz:

fh
fo/2 f . .
Figure 65: f,, = 0:75f, aliasing in Problem 46(c).
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Xt

Xa (W)l

i

IXp(w)]

reconst.  x[n]

® reconst. xn]  x(1)-p()

2 ﬂ

X,

—
- —

Figure 67: Sampling in Problem 47(ii) with sampling frequesry 800 Hz. Aliasing occurs, Figure 69: Sampling in Problem 47(iii) with sampling frequecy 400 Hz. Aliasing occurs again,
X(t) & x,(t), compare the top and bottom axis in the gure right. X(t) & X (t).

48. Problem: Real analog signalx(t), whose spectrumjX (j ) j is drawn in Figure 70, is
xa() = cos2 75Q) j original: 750 Hz sampled with sampling frequency s = 8000 Hz into a sequence[n].
Xs[n] = x3(n=fs) = cos(2 (750=800)) = cos(2 (750=800n 2n) j 2 -periodicity a) In the sampling process aliasing occurs. What would haveeén smallest su cient
= cos(2 ( 50=800)) = cos(2 (50=800)) j even function sampling frequency, with which no aliasing would not happéh
Xg(t) = cos(2 50t) j reconstructed: 50 Hz b) Analog signalx(t) is 0.2 seconds long. How many samples are there in the sequen
x[n]?
c) Sketch the spectrumjX (€' )j of sampled sequence[n].
d) Sequencex[n] is ltered with a LTI system, whose pole-zero plot is shownn Fig-
ure 70. After that Itered sequencey|[n] is reconstructed (ideally) to continuous-time
i (t). Sketch the spectrumjY;(j ) j in rangef =[0:::20] kHz.

T |X(j\/\/)| OooOOO
o

Figure 68: Problem 47(ii): Demonstration of aliasing of a sgle cosine. In top gure there is
a continuous cosinexs(t) = cos(2 75@) whose period isT = 1=750 s 1:33 ms. Cosine is 21
sampled with fs = 800 Hz, i.e., Ts = 1=800 s = 125 ms. The sampling rate is too small in
order to capture the cosine of 750 Hz, because 750 HMz800-2) Hz. The sampled sequence 05
Xs[n] is plotted in middle gure. Then the sequence is ideally remstructed back to analog,
that is, \slowest" possible cosine which ts the samples. Ibottom gure 50 Hz cosinexs (t) = 8 f (kHz) 1 000
cos(2 5) is plotted. Hence, cosine of 750 Hz is folded down (aliased)50 Hz. Note that any toes 0 s
cosinex(t) = cos(2 ( 50+k fs)t), k 2 Z goes through the points<s[n] = cos(2 (50=8000n) = . .
co?((l:xs(o))n ). s@ ( I 9 19 pointss[n] @ ( " Figure 70: Problem 48: Spectrum left. Pole-zero plot right.

iii) fs =400 Hz, highest frequency componerit, = 750 Hz. The inequality 400> 2 750 . . . - .
does not hold, hence, there is aliasing. All frequencies 000 Hz are missed (300 [Sl_é):lsg]zSolut;?gz. / 1?::1;1 SSTC"T; (Nyg%t) sampling theorem is discussed iiM{tra 2Ed
and 750 Hz). There are new alias components at 50 and 100 Hze Ségure 69. - 24P - 4a P
c0s(2 7233n) =cos(2 720N 4n)=cos(2 z59n) = CoS(2 zxn) a) The highest frequency component in the analog signal f$, = 9 kHz. Thus the
cos(2 $Xn) =cos(2 3BVn  2n)=cos(2 22n)=cos(2 Xn) required sampling frequency would bé; = 2f;, = 18 kHz.

/-_\fter_u:_leal reconstruction [n] ! x(t)) there are the following components left: b) The sampling frequency is 8 kHz, which means that there ai®00 samples each

(i) original 100, 300, 750 Hz. second. Now

(ii) original 100, 300 Hz, and an alias 50 Hz. ’ X _ 8000

(iii) original 100 Hz, and aliases 50, 100 Hz. 02s 1s

There is a sampling (aliasing) demaemosampling.min the course web pages. gives 1600 samples for 0.2 seconds.
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c) Due to too low sampling frequency aliasing occurs. All fggency components above
f+=2 = 4 kHz are aliased into low frequencies between 0.4 kHz. Sampling in the
frequency domain can be considered as copying the originabéog spectrum at each
multiple of the sampling frequency Mitra 2Ed Eq. 5.9, p. 302 / 3Ed Eq. 4.10, p.
174)

1 X

Gaiscrete (i ) = T Ganaiog(i ( + k 7))
k=1

Here we show another way of nding the discrete-time spectn. If the analog signal
is real-valued and the amplitude spectrum therefore symmetric around y-as;, the
sampling can also be thought as ipping eachr =2 wide band of the analog spectrum
downwards into the fundamental range 0::f+=2.
First, divide the spectrum to a set of bands, whose width i§r=2. In this case we
have By = [0 :::4000) Hz,B; = [4000:::8000) Hz, andB, = [8000: : :12000) Hz.
Flip the band B, around 8000 Hz (mirror) down toB;. Spectral components 0B,
and the mirrored B, are summed together. See Figure 71 left top.
Finally, the band B; is mirrored around 4000 Hz down to the fundamental banB,,
and the spectral components are summed together. See Figitk left bottom and
the nal result in Figure 7'1_, right. Scaling factors (height)are here iggored.
To be exact, Gaiscrete = @ Ganalogk IS di erent from jGuiscrete] = @ Ganalogikl,
and therefore the procedure with amplitude spectrgX j shown in Figure 71 does not
hold. However, in practice (and in any DSP book) this can be osidered as a good
approximation.

RS X |
~i :

BU
BO BJ

L

Figure 71: Problem 48: (a) Two steps when mirroring spectrélands down to the fundamental
band 0:::4 kHz. (b) Discrete-time spectrumjX (¢' )j. Scaling factors are ignored.

d) If pole-zero plots are not familiar, consult Mitra 2Ed Sec. 4.3.4 / 3Ed Sec. 6.7.3
or Problem 54, p. 96.
The sampling frequency is 8 kHz. In the pole-zero plot the whecircle 2 corre-
sponds 8 kHz. The upper part of the circle from =0to ! = is 0:::4 kHz.
There are zeros on the unit circle from 2::4 kHz. Hence, the lter is a lowpass
Iter, whose cut-o frequency is about at 2 kHz.
The discrete-time signalx[n] is Itered with a lowpass lIter. Here we use a rough
approximation of the Iter depicted with a pole-zero plot, a ideal lowpass Iter
H (€' ) with cut-o at 2 kHz. The spectrum of ltered signal is Y (€' ) = H(€")
X (&' ) shown in Figure 72(a).Note! Filter with zeros like in Figure 70 is not ideal.
You can plot its real amplitude response using Matlab.
After reconstructing ideally (ideal lowpass Iter with cut-o at f1=2) the sequence
y[n] back to analogy; (t), the spectrumjY,(j ) j is plotted in in Figure 72(b).
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" 20
Figure 72: Problem 48: (a) SpectrgY (¢" )j and (b) jY,(j ) j. Discrete-time spectrumjY (€' )j

is periodic every 2 (or every f), wheras continuous-time spectrunjY;(j ) j is not periodic.
Scaling factors are not taken into account.

49. Problem: Suppose that there is an analog signal which will be sampledtiw8 kHz. The
interesting band is 0:::2 kHz. Sketch speci cations for an anti-aliasing Iter. Deermine
the order of the Iter when using Butterworth approximation and minimum stopband
attenuation is 50 dB. The variables in Table 7: , is the passband edge frequency (in-
teresting part), 1 is the sampling frequency, and , is the frequency after which the
aliasing components are small enough.

0
Attenuation (dB)

T=

Table 7: Approximate minimum stopband attenuation of a Buterworth lowpass Iter (Mitra
2Ed Table 5.1, p. 336 / 3Ed Table 4.1, p. 210 See the text in Problem 49 for details.

[LO418]Solution: An is an analog lowpass Iter used in order to remove componisn
which cause aliasing when samplingMitra 2Ed Sec. 5.6 / 3Ed Sec. 4.§. Consider an
analog signalx(t) and its spectrum X (j ) depicted in Figure 73.

kHz
Figure 73: SpectrumX (j ) in Problem 49.

In the following, notations of (Mitra 2Ed Fig. 5.28 / 3Ed Fig. 4.34) are used, | for

passband edge frequency,o = r » for stopband edge frequency, and+ for sampling
frequency. Now that the interesting band stops at , = 2 kHz and the sampling frequency
is 1 =8kHz, we can set the edge frequency for the stopbandtobe ap =(8 2)=6

kHz (see Figure 74). After sampling there will be aliasing cgponents in 2:::4 kHz, but

we are not interested in them, i.e. we use digital Itering fothat band.

When the speci cations are not so tight as they normally (cuo at 4 kHz) are, also the
order of the anti-aliasing lIter is lower. The design of the ati-aliasing Iter can be made
even easier by increasing sampling frequency with analogcciits (order of anti-aliasing
Iter decreases), and afterwards decrease sampling freqey using multirate techniques
(Mitra 2Ed Sec. 10 / 3Ed Sec. 13.
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8 kHz
Figure 74: Problem 49: SpectrunX (j ), speci cations for a LP lIter (dashed line), frequency
components that would alias in 0::2 kHz without anti-aliasing ltering (gray).

Calculations using Mitra 2Ed Table 5.1 / 3Ed Table 4.1) or Table 7: o= ,=3! N =
d50-9:54e = 6. Note that if the passband ended at 2 kHz and the stopband atted at 4
kHz, the required order of the Iter would be 10.
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50. Problem:  The exponent term in DFT/IDFT is commonly written Wy = e 127N |

a) Compute and draw in complex plane values oY
b) Compute 3-DFT for the sequenc[n] = f1; 3; 2g.

[LO259]Solution: Discrete Fourier transform (DFT), left, and Inverse Fourie transform
(IDFT), right, using N points are de ned with Wy = e & as

X1
X [k] x[nW"
n=0
1 X1 kn
x[n] N XKWy
k=0
DFT is discrete both in time and frequency, and can be calculed directly using com-
puters. For example, in Matlab a spectrum of a signal is comped in discrete frequency

points X [k], but so densely, that it seems to be continuouX (€' ).

a) Wy = e %,nowN:&

Notice that the exponent inWy de nes the uniform angle jump in clockwise direc-
P

tion. Wy is periodic with everyN, e.g. W22 = Wi = e '+ 4= F_&_f e'Fl=
=1

W4. We can compute values ofV}", whenk =0:::2 andn = 0:::2 into a table

below

k; 0 1 2

W= g WU = wh | WP = wg

Wi = w [ wi P = wi [wit? = w;

W= W W= Wi | W= wi
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Problem 3a. W, =¢'% ?/*

2

Wz

Figure 75: Values ofWX" in Problem 50.
b) The sequencex[n] = f1;3;2g is of length 3.

x2
X[0] = x[njweon

= 1+3+2=6

x2
X[1] = x[njwn

1 Wo+3 wl+2 w2 b

33 23
1+( 15 S+ 1+ 550)= 15

x2
x[nw?2"
n=0
1 Wo+3 w2+2 w*

_ p_
33 23 . '3
1+( 1-5*‘7])*'( 1 TJ)— 1-5"'7]

DFT is therefore X [k] = f6; 15 ;j; 1.5+ Ej 9.
Remark. Notice that
{ DFT is discrete in frequency domain (DTFT is continuous)
{ if having sampling frequencyf+ Hz, then the spectral resolution f = f+=N
{ N-point DFT of a real signal is generally complex-valued
if N-point DFT is real-valued then x[n] has to be \symmetric"x[n] = x[ n]
each value ofX [k] is a dot product of x[n] and Wy with some constant angle
jump (nk)
X[0] is the sum of values ok[n] (DC-component)
values ofX [k] are N-periodic: X [k] = X[k + N]= X[k+2N]=:::
absolute values (amplitude spectrum) are even, e.gX [1] = jX[ 1]
angle values are odd, e.g\,X[1]= \ X[ 1]
Remark. Discrete Fourier transform is a linear operation. It can beaiculated in
matrix form as (Mitra 2Ed Sec. 3.2.2 / 3Ed Sec. 5.2.2 and Problem 13

X = Dnx
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whereX is a column vector of theN frequency-domain DFT samplesx is a column
vector of N time-domain input samples, andDy is the N N DFT matrix ( dftmtx
in Matlab)
[X[O]X[1]::: XN 2]
[X[0] x[1]::: x[N 1]
21 1 1 T 1
1wl W3 wy
1 W w T W,S(N

N AN D L. (N DN Y
1 WYt owy WY
In this problem dftmtx gives

2
1:0000 10000 10000
D; = 41:0000 0:5000 0:8660  0:5000 + (86605
1:0000 0:5000+ 08660  0:5000 0:8660

For instance, whenx = [1; 3; 2", then X = D3x = [6; 15 0:866Q; 1.5+
0:866Q]" as earlier computed.
In the inverse DFT x = DX the matrix D" is
1
w,®
Wy, 2(N 1)
:.l. WN (’N 1) WN 2’(N 1) WN(N '1)(N 1)

It can be seen thatD ' = (L=N)Df.
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51. Problem: Consider a sequence
x1[n]=2 [n]+8 [n 3]=120;0;8g
and its DFT-4
Xik]=10 K]+ (2+8j) [k 1] 6[k 2]+ 8) [k 3]=f102+8j 62 §g

Having a circular shift (delay) of one,xz[n] = xi[<n 1 >,4], what is the DFT X,[k]?
Here<: >y computes moduloN .

[L0296]Solution: The circular shift of a sequence, sediftra 2Ed Sec. 3.4.1 / 3Ed Sec.
5.4.1, 5.7) and Problem 7(g), gives

Xz[n]=8 [n 2]+2 [n 3]=f0,0;829

Instead of computing DFT again we are appling circular timeshifting which has a DFT
pair in (Mitra 2Ed Table 3.5, p. 141 / 3Ed Table 5.3, p. 26%

x[<n  no>n]$ W K™X[K]

whereWy = e 12N (typo error in 2nd Edition).

Now we haveN = 4 and ny = 1. We compute the valuesX,[k] = WN"""Xl[k] =
W, ¥X,[k] in a table below.

k | X1[k] M X,[K]
0|10 10
1|2+8j =j 8+2j
2

3

6 = 6
2 g = j| 8 3
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52. Problem: Let h[n] and x[n] be two nite-length sequences given below:
8

8 . -0

< 5 forn=0; EI ;g::_gf

hn]=_. 2 forn=1; x[n]= i -

. _ 2 , forn=2;

; forn=2 . " -
forn=3

a) Determine the linear convolutiony, [n] = h[n] ~ x[n].

b) Extend h[n] to length-4 sequenceéhe[n] by zero-padding and compute the circular
convolution yc[n] = he[n] 4 x[n].

c) Extend both sequences to length-6 sequences by zero-gagdand compute the cir-
cular convolutionyc[n] = he[n] 6 Xe[n]. Show that nowyc[n] =y [n]!

[LO270]Solution: In this problem linear convolutiony, [n] (Mitra 2Ed Sec. 2.5.1 / 3Ed
Sec. 2.5.]) and circular convolution yc[n] (Mitra 2Ed Sec. 3.4.2 / 3Ed Sec. 5.4.2 are
computed using sequencdyn] = f5; 2; 4gandx[n] = f_3; 4; 0; 2g.

Linear convolution y[n] = h[n] ~ x[n] can be computed using \ ip and slide" method in
Figure 76(a). x[n] is ipped and at eachn the items are multiplied and nally all summed
together. Inthe gure, whenn =1, itgives y [1] = h[Ox[1 O0]+h[1}x[1 1]+h[2}x[1 2] =
20 6+0=14.

Computation of circular convolutionyc[n] = h[n]~ x[n] can be illustrated with\a circular
bu er" of length N in Figure 76(b) and (c). x[n] is ipped and at eachn the items are
multiplied. There are alwaysN terms to be added to get the result an. In the gure,
whenN = 4 and n = 1, it gives yc[1] = h[0X[1] + h[1]x[0] + h[2]x[3] + h[3]x[2] =
20 6+8+0=22.

k 3 2 1 0 1 2 3 k 3 21 0 1 2 3
h[-3] h[-2] h{-1] h[0] h[1] h[2] h{3] h[-3] h{-2] h{-1] h[0] h[1] h[2] h(3]
hikl_ToJofo[s52[4]0] hikl_JoJoJols[2T4afo]
x[0] x[3] x[2] x[1] x[0] x[3] x[2]

x[<1-k> 1 T-3[2]0[4]-3[270 ]

Figure 76: Problem 52: Convolution depicted with \ip and side" method, (a) left, linear
convolution, (b) right, circular convolution with N = 4. As an example, in both cases the
convolution sum is computed an = 1.

a) Linear convolution: y, [n] = P i:u hlk]x[n k]. Its length will be Lf h[n]g+ Lfx[n]g
1=6. Using\ ip around and slide":
yL[0] h[Ox[0]=5 ( 3)= 15
yo[1] h[OX[1] + h[1]x[0] =5 4+2 ( 3)=14
yi[2] h[0x[2] + h[1]x[1] + h[2]x[0]=5 0+2 4+4 ( 3)= 4
yi[3] = h[OX[3]+ h[1]x[2] + h[2x[1] =5 2+2 0+4 4=26
y[4] h[1X[3] + h[2]x[2] =2 2+4 0=4
yi[5] = hi2Kx[3]=4 2=8
Therefore,
yu[n]=f_15 14 4; 26 4; 89
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b) Circular convolution is computed inN = 4 points

x3
Yeln] = he[n] 4 x[n] = heklx[<n k>,
k=0
wherehe[n] = f5; 2; 4; Og is zero-extended version df[n], and < n > 4 is modulo-4
operation. Henceh[<n 5>,]= h[<n 13>,], i.e. the sequence can be thought
to be periodic with the periodf h[0]; h[1]; h[2]; h[3]g.
Yel0] = he[OX[< 0 0>4]+ he[lIX[< 0 1>,]+
Ne[2X[< 0 2>4]+ he[3X[< 0 3>,]
= he[OX[0] + he[1IX[3] + he[2]X[2] + he[3]X[1]
=5 (3+2 2+4 0+0 4= 11
Ne[OIX[1] + he[1]X[0] + he[2]X[3] + he[3X[2]
5 4+2 ( 3)+4 2+0 0=22
he[OX[2] + he[1]X[1] + he[2]X[0] + he[3IX[3]
= 5 0+2 4+4 ( 3)+0 2= 4
Ne[OIX[3] + he[1]x[2] + he[2]X[1] + he[3X[0]
5 2+2 0+4 4+0 ( 3)=26

Thus,
yeln] = f_1% 22 4; 269

c) Circular convolution usingN = 6 points
x5
Ye[n] = he[n] 6 Xe[N] = helkx[<n k>4
k=0

wherehe[n] = f5; 2; 4; 0; 0; 0g, and xe[n] = f_3; 4; 0; 2; 0; Og are zero-padded
versions. Computing like in (b) the result is

ye[n]=f_15 14, 4; 26, 4, 8y y.[n]
If N in circular convolution is chosen so thaN  Lfy, [n]g, then yc[n] = y.[n].

Remark. Circular convolution has a close connection to Discrete Fdar Transform
(DFT). For example, in (b)

ye[n] = heln] s x[n] DFT-4  Helk] X[KI= Yc[k] IDFT-4  yc[n]
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53. Problem:  Consider a LTI system depicted in Figure 77 with registers hing initial
values of zero and the input sequenodn] = ( 0:8)" [n].

Figure 77: LTI system of Problem 53.

a) What is the di erence equation of the system?
b) Compute X (z) using the de nition of z-transform or consult the z-transbrm table.
c) Apply z-transform to the di erence equation. What is the transfer functionH (z) =
Y (z2)=X(z)? Where are the constant multipliers of the system seen in giire 77 in
di erence equation and in transfer function? Hint: the z-tansform ofKw[n ng]
isKz "W(z).
Now it is possible to compute the outputy[n] without convolution in time-domain
using the convolution theorem
ylnl=hin]~xn] $ Y(@)=H(@ X2

Write down the equation for Y (z), use partial fraction expansion in order to achieve
rational polynomials of rst order, and then use the inversez-transform (equation

in (b)).

[LO326]Solution:

a) The input-output-relation is y[n] 0:9y[n 1] +0:2y[n 2] = x[n] +0:8x[n  1].
Notice that the coe cients in the diagram are also present irthe di erence equation
(past output values maybe as opposite numbers).

b) If computing using the de nition, see Problem 38(b). Fromthe z-transform table
directly:

zfa" [nlg = 1 zz ROC: jzj > jaj

1 L
( 08)" [n] $ Tvo8z 1 jzj> 08

c) Using the z-transform pair K w[n ngl$ K z "W(z):
yln] 09y[n 1]+0:2y[n 2] = x[n]+0:8x[n 1] j z-transform
Y(z) 09z Y(2)+0:2z 2Y(z) = X(2)+0:8z X(2)
Y(z)1 09z *+0:2z2 = X(z) 1+0:8z
1+0:8z *
1 09z 1+0:2z 2

1+0:8z * -
T 09 t+02z2 ROCIAZ05

Y(2) = X(2) i =X(2)

H(z) = Y(2)=X(2)
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The ow (block) diagram was given in direct form (DF) (Mitra 2Ed Sec. 6.4.1 /
3Ed Sec. 8.4.). The coe cients of the diagram are that of the di erence equation
and transfer function. Coe cients in the loop (IIR sub lter ) are in the denomi-
nator polynomial and coe cients of the FIR part can be found h the numerator
polynomial.

d) Using convolution theorem
Y@ = H@ X
1+0:8z * 1
1 09z1+0:2z2 1+08z*
1

1 0921+0222 j partial fraction expansion

1 0521 + 1 04z 1 j inversez-transform
5 (0:5)" [n] 4 (0:4)" [n]
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54. Problem: Consider the pole-zero plots in Figure 78.
a) What is the order of each transfer function?
b) Are they FIR or IIR?
c) Sketch the amplitude response for each lter.
d) What could be the transfer function of each Iter?

o
o
e
o
o

Imaginary Part
Imaginary Part
Imaginary Part

-1
-1 0 1 -1 0 1 0
Real Part Real Part Real Part

Figure 78: Pole-zero plots of LTI systems in Problem 54.

[LO327]Solution: The z-transform of the impulse responsk[n] of the LTI system is the
transfer function H (z) (with certain regions of convergence, ROCs, see Problem)56t
can be written as a rational function inz * as follows

B(z) _ htbzl+hz2+:i+byzM Eﬂ"zoh(zk

A®2) Bt mz itaz it ivagz N o &z K
@ 2z @ zzh) @ mzh_ ,?&1(1 %z Y)
@ pzH @ pzh i @ puz ) “L@ pz

H(z) =

whereh are the coe cients of the numerator polynomialB (z), and & are the coe cients of
the denominator polynomialA(z). The lter order , that is, order of H (z) is maxf M;N g.
Those pointsz; whereB(z) = 0 are called\zeros", and pointsp; whereA(z) = 0 are called
\poles". The gure with zeros (circles) and poles (crosseg)lotted in the complex plane
is called \pole-zero plot" (diagram) of the transfer functon.

The rules of thumb  for determining amplitude response from the pole-zero-djeam
(Mitra 2Ed Sec. 4.3.4 / 3Ed Sec. 6.7.3

1. Examine the frequencies 2 (0::: ), in other words, the observation point moves on
the unit circle counterclockwise from (10j) to ( 1;0j). In each point the amplitude
responsgH (€' )j is estimated. A\simple"function H (&' ) has a smooth response.

. The ampli cation is big, when a pole is close to unit circlga small factor in de-
nominator) or a zero is far from unit circle. The closer the pe is to unit circle, the
narrower the ampli cation is in frequency area.

. The ampli cation is small, when a pole is far from the unit @cle (big factors in
denominator) or there is a zero close to unit circle.

. The ampli cation is zero, if a zero is on the unit circle at bservation frequency.
. Poles or zeros in the origo do not a ect at all because thesfance is always 1.
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. The ampli cation cannot be found from pole-zero plot. Namally H (€' ) is scaled
so that the maximum value is set to be 1H (€' )  H (€' )=maxfj H (€' )jg.

The order is the maximum of the number of poles or zeros (nat origo).
So, (i) 2 poles, 1 zero: 2nd order; (ii) 4 zeros: 4th order; ifii6 poles, 6 zeros: 6th
order.
Note, in analogH (s) there are only poles, but in digitalH (z) there can be both
poles and zeros.
If there is any pole (cross in the graph) outside the origdt means that there is at
least rst-order polynomial in the denominator inH (z) , there is a feedback in the
system, IIR.
Hence, (i) IIR; (i) FIR; (iii) IIR.

c) The analysis with graphs is done below for each case sepeha
Shortly, (i) lowpass with narrow passband; (ii) highpass;iif) a comb Iter.

d) The transfer function can be constructed from zerog and polesp

Qu
L1 ozz?
H@) = K Q:(l( K 1)
el Pz )
However, the scaling factoK cannot be seen from the pole-zero-plot. Therefote
is set so that maxj H (€' )jg = 1.

Next, a closer look at (c) and (d) is given for each lter.

i) Without computing any exact values of the amplitude respose, it is possible to
approximate it by looking at the positions of zeros and polesThe angular frequency
gets values from 0 to , and the observation is done on a unit circle counterclockse.
Poles are close to unit circle at = =30 in Figure 79(a). Therefore the amplitude
response gets the maximum approximately at that frequencynd the lter is lowpass
type, see the sketch in Figure 79(b). The closer the poles attee unit circle, the
narrower the maximum area is. The value at = is zero.

In this case the exact locations of poles and zeros were knofm = 1, p =
0:8950 + 00947, p, = 0:8950 0:0947). The actual transfer function isH(z) =

K (1+2z %=1 2179% '+0:81z 2) from which the actual frequency response is
received byz d' . Some values in range Q: are computed below, andK is
chosen so that the maximum ofH (z)j is one. Figures are plotted using Matlab in
both linear scale and in logarithmic scale in Figure 79(c) ah(d), respectively.

H(e") H(e) ! [H(e") iH(e")i

01 1 3=4] :0008+:0023 [ :0025
=4 :0277 +:021Q | :0348 0 0
=2 :0049 +:006] | :0078

ii) There are four zeros in Figure 80(left). At! =6 the zeros are closest to the
observation point, and the minimum of the response is probgbreached (bandstop).
At! = the zeros are much further away than at =0, so the attenuation is much
stronger at low frequencies (highpass). Notice thgH (€°)j & 0, because there is
not a zero on the unit circle at! = 0. The lIter can be a highpass or bandstop FIR

Iter.
Actually, H(z) =1 3:75% '+5:694& 2 3:75% 3+ z “. Filter coe cients have
a certain symmetry as well as the zeros lie in a certain symnmgt which implies a
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Imaginary Part

H(enjw)
[H(ew)| e

2010g,(IH, (&)

N |
1 T 05 - 05 1
Real Part p2 p wip wep

Figure 79: Problem 54(i): (a) Pole-zero-diagram, (b) an exaple of approximated amplitude
response, (c) actual amplitude respongeél (€' )j in linear scale, (d) actual amplitude response
jH1(€" )j in decibels.

Imaginary Part

linear-phase lter, see Problem 59. The minimum ofH (¢! )j  0:0114 (scaled) at
! 0:11 , which is di erent from =6 estimated earlier. All\zero vectors"a ect to
the response, see the remark text below.

iii) Zeros are on the unit circle at uniform invervals forciig the ampli cation drop down
to zero, see Figure 80(right). This type of periodic Iter isoften called a comb lter.
The maximum is scaled to one. Note that all poles and zeros & so that if there
were not exactly same intervals between poles and zeros, thmplitude response
would also turn out to be non-symmetric.

X Hy (@)

Problem 2 (i) Problem 2 (i)

° X x

5|0 o
4 °

o

Imaginary Part

5|0 o

x | x

0 1 -1 0 1
Real Part » Real Part

Figure 80: Problem 54(ii),(iii): Pole-zero-diagram and awesponding amplitude response of
jH2(€" )j left, and jH3(€" )j right.

Remark. Determining amplitude response from the pole-zero-diagra theory in back-
ground.

Any transfer function H (z) can be expressed in form of

Pl (1 z1z )L 2z Yl zwzY)
jdoj (1 prz YT pez Yl puz Y

In order to achieve this, all zerosZ) and poles ) of H(z) has to be computed. Zeros
are the roots of the numerator polynomial and poles are the ots of the denominator

polynomial. Numerator part is \FIR part” (always stable, y[n] depends only on values of
x[n  ki]), denominator is\IIR part" (feedback, in order to computey[n] some old values
of it has to be used).

Frequency response is the transfer function computed on trtircle, i.e. substitution
z=¢d":

H(z) =

jpoi (1 zel )1 zel )1 zwel)

jdoj (1 pe )1 pel )l pyel)

We are interested in amplitude responsgH (€' )j. Because the expression is in a product
form, the absolute value ofjH (€' )j can be computed with its rst order blocks. Let

HE )=
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K = jpoj5doj, Bi be the length of a rst order block in numerator polynomial, ad A; the
length of a rst order block in denominator polynomial:

e f{ e f{ 2|
A ze’)jd ze’)jiij@d zwe) _

1(1—’8£i)f |d_me ! Y@ _mye my

jHE ) =K

The frequency axis lies on the unit circle fronh = 0, which is a complex pointe' j -0 =1

to! = , which is situated até' j- = 1. The observation frequency ( gets values
0::: .

B; is called a\zero vector", i.e. it is the length from the obsesmtion point ! o to zeroi.

A is a\pole vector" correspondingly.

Any small A; (pole close to unit circle) gives big value ofH (€' )j. Any small B; (zero
close to unit circle) decreasegH (€' )j. However, it should be noticed thatiH (€' )j is a
product of all zero vectors andall pole vectors.

For example, in Figure 81(a)M =2 and N = 2:
f{zfr—
i ze’)ij@ zel)j

(e 0 pie T

A

i = K

It can be roughly estimated that the lter is highpass, becase around! =5 =6 A;

is smallest and thereforgH (&' )j is at maximum. Actually the maximum might be at

! = ,whereA; A;is probably smaller. The rough estimate of the amplitude r@®nse
111 ) is given in Figure 81(b).

[H(eMw )|

wOp /2
(b)

Figure 81: (a) Zero vectorsBy and pole vectorsAi. ! runs G: . (b) Amplitude response
roughly from the pole-zero-diagram.

The rules of thumb  were given on page 96.

It can also be seen that the frequency response in discretex¢ domain is always 2-
periodic. BecausgH (€' )j is an even function, it is only necessary to draw angles 0
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55.

Problem:  Consider the lter described in Figure 82.

x[n] y[n]

-1 -0.81

Figure 82: LTI system of Problem 55.

a) Derive the di erence equation of the system.
b) Calculate the transfer functionH (z).

c) Calculate the zeros and poles dff (z). Sketch the pole-zero plot. Is the system
stable and/or causal?

d) If the region of convergence (ROC) oH (z) includes the unit circle, it is possible to
derive frequency responsk (€' ) by applying z = €' . Do this!

e) Sketch the magnitude (amplitude) responsgH (€' )j roughly. Which frequency gives
the maximum value of jH (€' )j? (If you want to calculate magnitude response
explicitely, calculatejH (€' )j2= H (€' )H (e I' ) and use Euler's formula.)

f) Compute the equation for the impulse response[n] using partial fraction expansion
and inverse z-transform.

[LO328]Solution: Notice that the same lIter can be represented (i) as a block dgram,
(i) with a di erence equation, (i) with a transfer functi on (and ROC), (iv) with an
impulse response, (v) with poles, zeros and gain.

a) Dierence equation: y[n] = x[n] x[n 2] 038ly[n 2]
b) Transfer function H(z) can be obtained fromh[n] using z-transform pairs:

Zfx[nlg = X(2)

Zfa x[n noJg = a z "™ X(2) ROC : jzj > jaj

y[n] = x[n] x[n 2] 08ly[n 2]
Y (2) X(z) z *X(z) 081z 2Y(2)
(1+0:81z 2 Y(2) 1 z? X(@2

z
Y@ = X@ 1iogn e
Y(2) 1 z2

HO= 5o = Tro8z >

ROC: jzj > 0:9
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c) Zeros are the points, where the numerator of transfer fution H(z) is zero:
1 z2=0, 2?=1, z= 1
Poles are the points, where the denominator of transfer futien H(z) is zero:
1+0:81z 2=0 s z2= 081 z= 09
The pole-zero plot of the system is (a common notation is to esa  for a zero and
a for a pole) in Figure 83(a).
The system iscausal, because current output does not depend on future values
of x[n] and y[n] (time-domain view). The system isstable, because the impulse
responseh[n] is absolutely summable (time-domain view).
On the other hand, if all poles in the pole-zero plot are ins&the unit circle, i.e.,
the region of convergence (ROC) includes both the unit cireland the in nity, the
Iter is causal and stable (see Problem 56).
Frequency response of the systerd (€' ) (continuous systemsH (j )) is obtained
by applying z = €' (continuouss = j ). If the unit circle is contained in the ROC,
it is possible to applyH (6" ) = H(2)j,=e :

) 1 e
HED= Toswe

The amplitude response can be computed as exact as wanteéhg the mathematical

functions. It can be computed also in speci ¢ points using @eulator or computer.

These will be explained after the roughest way, which is grajral approximation

from poles and zeros.

The sketch the magnitude (amplitude) responsgH (€' )j can be drawn by using
pole-zero plot. There are zeros a =1 and z = 1. The corresponding angular
frequencies are 0 and, becaused®=1+0j andé = 1+0j. Hence, amplitude
response is zero wheh =0 and ! = . Itis also clear that the maximum value
isat! = =2, where the pole is closest to the unit circle. A sketch is @m in

Figure 83(b).

[H(eNw)]

T e . p/l2 p

Figure 83: Problem 55: (a) Pole-zero plot ofi (z) and (b) jH (2)j as a grid andjH (¢' )j with
solid curve plotted with Matlab. (c) A rough sketch of amplitude response by hands using
pole-zero.

Second, the amplitude responskl (€' ) = (1 e 2' )=(1 +0:81e 2" ) can be cal-
culated in certain poins. More points, more exact amplitudeesponse. Start with
points! = f0; =4; =2;3=4; g, and calculate more if it seems to be appropriate. If
your calculator does not support complex exponentials, dempose them by Euler's
formula. (Notice that in Matlab you can use directly functio exp.) A new sketch
is drawn in Figure 84.
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H(e') H(e)i ! [H(e) jH(e" )i
0 0 0:6352 + 25067 | 2:5859
0:0199 0:456§ | 0:4573 0:1147 + 10929 | 1:0989
0:1147 1:0929 | 1:0989 0:0199 + 04568 | 0:4573
0:6352_ 255067 | 2:5859 0 0
105263 0:000Q | 105263

w

N| O |0 O

[H(e"w)|

p

Figure 84: A sketch of amplitude response after computing\s=al values in Problem 55(e).

Third, the magnitude response can (only sometimes) be sinpld. For example, this
time the simpli ed version is relatively simple. Simpli cation is sometimes needed
to some proofs, etc.

jH(E" )j? = H(E' )H?(E )= H(d" )H(e ) j complex conjugate
1 e? 1 el
1+0:81le 2" 1+0:8le*2!
1+1 (& +e?)
1+0:812+0:81(€%" +e 2")
2 2cos(2)
1:6561 + 1:62 cos(2 )

j square

jH(€")j gets the maximum value at frequency = ;. The maximum value is
JH(€ imx = H(¢?7) 1053

f) Notice that the partial fraction expansion can be writtenin various forms, see Prob-
lem 10, for instance. The transform paia" [n]$ alz ; is applied again.
1 z2
1+0:81z 2
1 22
1+0:81z 2 1+0:81z 2

H(z) =

j part. frac. exp.

0.5 + 0.5 2 0:5 0:5
1 09z * 1+0:9z *

T 09z 1@ 1+09z 1

0:5 ((0:9)" [n]+( 0:9)" [n])

05 (0:9)" 2 [n 2l+( 09)" 2 [n 2]

f 1:0000 O; 1:810Q O; 14661 0; 11875 :::g
Matlab (residuez ) may give a di erent form of the same sequence:

h[n]  1:2346 [n]+1:1173 (0:9))" [n]+1:1173 ( 0:9))" [n]
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56. Problem:  The transfer function of a lter is

1 z*
H@= T 5 vomm 2
a) Compute the zeros and poles df (z).
b) What are the three di erent regions of convergence (ROC)?
c) Determine the ROC and the impulse responsgn] so that the lter is causal.

d) Determine the ROC and the impulse responsie[n] so that the lter is stable.

[LO329]Solution:  Let us begin by reviewing some propertiedMitra 2Ed Sec. 3.8 / 3Ed
Sec. 6.3

The lter is causal , 1  belongs to the region of convergence (ROC).

The lter is stable , unit circle belongs to ROC,H (z) converges on the unit circle.

ROC on z-plane must not contain any poles; it may be a ring between twpoles,
the disc limited by the closest pole to origin or the plane ostde the most distant
pole from origin.

It is easiest to do the the inverse-transform (here) by calculating rst the fractional
expansion of theH (z) and then inverting each part of it individually using the sum
of a geometric series.

The sum of a geometric series is

The z-transform of h[n] is

First we have to solve the poles and zeros:

1 z* _ 2z 1)
2z 1+0:75z2 2 z2 2z+0:75

H@ = 1

P
72 2z+0:75=0, z=%40‘75, 2=052=15
Zeros:

z(z 1)=0, z=0;z=1
Now we may answer to the questions about stability and caalty using di erent
ROCs, see Figure 85:
i) If we require causality, the region of convergence has tadludez = 1 Thus,
the region of convergence has to be "outside" the pote= 1:5, that is jzj > 1.5.
ii) If we require stability, the unit circle has to be on the rejion of convergence.
Thus the region is a ring between the poles:®< jzj < 1.5
iii) If ROC is the inner cicle jzj < 0:5, we will have a noncausal and astable Iter.
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Figure 85: Region of convergence (ROC) in gray in Problem 5@) 1 belongs to ROC - causal
Iter, (i) unit circle belongs to ROC - stable lter.

Note, that in this case we cannot have a lter that is both caual and stable.

At this point, when we calculate the impulse responsi[n], we have to do an inverse
z-transformation for the transfer function H(z). To do this we express theH (z)
as a partial fraction expansion as then we may apply the forntai of the sum of a
geometric series.

Using the poles and zeros we may write the transfer functiors dollows:

1 zzhH1 zz?) _ 1 z*

HO= 0 200 pz ) @ o0s 9@ 15 9

A B
- HO= o5t T 1T
, 1 z' AQ 152 Y)+B@ 05z%
We solveA and B by letting z! 0:5andz! 1.5
z! 05: 1 05'=A(1 15 05 %Y+ B(il 0:{5Z 0.5 }1)
=0
) A=0:5
z! 15: 1 151'= A(il. 1:(5Z 15 §)+ B(1 05 151Y
=0
) B=0:5
Now we may write the expansion
05 . 05
1 052! 1 1521
Causal Iter ) we know thatjzj > 1:5. We notice that both fractions in
05 . 05
1 052! 1 15z1%

represent a sum of a geometric series, @5z j < 1 andj1:5z j < 1 as required.
We conclude

H(z) =

H(2) =

heausal[N] = Z YfH(z)g=0:5 0:5" [n]+0:5 1.5" [n]

See Figure 86(a), the impulse response grows to in nity, i.eit '§ not absolutely
summable, and therefore the lter is not stable with the crierion | jh[n]j < 1 .
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P

d) Stable lter ) we know that G5 < jzj < 1:5. We note that i:o 1:5"z " does not
converge ag®j 1. We have to convert the expression to higher terms in ordeot
get the denominator to suitable form:

1

Hp2(2) % W ( (2¥)9)=( (2=3)2)

1 1

3?1 22)2

n

2"

n

2
3 [n]Z

"l ojlet m=n+1

m 1
2 [m 1"

m=1

Thus, the inverse transform ofH (z) is

n 1

hgiapie[N] =0:5 0:5" [n] [ n 1]

12
3 3
which is plotted in Figure 86(b). The impulse response is nexero for indicesn < 0,
and the lter is not causal with criterion h[n] < 0; n< 0. The lter is stable.

0.6
0.4
0.2

0

Q???TTT >

-0.4
0 2 4 6

Figure 86: Problem 56: Left, 56(c) where ROCjzj > 1.5, lter is causal but not stable.
Right, 56(d) where ROC: 05< jzj < 1:5, lter is not causal but stable.

Remark. In practice, we operate with causal and stable lIters, whichmeans that
all poles should be inside the unit circle.
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57. Problem: Magnitude speci cations are normally expressed in normagd form. The
maximum of the amplitude response is scaled to one, and theduency axis is scaled up
to half of the sampling frequency, 0:: . The rst term of the denominator polynomial
should also be 1.

Consider the following digitallowpass Iter of type Chebyshev II:

071 036z ' 0:36z 2+0:71z °
1 211z 1+1:58 2 040z 3

H(z)= K
Normalize the maximum of the amplitude response to the unity0 dB).

[LO612] Solution: Chebyshev Il approximation is monotonic in the passband, eeFig-
ure 87.

H(2) = K xB(2) I AQR)

0 0.2 0.4 0.6 0.8 1

Figure 87: Problem 57H(z) = K B(z)=A(z) without magnitude scaling.

Therefore the maximum value of the amplitude response of tHewpass Chebyshev |1
lteris at ! =0. The gain K can be computed also in z-plane using= €' j, o, = 1.

071 0:36z * 0:36z 2+0:71z 3

JH(@) 1 211z 1+15& 2 040z 3

. ) 071 036z ' 0:36z 2+0:71z ®
H@iwa = K =1
H @)= 1 211z 1+158& 2 040 3

070 _

oo7 L

) K 0:1
In a similar way if the maximum is at! = (highpass), computez = €' j,- = 1, etc.

Remark. When jH (z)jmax = 1, then the maximum reference level is in (power) desibels
JH(2jmax =20 logye(1) = 0 dB.
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58. Problem: Show that the Iter H(z)=1 2z '+2z 2 z ®has linear phase response.

[LO510]Solution:  If N-length h[n] is either symmetric fi[n] = h[N 1 n]) or antisym-
metric (h[n]= h[N 1 n]), then the lIter has linear phase responseMlitra 2Ed Sec.
4.4.3 | 3Ed Sec. 5.5.9. At the same time, the locations of zeros are mirror-imagedith
respect to the unit circle ¢ e ' $ (1=r) el').

All possible linear-phase lters:

Type 1: symmetric odd length,
Type 2: symmetric even length,
Type 3: antisymmetric odd length,
Type 4: antisymmetric even length.

Zero-phase lter is a special case when the sequence is symmetric around qrigo, delay
is zero and the lIter is noncausal.

Some examples of four types of linear-phase lters are givam Figure 88.

1

4
2
0 0
2

Figure 88: Problem 58: Examples of four types of linear-phaslters with impulse response
h[n] in left and pole-zero-plot in right.

The inverse transform ofH (z) is the impulse responsé|n] of even lengthN = 4
hin]= [n] 2 1]+2[n 2] [ 3]

which is clearly antisymmetric aroundn. = 1:5, see Figure 89(a).

We take the terme "' as a common factor in frequency response

H(e') = el™™ @ 2499 +2¢ 109 g1
= g8 (18 g i18) pE0S g i0Sl)
= el¥™ 2isin(@5l) 4 sin(05!)
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using Euler's formulag' = cos(! ) + j sin(! ). Recall that\ (A B) =\ A+ \ B. When
computing phase\ H (€' ), we get

\H(e') = \el™ +\j+\(@2sin(L5) 4sin@5!))
= 150 +0:5 +\C(!)

whereC(! ) = 2sin(1:5!') 4sin(05! ), and \ C(! ) gets values 0 or , whenC(!) > 0
or C(!) < 0, respectively. Now\ H (€' ) is piecewise linear function of . The phase
response is depicted in Figure 89(c).

Hence, H (€' ) is said to have linear phase response All frequency components are
delayed by the same 5. Therefore the waveform is preserved as much as possibledo
given amplitude response.

Imaginary Part

R 1

RealPart
Figure 89: Problem 58: (a) One type of antisymmetric impulseesponseh[n], (b) pole-zero
plot, and (c) linear phase responsg H (€' ). Notice the points of discontinuity (jumps") at
0 and =3, when there is a zero on the unit circle. This kind of discoimuities (by ) are
allowed in the de nition of linear-phase lters.

2More precisely\linear phase interrupted by discontinuiti es" (seehttp://ccrma.stanford.edu/~jos/mdft/
Linear_Phase_Terms.html , referred 2007-03-16)
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59. Problem:  Examine the following ve lters and connect them at least toone of the
following categories (a) zero-phase, (b) linear-phase)) @llpass, (d) minimum-phase, (e)
maximum-phase.

hy[n] [n+1]+2 [n] [n 1]

1+3z 1+2:52 2
1 05z1*

ys[n] = 0:5ys[n 1]+ x[n]+1:2x[n 1]+ 0:4x[n 2]

02 05z '+2z?2

1 05z 1+0:2z 2

Hs(e') 1+2e! e?

H2(z)

Hai(2) =

[LO331] Solution:  Types of transfer functions are explained inNitra 2Ed Sec. 4.4,
4.6, 4.7, 4.8/ 3Ed Sec. 7.1, 7.2, 7.3. After some work at least the following pairs can
be mentioned: (a)hy[n], (b) Hs(e" ), (c) Ha(€" ), (d) ya[n], and (e) H(z).
If the coe cients of the transfer function are real-valued s they are in this course), then
the pole and zero pairs must be complex conjugates; = re! ; z,=re ! .

If the coe cients of the FIR Iter are symmetric, Type I, II, | II, and IV, ( Mitra 2Ed

Sec. 4.4.3, 4.4.4 | 3Ed Sec. 7.pand (Mitra 2Ed Fig. 4.14, 4.16 / 3Ed Fig. -, 7.17),

then the Iter has linear phase response (or even zero-phasd&he group delay ( (! ) =
d=d! \ H (€' )) of linear-phase lters is constant for all frequencies.

Another important term is mirror-symmetry respect to the urit circle. In this case the

connection between poles or zeros igi = rel ; z, = (1=r)eé (and their complex conju-

gates).

For each lter type there is also another example. There arefir gures a row for each

example, (i) impulse response, (ii) pole-zero-diagramijifiamplitude response in desibels
and x-axis in range Q:: , (iv) phase response.

h1) This noncausal FIR Iter has zero phase. The impulse respseh; = [n+1]+
2 [n] [n 1] is symmetric around the origo in the time-domain. The frasency
response can be written
Hye') = €& +2 el =2 2cos()
jHi(€")j = j2 2cosl)] O j ampl.resp.2 R
\Hy(e') = 0 j phase resp.
dil\ Hy(e') = 0 j no delay at all
from which it can be seen thatH,(¢" ) is real-valued. The phase response and group
delay ((!)= d=d! \ H(€")) is therefore zero (or 180 degrees for negative values
of H (¢" )) for all frequencies, in other words, the lter is zero-phae Mitra 2Ed Sec.
4.4.2 | 3Ed Sec. 7.2.7) and the signal is not delayed in the Iter. Matlab command
filtfilt can be applied instead ofilter
Another example, see Figure 90. The zeros are situated mirsymmetrically ac-
cording to the unit circle, and the impulse response and theansfer function are

h[n] = ;<1; 3:28933:88750:0884 _ 3:04070:0884 3:8875 3:2893 19
H(z) = h[njz "

n
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o2 Wz
(i) (iii) (iv)

Figure 90: An example of a zero-phase transfer function in &blem 59. Sub gures (for Fig-

ures 90..95), (i) impulse responsk[n], (i) pole-zero plot, (iiiy amplitude responsejH (€' )j,

x-axis (0::: ), (iv) phase responsé H (€' ), x-axis (0::: ).

H2) When all zeros are outside the unit circle, the lter has raximum phase. The
Iter is 1IR, the two zeros are outside the unit circle. When potting the amplitude
response, it can be noticed that the lter is lowpass (LP). Tk lter H,(z) is at least
maximum-phase.

Another example on a maximum-phase transfer functiorMitra 2Ed Sec. 4.7 / 3Ed
Sec. 7.2.3, whose all zeros lie outside the unit circle in Figure 91

1 277% *+3:10& ? 3125 °
1+1:55% 1+0:81z 2

H(2) =

<
SES

oz Wz
(ii) (iii) (iv)
Figure 91: An example of a maximum-phase transfer functiom iProblem 59.

y3) When all zeros are inside the unit circle, the Iter has miimum phase. From the
di erence equation we get

1+1:2z 1+0:4z 2

Hs(2) = 1 05z 1

The transfer function is similar toH,(z), but the zeros are now mirror-symmetric to
those. Therefore the amplitude response is the same, but ttier is minimum-phase
(Mitra 2Ed Sec. 4.7 / 3Ed Sec. 7.2.3.

Another example on a minimum-phase transfer function whosal zeros lie inside
the unit circle in Figure 92

1 09944 '+0:887%2 2 0:32 2
1+1:55% 1+0:81z 2

H(z) =

A minimum-phase transfer function can be converted to a maxium-phase transfer
function (or vice versa) by mirroring the zeros respect to # unit circle. This can
be done using an appropriate allpass function.
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s
R/

T i z

3 B
(ii) (iii) (iv)
Figure 92: An example of a minimum-phase transfer functiomiProblem 59.

H4) If the amplitude response ¢ €' ) is jH(€" )j = 1 for all frequencies, then the
lter is allpass (Mitra 2Ed Sec. 4.6 / 3Ed Sec. 7.1.3. The phase response di ers
from lter to Iter. Allpass- Ilters contain both zeros and p oles mirror-symmetrically,
and there is a certain symmetry in the coe cients of numerato and denominator
polynomials, too. Note that gain cannot be seen from the poleero plot.

In Figure 93 an allpass transfer function

0:288+0:478% ' 0:.00777% 2 0:0944% °+z *
1 0:0944% ' 0:00777% 2+0:478% ° 0:28% *

H(z)= 34722

&
./

o
EY i z

£ 3
(i) (iii) (iv)
Figure 93: An example of an allpass transfer function in Prdém 59.

Remark. A complemantary transfer function (Mitra 2Ed Sec. 4.8 / 3Ed Sec. 7.9
can be obtained using allpass lIters. An example of a lowpadger

Hip(2) = 0:5 Ag(2) + Ai(2)

a+z?!

1 az?

1 a+z?! az?
1 az?

051+
0:5

where Ag(z) and A;(z) are allpass transfer functions and its power-complememta
highpass Iter

Hup(2) = 0:5A0(2) Au2)
a+z!?!
1 azt?!
l+a 1 z1?
2 1 az!?

051

In Figure 94(iii) is shown that jH p (2)j2 + jHup (2)j? = 1, as expected by the de -
nition of power-complementary transfer functions.
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Figure 94: An example of power-complementary LP and HP Ites in Problem 59.

H5) Linear-phase. This impulse response is a shifted (deda) version ofhy[n]. The
frequency response is not any more real-valued, but still éhpphase response is linear
and the group delay constant.

Hs(€") el HyE")
iHs(e" )i jHi(e" )i=j2 2cos{)j
\Hg(d') = ! j linear

dil\ Hs(e' ) j constant

There are four types of linear-phase transfer functiondvjtra 2Ed Sec. 4.4.3 / 3Ed
Sec. 7.3. Impulse response of Type 1 is symmetric and odd-length. g 2 is
symmetric and even-length. Type 3 is antisymmetric and odtength. Type 4 is
antisymmetric and even-length. The zeros have mirror-imagsymmetry respect to
the unit circle.

In Figure 95 there is a Type 1 (length: 9, order: 8) impulse rpsnse, which is a
shifted version of the lter in Figure 90.

h[n] = &1; 3:28933:88750:0884 3:0407 0:0884 3:88753:2893 19
H(z) = h[njz "

n

~
//

1 pir2 pir2
(i) (iii) (iv)
Figure 95: An example of a linear-phase transfer function iRroblem 59.




T-61.3010 DSP 2009 113 /170 PROBLEMS { Part H 58-61 T-61.3010 DSP 2009 114 /170 PROBLEMS { Part H 58-61

60. Problem: A second-order FIR lter H,(z) has zeros az =2 j.

a) Derive a minimum-phase FIR Iter with exactly same ampliude response Nlitra
2Ed Sec. 4.7, p. 246 / 3Ed Sec. 7.2.3, p. 365

b) Derive an inverse Iter of the minimum-phase FIR Iter computed in (a) (Mitra 2Ed — — . : ——
Sec. 4.9, p. 253 / 3Ed Sec. 7.6, p. 396 Figure 96: Problem 60: (a)H1(z), (b) A(z), (c) Ha(2) = H1(2) A(2), (d) Ha(z) = 1=Ha(2).

o x

[LO332] Solution: ~ Minimum-phase lter has all zeros inside the unit circle whereas
maximum-phase lter Iter has all zeros outside the unit circle. A Iter with zeros inside 61. Problem: Consider a stable and causal discrete-time LTI syste®, whose zerog; and
and outside the unit circle is often called anixed-phase lter (Mitra 2Ed Sec. 4.7, p. 246 polesp; are

/ 3Ed Sec. 7.2.3, p. 365.

Two causal LTI discrete-time systems with impulse responsé;[n] and h,[n] are inverses
if hy[n] ~ ho[n] = [n]. After z-transform Hi(z) Hx(z) = 1, or Hi(z) = 1=Hy(z). If
Hl(z).: B(2)=A(2), then H.Z(Z).:. A(2)=B(2), that IS, all zeros gre_replaced l_)y poles, Add a LTI FIR lter S in parallel with S; as shown in Figure 97 so that the whole system
and vice versa. If the lter is minimum-phase FIR with all zeps inside the unit circle, S is causal second-order bandstop Iter, whose minimum is appimately at ! =2
then its inverse is stable. Inverse ltering can be used, e,gn recovering a signal which and whose maximum is scaled to one. \}Vhat are transfer functis S, and S?

has been distorted in an imperfect transmission channeMitra 2Ed Sec. 4.9, p. 253 /
3Ed Sec. 7.6, p. 39%. In the case of non-minimum-phase FIR lter the situation 8 more
complex Mitra 2Ed Sec. -, p. - / 3Ed Sec. 7.6.2, p. 398

zeros: z=1; z=1
poles: p;=0:18 p,=0

a) A second-order FIR Iter H,(z) with zeros atz=2 | is drawn in Figure 96(a). It
is clearly a high-pass lter. Its tranfer function can be writen

Hiz)=(1 (+j)zY Q+@2 [)zY)=1 4z'+5z2

Consider a stable noncausadll-pass Iter in Figure 96(b)
AD) = 5 4z 14+72 Figure 97: Problem 61: FilterS constructed from LTI subsystemsS,; and S;.
@ T 1v572
which has poles atp = 2 j and zeros atz = 0:4 0:2, and jA(2)j 1 for [LO345] Solution: Denote transfer functions of the systen$; by H1(z) = B1(z)=Au(2),
all frequencies. Poles and zeros are mirror-imagps= rel , andz = (1=r)é . S, by Ha(2) = B2(2)=Ax(2), and the total systemS by H (z) = K B(z)=A(z). The system
Note also that the inverse of a pole gives a complex conjugaté a mirrored zero, S, is FIR, s0A;(z) = 1, and therefore Hy(z) = B»(z). The subsystems are parallel which
- 2 - 2 -0- i . i
_2%1 = m = g o =04 02, Now, the minimum-phase FIR Iter Hx(z) gives Ba(2) B
is received byH,(z) = Hi(z) A(z), see Figure 96(c) H(z)= K Hy2)+ Ha(2) =K A By(z) =K
Ai(2) A(2)
1 2
Hx(z)=(1 4z '+5z 2 % =5 4z 1+z72 The systemS, is clearly a high-pass lter, see Figure 98(a),(b),
1 4z *1+5z
1 zzY) (1 zz? 1 zH% 1 zYh_1 22'+z2
The amplitude response oH,(z) is exactly the same as that ofH;(z), because Hi(z) = ( 11 ) (z T 2 ): ( 1 3)'1(82 T )= T
jH2(2)j = jH1(2)j jA(2)j, wherejA(z)j = 1 by de nition of all-pass lter. The phase Pu . .
responses oH;(z) and Ho(z) dier. Ha(z) has two zeros az =0:4  0:2). We would like to have a bandstop Iter H (z) whose minimum is approximately at! ,, =

The inverse lter is now received directlyHs(z) = 1=Hy(z) =2. Zeros do not necessarily need to lie on the unit circle, buiith the angle ! ,, and
! m, see Figure 98(c),(d). The numerator polynomial ofi (z), i.e., B(z) is of form
1 0:2

M@= 52 1772" T oarivozz  ROCIA> 02 B@=@ iz Y) (L+rjz H=1+r%22

ROC: jzj < pé

Hs(2) is a stable lowpassil-pole lter with poles atp=0:4 0:7j, see Figure 96(d). Next we will compute two di erent solutions for bandstop Iters. In the rst case, zeros

lie inside the unit circle ( < 1), and in the second case they are on the unit circle € 1).
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Computing the unknowns givesa 0:35 andb  1:94, leading toB,(z) = 0:35+

1:94z * and
1+z2

1 018 *
whose pole-zero plot and (scaled) magnitude response aretggd in Figure 99(c),(d).

H%z)=0:65

Now the scaling constaniK is:

Figure 98: Problem 61: (a),(b) KnownH(z), (c),(d) B(z) of the whole system. i1+ 1

jH(z=1)j= K 065 11—01& 15K =1

Adding H1(z) and H(z) results to (HYz) is H (z) without scaling factor K ) which givesK = 0:63 and the nal results:

HY2) 218 + Ba(2) Ha(z) = 035+1:94z *
1 2
1+z
Bi(2) . A1(z) Ba(2) H(z) = 0:41 T oie T
As(2) A(2)
1 2z2'+z?2)+@Q 018 ') By(2)
1 o1& !
It can be seen that the order ofB,(z) cannot be more than 1 becaus8(z) has to be
second-order at most. We can writd,(z) = a+ bz !, and
1 2z'+z?)+(1 01& 1Y) (a+bz?) . . )
HY2) = T oim T s E e
l+a)+( 2 0l8%+hz *+(1 018z 2
1 o1& !
Now we can simply choosa =0 and b= 2, i.e., B5(z) =2z 1, in order to get a required
form of B(z) = 1+0:64z 2. In this case zeros are ag; = 0:8) andz, = 0:8. The
pole-zero plot and the (scaled) magnitude response of
1+0:64z 2
H2)= 1 o1m

Figure 99: Problem 61: (a),(b)H (z) of rst solution, (c),(d) H(z) of second solution.

are given in Figure 99(a),(b).
The only pole lies atp, = 0:18, which is closer to 1 than 1, and the maximum is therefore
at! =0 (z=1). The scaling constantK :

j1+0:64

jHz=1j=K T 01§ =2K =1

which givesK = 0:5 and the nal results:
Ho(z) = 2z 1
1+0:64z ?
H(z) = 05 T o1

Another solution is to compute other values for and b. By demandingB(z = j) =0
andB(z= j)=0,i.e., zeros on the unit circle, we get the following two guations with
two unknowns. Note that (I=j) = j.
B(z=j) 1+ a+( 2 018+Db( j)+(@1 O018)( 1)=0
B(z= j) 1+ a+( 2 Ol8+b(j)+@ o018)( 1)=0
l1+a 1+0:18 0 jreal part
2 018+ b 0 jimaginary part




T-61.3010 DSP 2009 117 /170 PROBLEMS { Part | 62-65

62. Problem: Derive the transfer function of the feedback system shown Figure 100.

x[n] £ win] F@ | yin]

G(z)

Figure 100: System in Problem 62.

[LO500]Solution:  Systems in parallel, see Figure 10H,(z) = H1(z)+ H2(2) in frequency
domain and hy[n] = hy[n] + hy[n] in time domain. Systems in cascade, see Figure 102:

Figure 101: Systems in parallel, example in Problem 62.

H¢(z) = H1(z)H2(2) in frequency domain andh¢[n] = hy[n] ~ hy[n] in time domain.
The ow diagram of the system being investigated with tempary variable w[n] is in

Figure 102: Systems in cascade, example in Problem 62.
Figure 103. We get the following equations:

Y(2)
W(z)

F(2W(2)
E(2)X (2) + G(2)Y (2)

Y(2) = F@)(E@)X(2)+ G(2)Y(2)
Y@@ F(@G(@) = (F@E@)X(2)

_Y@® _ F@E@®
H@=%o ° T Foe

E(2)X(2)

4@ W(ZZWY(Z) Y(2)
@)Y @)

Figure 103: System in Problem 62.
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63. Problem: The lter in Figure 104 is in canonic direct form Il (DF II). Dr aw it in DF I.
What is the transfer function H (z)?

x[n] win] ~ v

@

Figure 104: The block diagram of direct form Il of Problem 63.

[LO508]Solution: Direct form structure means that the coe cients of the blockdiagram

are the same (or negative values) as in the di erence equatiand transfer function. There
are also other structures, e.g. lattice. The transfer funin for any direct form (I, Il ,

and transposed 1, Il 1, respectively, see Page 120) is the same. Some di erencesym
occur when working with nite word length. There are also dierences in computational
load and memory storage.

a) The block diagram in Figure 105 is in canonic direct form II

X[n] win] y[n]

Figure 105: The block diagram of direct form Il in Problem 63.

If we want to convert it into direct form | without any calculations (done below
in (b)), we can duplicate the registers. The same signa¥[n] goes into the both
branches. See Figure 106(a).

Then we can denote the part in left as an\IIR subsystem" and th structure in right
as an \FIR subsystem". Because both of them are LTI, we can chge the order of
them, as in any LTI system, for example, using impulse respses

hin] = hyr [N]~ hrir [N her [N]~ g [N]

Now we have direct form | in Figure 106(b), and the di erence guation and the
transfer function can be obtained directly without any tempral variables! However,
there are now three registers instead of two.
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x[n] win] yin] X{n] yln]

Figure 106: From direct form Il to direct form | in Problem 63@).

b) The transfer function and di erence equation can be dered directly from the Iter
in Figure 105:
y[n] w[n]+0:8w[n 1]
wln] x[n]+0:9w[n 1] O:2w[n 2]
Using z-transform
Y(z) = W(2)+0:8z 'W(z)= W(z)(1+0:8z %)
W(z) = X(2)+0:92 'W(z) 02z 2W(2)

From the latter one, W(z) = X (z)=(1 0:9z *+0:2 ?), and substituting into the
rst one, we get

Y(2) =
HEA=Y@X@ = T oe 14027
Using inverse z-transform we get di erence equation whichan be easily drawn as
direct form | block diagram:

. 1
YO=@ = 1 :—)1;20-183-0:2 2
Y(z)1 09z '+0:2% = X(z)(1+0:82 %)
y[n] 09y[n 1]+0:2y[n 2] = x[n]+0:8x[n 1]
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Remark. Direct Forms.

(Mitra 2Ed Sec. 6.4.1 / 3Ed Sec. 8.4.) Direct form: coe cients of di erence equation
or transfer function can be found in block diagram. (This is ot the case, for example, in
lattice form.) Common in all forms is that they have the sameransfer function, but the
\implementation” is di erent.

Let the transfer function be

Y(2) _ 1+0:5z *

HE@= X(z) 1 02z 1+04z 2

In the top numerator polynomial 1 +0:5z * refers to\FIR part" P(z) and in the bottom
denominator polynomial 1 0:2z *+0:4z 2\lIR part" D(2):

H@) = P(z)ﬁ

How to get di erence equation and block diagram from tranfefunction,
z-transformax[n  ne]$ az "X (e'):
+0:5z !
H(2)= Y (2) _ 1+0:5z
X (2) 1 02z 1+0:4z 2
X (2)[1+0:5z2

Y@ 1 02z 1+0:4z 2

Y(2)[1 02z *+0:4z 2] X (2)[1+0:5z 1
Y(2) 02z 'Y(2)+0:4z 2Y(z) = X(2)+0:5z X (2)
y[n] 0:2y[n 1]+0:4y[n 2] x[n]+0:5x[n 1]
y[n] 0:2y[n 1] 04y[n 2]+ x[n]+0:5x[n 1]

Direct form | can be drawn directlyH (z) = P(2) ﬁ, rst \FIR" and then \IIR"
(Figure 107).

Figure 107: Direct form I. You may connect FIR and IR parts inthe middle sum line.

When transposing (Figure 108) transfer function stays, but structure change \Rules"
for transposing:

1 Change directions

2 Nodes to sums

3 Sums to nodes

4 Flip the whole structure
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yin]

"IIR"

Phases 1-3 Phase 4: ip around. You may connect
parts in the middle line.

Figure 108: Transposed direct form I.

Direct form Il contains minimum number of delay registers. Draw in order \R" and
then \FIR". Think the transfer function in order H(z) = ﬁ P(z). Because LTI, the
order of sub Iters can be changed. Connect the delay registe because there are the
same signals (see Book). So you geanonic form, where the number of delays is the

same as order of the lter (Figure 109).

yln]

IIR-FIR before connecting Canonic form

Figure 109: Direct form II.

Corresponding transponing I, see Figure 110.
Example on direct form, cascade and parallel system. Consider a sedmrder transfer
function 1 1

H(z) = =
@ 1+3zH1 3zYH 1+34zt Sz2

with di erence equation

! y[n 2]+ x[n]

1
yln 1]+ P

nl= —

yinl= 5

Cascade form can be written as
H@) = 1+1z1

and parallel form using partial fraction (draw!)

H(z) =

T4
1+%z1 1
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X[n] XIn "lIR" yin]

Phases 1-3 Phase 4: ip around

Figure 110: Transposed direct form II.

64. Problem: Analyze the digital lter structure shown in Figure 111 and cetermine its
transfer function H(z) = Y (z)=X(z).
a) Is the system LTI?
b) Is the structure canonic with respect to delays?

c) Compute H (z)H (z *) (the squared amplitude response). What is the type of this
Iter (lowpass/highpass/bandpass/bandstop/allpass)?

Figure 111: The ow diagram of the system in Problem 64.

[LO502] Solution:  Let us use three temporary signalsvi[n], w,[n], and ws[n], in the
following locations in Figure 112.

From the gure we get the following expressions in transforadomain W W(z)):
W; = KX +2z 'Ws
W, = (z! AW,
W, AW; Bz 'W;=(A Bz hw,
Y = z 'W,+ BW;
Substituting the equation from third line to rst line we get

W; = KX +z YA Bz Hhw,
1 Az *+Bz W, = KX

T-61.3010 DSP 2009 123 /170 PROBLEMS { Part | 62-65

y[n]

Figure 112: The lter with temporary signalsw;, w,, and w; in Problem 64.

Next, substituting second line in fourth line we get
Y=[zYz?! A)+BW,
Finally, we get rid of the last temporary variableW,, and get

_Y(@ _ B Az '+z?
H@)= X(z)_K 1 Az 1+Bz?

a) Itis LTI. There are only multiplications by constants, ddays, and sums of sequences.
b) Since the structure employs 4 unit delays to implement a send-order transfer func-
tion, it is not canonic.
Canonic structure : the number of registers, i.e. delay components, is the same
as the Iter order. Direct form | is not canonic, but it is intuitive and its di erence
equation is easy to obtain. Direct form Il is canonic. It is mre e cient to use

canonic structures. (Consider, for example, Problem 71. tanonic structure is
used, there are only 8 storage locations instead of 10.)

B Az '+z? B Az'+ 72
1 Az '+Bz 2 1 Azl'+ Bz?
B Az1l'+z? Bz 2 Az '+1
1 Az 1+Bz 2 z2 Az '+B

H(z)H((z ) K?

K2
K2

ThereforejH (€' )j = K for all values of! and hencejH (€' )j=1if K =1. H(z) is
an allpass transfer ifK = 1.
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65. Problem: Develop a polyphase realization of a length-9 FIR transfeufiction given by

x@
H(z) = hnjz "

n=0

with (a) 2 branches and (b) 4 branches.

[LO501] Solution:  Polyphase realizations Klitra 2Ed Sec. 6.3.3 / 3Ed Sec. 8.3.3 can
be used in multirate techniques.

a) Two branches
x@
H(z) h[n]z "
n=0

h{O] + h[1]z '+ h[2lz 2+ h[3}z 3+ h[4lz *+
h(5z ®+ h[6lz ®+ h[7]z "+ h[8]z ®

h[0] + h[2]z 2+ h[4]z *+ h[6]z ®+ h[8]z © +
2 h[1]+ h[3z 2+ h[5}z *+ h[7}z

Ho(z%) + z *Hy(Z?)

h[0] + h[2]z * + h[4]z 2+ h[6]z *+ h[8]z *

h[1]+ h(3]z 1+ h[5]z 2+ h{7]z 3

Figure 113: Polyphase realization with two branches in Prdém 65(a).
b) Four branches

e

H(2) h[njz "
n=0
h[0]+ h[1]z '+ h[2]z 2+ h[3]z ®+ h[4]z *+
hi5]z 5+ h[6]z ®+ h[7]z 7+ h[8]z ®
h[0]+ h[4lz *+ h[8]z & +z * h[1]+ h[5]z * +
z 2 h[2]+h[6lz * +z 3 h[3]+h[7]z *

Ho(z%) + z *Hy(z% + z 2Hy(z%) + z 3Ha(z%)
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where 66. Problem: Sketch the following speci cations of a digital Iter on paper. Which of the
amplitude responses of the realizations in Figure 115 do futhe speci cations?

Speci cations: Digital lowpass Iter, sampling frequencyf 8000 Hz, passband edge fre-
h[1] + h[5]z * quencyf, 1000 Hz, transition band 500 Hz (transition band is the banddtween passband
and stopband edge frequencies!), maximum passband attetioa 3 dB, minimum stop-
h[2] + h[6]z * band attenuation 40 dB.

(a) Elliptic, N=4 (b) Chebychev I, N=10 () FIR/Hamming, N=50

h[0] + h{4lz * + h[8}z *

h(3] + h[7lz *

Ho(z*)

Hi(z*)

2000 2000 2000 4000 ~ 2
Hz Hz w

Figure 115: Three realizations in Problem 66: amplitude rpsnses of (a) 4th order elliptic, (b)
Ha(z%) 10th order Chebychev I, (c) 50th order FIR using Hamming widow.

[LO644]Solution: The frequency speci cations are in Hertz, radians, and in mmalized
Matlab frequency in Table 8 and they are drawn in Figure 116 Wi dashed line.

sampling frequency fr | 8000 Hz| ! 2 (rad) 2

passband edge fp [ 1000 Hz| ', | =4 (rad) | Wp| 2 100G-8000 = 025
stopband edge fs | 1500 Hz| ! 3=8 (rad) || Ws| 2 15068000 = 0:375
passband ripple Rp | 3dB Rp| 3

stopband attenuation || Rs | 40 dB Rs| 40

Figure 114: Polyphase realization with four branches in Pbdem 65(b).

Table 8: Speci cations for the Iter in Problem 66.

Now that speci cations are written and sketched, the Iter ader and the lter coe cients
are computed using a speci ¢ software (e.g. Matlatellipord and ellip , buttord and
butter , etc.). Then the amplitude responsgH (€' )j of the calculated lIter is plot-
ted in the same picture as the sketch of the specications @. Matlab, [...] =
freqz(B,A.,...); ). If the amplitude response curve ts in the speci cations,we have
succeeded. In other case, the speci cations and the code foe Iter are re-checked.

The elliptic IIR Iter in Figure 116(a) (via bilinear transf orm) is of order 4 and it ful lls
the speci cations exactly.

Chebychev |1 Iter (Figure 116(b)), which is 10th order IIR, is monotonic in passband
and has stopband attenuation of 50 dB instead of 40. The amfplie response ts in the
allowed area, and it is already too strict. Probably the ordeN =8 would be su cient.

The third Iter (Figure 116(c)) is 50th order FIR, whose transition is narrow enough

but at the wrong cut-o frequency. So, this is the only Iter, which does not ful Il the
speci cations. One should check the cut-o frequency so thiahe amplitude response ts.
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(a) Elliptic, (b) Chebychev II, () FIRMHamming, Approximation M 2Ed Sec. M 3Ed Sec. Response

Butterworth ~ 5.4.2 4.4.2 jHa( ) 2= T+ 2 YN
- C

Sy 1
Chebyshev | 5.4.3 4.4.3 Ha() = 7272725 2( = o)

Sy 1
i H Chebyshev Il 5.4.3 4.4.3 Ha(i) 1P= —=7T=25=
2000 4000 2000 4000 @ 1+ Z[TN( S= P)]z
Hz Hz w TNC s=)

- P 1
Elliptic 544 444 H 2z
p iHa(i ) J "R (= )

Figure 116: Three realizations in Problem 66: amplitude rpsnses (solid line) with speci ca-
tions (dashed line) of (a) 4th order elliptic (OK!), (b) 10th order Chebychev Il (OK, too tight
realization?), (c) 50th order FIR using Hamming window (bactut-o frequency).

Table 9: Analog Iter approximations in Problem 67.

67. Problem: Connect rst each amplitude response to the correspondingote-zero plot eV L N T P Chebychev Il, N =7 Elliptic, N = 4
in Figure 117. Then recognize the following digital IIR Ite algoritms: Butterworth, x 0
Chebyshev I, Chebyshev I, Elliptic. The conversion from alog to digital form is done b h é : 9
using bilinear transform. The sampling frequency in guress 20 kHz. - E Y o . o . >OO

o &

1 1 1 ) 1
ChebychevI,N=7 Butterworth, N = 19

0 1 1 o 5000 10000 0 5000 10000
[} <§ Butterworth, N = 19 Chebychd? Il, N =7
20 p 0.5 X 0.5 = =
o0 x 0 xx
-40 E - E .
05 o 05 °
& o & : !
[ 1 -0.f

0 5000 10000 A A

0 b 5000 10000 5goo 10000
iz

1 0 1 -1 0 1
20

w0 Figure 118: Problem 67, see the titles of each sub gure fortdr type and order.

60,

0 s000 10000

. Problem: Consider the following prototype analog Butterworth-typelowpass Iter
1
s+1

(@)

Figure 117: Problem 67. Digital Iters from analog approxinations through bilinear transform, HprowoLp (S) =

(a) amplitude responses with speci cationsf s = 20000 Hz (b) pole-zero plots.

a) Form an analog rst-order lowpass lter with cuto frequency . by substituting
H(s) = Hprowre (). Draw the pole-zero plot in s-plane.

. o o b) Implement a discrete rst-order lowpass Iter Hy, (z), whose cuto frequency (-3

[LO643]Solution: Analog lter design is represented in flitra 2Ed Sec. 5.4 / 3Ed Sec. dB) is at f, = 100 Hz and sampling rate isfs = 1000 Hz, applying the impulse-

4.4). The approximations are given with magnitude-squared resnses of Nth order in invariant method to H (s). Draw the pole-zero plot of the Iter Himp (2).

Table 9. c) Implement a discrete rst-order lowpass lIter Hg; (z) with the same speci cations
The response of Butterworth is monotonic. Chebyshev | is edjipple in the passband applying the bilinear transform to H(s). Prewarp the edge frequency. Draw the
and monotonic in the stopband whereas Chebyshev Il is monaiie in the passband and pole-zero plot of the Iter Hg (2).

equiripple in the stopband. Elliptic approximation is equiipple both in the passband
and stopband. The Iter order can often be obtained by compug the number of local
maximum and minimum. [LO613]Solution: The solution to the problem starts from the page 129. Two metids
for digital IIR design are shown in the lecture slides, impsk invariant method and bilinear

The digital Iters are obtained through bilinear transform (Mitra 2Ed Sec. 7.2 / 3Ed Sec.
transform method.

9.2). Hence, approximations, amplitude responses and poleraglots are related to each
other according to the Figure 118. Analog Butterworth lowpass Iter

Analog Butterworth lter is discussed in (Mitra 2Ed Sec. 5.4.2 / 3Ed Sec. 4.4.2.
The de nition of an analog Butterworth Iter with cut-o fre quency . isjHa(j ) j* =
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1=(1 + (—)*) (Mitra 2Ed Eq. 5.31 / 3Ed Eq. 4.33. The rst order (N = 1) lteris
therefore

jHa( ) 2

Ha(s)Ha( s)

wheres = j

Ha®) = o~
c

The pole ins-plane is ats = .

Here, refers to frequency in analog domain Ki(j )) and ! to frequency in digital
domain (H (€' )).

As said earlier, there are two ways to convert analog lter taligital. The inpulse-invariant
method is straigtforward but it has severe limitations. Thebilinear transform is a standard
way.

Impulse-invariant method , see, e.g. lecture slides:

Ha(s) 7! ha(t) 7! h[n] = ha(nT) 7! H(2)
In the impulse-invariant method the target is to get impulseresponse of digital Iter h[n]
to be the same as the sampled impulse response of analog Itef(nT). Because IIR
Iters have normally an impulse response of in nite lengththis method brings distortion.
The bilinear transformation is acquired when
1 z1?

s=k 1+z1

is inserted into the system function Witra 2Ed Eq. 7.21 / 3Ed Eq. 9.15)
H(@) = Ha(Sligy oo s

Note that here k is a parameter used in the derivation of the bilinear transfonation. It
is originally k = (2=T) but can be setk = 1 to simplify the procedure.

The frequency is warped before the bilinear transformation Mitra 2Ed Fig. 7.4, 7.5/
3Ed Fig. 9.3, 9.4). In the small frequencies the di erence is not big, but it issigni cant
in high frequencies. Therefore the discrete-time normatid angular cut-o frequency! ¢
has to be rst prewarped into analog-time prewarped cut-o frequency p:

Yo

2

where! ;=2 f =fr =2f ;T = (T,and0<!.< ,and [ =Hz and fr = 1=T
is the sampling frequency. For example, if discrete-time, = 100 Hz and fs = 1000 Hz,
then ,.=2000 tan(0:1 ), andf,. 1034 Hz. Analog design has to be done usirfg.
instead off ¢ in order to get the cut-o frequency to 100 Hz in the digital lter.

Solution to Problem 68

pc =k tan
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a) Substitution gives directly

c

H(S) = Hproworp (5= ¢) = s+
c

The pole-zero plot of a lowpass lIter in s-plane is in Figure19.

Figure 119: Problem 68(a), LP in s-plane. The stable pole ig a = ¢ in the left subspace,
the y-axis is the frequency.

b) Transfer function using the impulse-invariant method.

Ha(s) = s+° 7' hy(t)= e < ()7

X
- = cnT = cnT - c
h[n]= hy(nT)= ce <"T [n]7! H(z) = c,.:oe "Mz "= T e 71
The constantK is introduced in order to scale the maximum ofH (€' )j into unity.
Using (Mitra 2Ed Eq. 7.7/ 3Ed Eq. 9.7), ! c = =fr =2 f =f; and valuesf =1
kHz (sampling frequency) and; = 100 Hz (cut-o frequency),
K K
HEm =1 erz 1™ 1 e =5t
We also know that the maximum is located at zero frequency, bause the frequency
response of a Butterworth Iter is monotonic. Thus we get

K _
—— =1, K=1 e ~®
l e:5

The transfer function of the lter is therefore
1 e =%
H@mo = g5, 1704685 T5eaag 1
There is a pole atz = 0:5335, see Figure 120 for the amplitude response in linear
scale, in desibels and the pole-zero plot.
Transfer function using bilinear transform. Compute thenormalized angular discrete-
time cut-o frequency !,
o= =2leogp
fr

and the prewarped cut-o frequency . (k =2=T):

|
pc =K tan(%): k tan(0:1)
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Imaginary Part

00 200 300 400 o 0 200 30 400 105 3
T fHa) Real Part

(@) (b) ©
Figure 120: Problem 68, the Iter Hn, (z) using impulse-invariant method. (a) Amplitude
response in linear scalgH (¢! )j and (b) in desibels 10 log,,jH (€' )j?, (c) pole-zero diagram.

The digital Iter is obtained through bilinear transform:

H(2) = H(S)J';kﬁ;‘: L = pesktan(0:1)

c
S+ Clszk%}: o= pe=ktan(0:l )

k tan(0:1 )
k LZ1+k tan(0:1)

+z T

j &

tan(0:1 )1+ z 1)
(1+tan(0:1)) (1 tan(0:1 )z !

The last task is to normalize the transfer function. The cortant term in denominator
polynomial should be scaled to 1, and the maximum value of themplitude response
to 1. While this is a Butterworth lowpass lter, the maximum is reached at
1 =0,ie,z=¢€"j5 =1
. . _ 1+z1* _
H@gijmax = K 1 L@Ei), 1,y 1
T+tan(0 :1 )
Finally,
1+z*

1 0509% !

Thereisazeroaz = 1anda pole az = 0:5095. See Figure 121 for the amplitude
response in linear scale, in (power) desibel20*log10(A)=10*log10(A 2)), and the
pole-zero plot. Compare also to the lIter obtained through e impulse-invariant
method in Figure 120.

Hagi (2) = 0:2452
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Imaginary Part

100 200300 400 5 T 0b o5
(o) Real Part

(a) (©)
Figure 121: Problem 68, the IterHg; (z) using bilinear transform. (a) Amplitude response in
linear scale and (b) in desibels, (c) pole-zero diagram.

69. Problem:

a) Show that the best nite-length approximation to the ided in nite length impulse
response in the mean square error sense is obtained by trurechFourier series
method.

b) What is the disadvantage of this method and what are the sofions to this problem?

[LO618]Solution:

a) Let the Hy(e' ) denote the desired frequency response function. Sindg(ée' ) is a
periodic function of! with the period 2 , it can be expressed as a Fourier series:

] X Il
Hq(e" ) = hg[nle "
n=1
where the Fourier coe cients hg[n] are the corresponding impulse response samples
given by z

ha[n] = zi Hq(e' ) em di; 1 n1

For most practical solutions, hy is of in nite length and noncausal. Therefore we
try to nd a nite-duration impulse response sequenceh[n] of length 2M+1, whose
DTFT H(€' ) approximates the Hq4(€' ) in some sense. One commonly used ap-
proximation criteria is to minimize the integral squared-eror

z

1 St 'y
= 5 H() Hg(e )iz

) x
H@ )=~ hfnle ™ :
n= M
Using Parseval's relation
z
dnih = 5~ G(&H (@ )a

n=1

we can rewrite the cost function

b X 1 b3
jhn]  hqln]i® = jhn]  hqlnfi®+ hi[n] + hén):

n= M n=1 n=M+1
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It obvious from the latter form that the integral-squared eror is a minimum when
h(n] = hg[n]; for M n M, thatis the best nite-length approximation to the
ideal in nite-length impulse response in the mean-squarerer sense is obtained by
truncation.

The causality is achieved by delaying thé[n] by M samples. Mitra 2Ed Sec. 7.6.1,
p. 447 / 3Ed Sec. 10.2.1, p. 52¥

Disadvantage is the oscillatory behaviour oH(€' ) (Gibbs phenomenon This
is caused by simple truncation (window function with abrupttransitions in time
domain) and the instability of the ideal Iter. Possible soltions are the use of tapered
windows ( xed or adjustable) and speci cation of FIRs with snooth transitions.
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70. Problem: Use windowed Fourier series method and design a FIR-type (&=l) lowpass
Iter with cuto frequency 3 =4. Let the order of the Iter be 4.

See Figure 122, in left the amplitude response of the ideawlpass Iter H (€' ) with
cut-o frequency at 3=4. In right, the corresponding inverse transform of the desid
ideal Iter hq[n], which is sinc-function according to the transform pair ret(.) $ sinc(.):

hg[n] = f:::; 0:15920:225%0:750:2253, 0:1592:::g

\deal LPw, =34 ® hnnl (10,..10)

=

Magnitude

p W

Figure 122: Problem 70: (a) The amplitude response of the @lelowpass lter, and (b) the
corresponding impulse respondgn] values. The cut-o frequency is at! . =3 =4.

a) Use the rectangular window of length 5, see Figure 123(aJhe window function is
w[n]=1; M n MM =2
b) Use the Hamming window of length 5, see Figure 123(b). Theimdow function is

waln] = O:54+O:460052T: © M n MM =2

which results tow,[n] = f 0:08, 0:54; 1; 0:54; 0:08y
c) Compare how the amplitude responses of the Iters desigthén (a) and (b) dier

assuming that the window size is high enough (e.94 = 50).

Rectanguiar vindon

° °

Figure 123: Problem 70: (a) rectangular windowy,[n] of length 5, and (b) Hamming window
Wi [n] of length 5.

[LO614] Solution:  Digital FIR Iter design with windowed (truncated) Fourier series
method. The ideais to nd in nite-length impulse response bthe ideal Iter and truncate
it so that a realizable nite-length lter is obtained.
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h[n] = hg[n] win] $  Hi(2) = Ha(2) ~ W(2)

Now, when cut-o frequency (-3 dB) is at! . = 3 =4, the in nite-length impulse response
of the ideal Iter is:

hg[n] = sin(%n):( n)=@3 =4)sinc(gn)
0, or sinck) ! 1, whenx! 0. So,
we gethg[n] = f:::; 0:15920:225%0:75 0:225% 0:1592:: 9.

When computing values, sink)=x! 1, whenx !

a) Now we are using rectangular windowy, [n] of length 5 (4th order),

1, 2 n 2

w,[n] =
[l 0; otherwise

hn] = hg[n] w;[n]=f 0:15920:225%0:75 0:225% 0:1592y

If causal lter is needed, then the shift by two is needed

hn] = h(n  2]=f_0:15920:225%0:75 0:225% 0:1592).

In Figure 124 time-domain view:

(2) ha[n] (11R), (b) wy[n], and (c) he[n] = haln] w;[n] (FIR).

In Figure 125 the corresponding frequency-domain view:

(@) Ha(e" ) (ideal, desired), (b)) W, (€' ), and (c) Hi(€" ) = Ha(e" ) ~ W, (€' ) (real-
isable).

desl P, =34 ® il n1 (10,..0) i sig ecianguarwdow

Figure 124: Problem 70(a): time domain view, (ahq[n], (b) w;[n],(c) h[n].

(&) using rectangulr window

i

Magnitude

Figure 125: Problem 70(a): frequency domain (0: ), () Hq(€' ), (b) W, (€' ), (c) Hi(€" ).
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b) Now we are using Hamming windotvwx[n] of length 5,

(
0:54 +0:46cos(2n=4); 2 n 2

Wp|n] =
(] 0; otherwise

= hg[n] wy[n] = hg[n] 0:54 +0:46 cos(2n= (2M ))
= f0:.08 ( 0:1592)0:54 0:225%0:75 0:54 0:225%0:08 ( 0:15592)p
= f 0:01270:12150:750:1215 0:012%

If causal lter is needed, then

hfn]= h(n 2]=f 001270:12150:750:1215 0:012%

In Figure 126 time-domain view:

(a) hq[n], (b) wi[n], and (c) hi[n] = hq[n] wn[n].

In Figure 127 the corresponding frequency-domain view:

(8) Ha(€" ), (b) Wn(€"), and (c) Hi(e" ) = Hau(e" ) ~ Wa(e" ).

sl P, = 3504 ® ol 0T (10...10) Hamning vincow il sing Hamming window

Figure 126: Problem 70(b): time domain view, (ahg[n], (b) wi[n],(c) h¢[n].

[

Magnitude

Figure 127: Problem 70(b): frequency domain (Q: ), (a) Ha(€" ), (b) Wh(€' ), (c) Hi(€" ).

c) Some examples of window functions:
i) Rectangular N=11, Figure 128
ii) Rectangular N =65, Figure 129
iii) Hamming N =65, Figure 130

“The expression is slightly di erent from that given in ( Mitra 2Ed Eq. 7.75, p. 452 / 3Ed Eq. 10.31, p.
533) but the same as in Matlab.
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There are three gures for each item. Top left gure is the widow function in time
domain w[n]. The causal version can be obtained by shifting. Bottom lefgure is
the window function in frequency domainw (€' ). The third gure in right is the
amplitude frequency of actual Iter which is obtained via whdow function method.
The desired lowpass IterHq(€' ) is drawn in dashed line, the implemented Iter
H(€') = Ha(e' ) ~ W(€' ) is solid line. The cut-o frequency is at 100 Hz, and
the sampling frequency is 1000 Hz.

Notice that

i) Rectangular N=11 gives insu cient result.

i) Rectangular N =65 gives sharp transition band but oscillates (Gibbs phermenon).

iii) Hamming N =65 is at both in passband and stopband but the transition band
is not as tight as in (ii).

Figure 128: Rectangular windowN = 11, see the text in Problem 70(c).

= B )

Figure 129: Rectangular windowN = 65, see the text in Problem 70(c).
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e, g, 4 14 e

Figure 130: Hamming windowN = 65, see the text in Problem 70(c).

71. Problem: The following transfer functionsH1(z) and H,(z) representing two di erent
Iters meet (almost) identical amplitude response speci ations
_hhtbzl+bz?
Hi@= 75 az 1+ ayz 2
wherehy = 0:1022,by = 0:1549,b, =0:1022,a; = 1:7616, anda, = 0:8314, and
A2
Ha(z)=  hkz *
k=0
whereh[0] = h[12] = 0:0068, h[1] = h[11] = 0:0730,h[2] = h[10] = 0:0676,
h[3] = h[9] = 0:0864, h[4] = h[8] = 0:1040, h[5] = h[7] = 0:1158, h[6] = 0:1201.
For each lter,

a) state ifitis a FIR or IIR lter, and what is the order

b) draw a block diagram and write down the di erence equation

c) determine and comment on the computational and storagegeirements
d) determine rst values of hy[n]

[LO730]Solution: The transfer functionsH1(z) and H,(z) have been designed using the
same amplitude speci cations, see Figure 131.

a) Hi(z) is IIR. There is a denominator polynomial.
H2(z) is FIR. There is only the nominator polynomial.

b) Hi(z) is an IIR lter. In order to show the feedback in time domain me has to use
inverse z-transform:

_Y@ _ btbzl+bz!
H(Z)_X(z) T+az 1+ az b
Y(2) 1+az *+azt = X2 by+hz t+bz? jz g

ylnl+ ayln 1]+ ayn 2] bx[n] + bix[n - 1]+ bx[n - 2]

From the di erence equation the block diagram can be drawn (Gure 132). Note
that the same coe cients can be found also in the form oH(z).
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jHa(e" )i iHa(e" )i
Figure 131: Amplitude responses dfi;(z) and H(z) in Problem 71.

Figure 132:H(z) as a block diagram in Problem 71.

The impulse responsé[n] of FIR lter H,(z) is directly seen and its length is 13
( nite impulse response). The block diagram consists onlyfenultipliers and delays
(Figure 133).

From examination of the two di erence equations the compational and storage
requirements for both Iters are summarized in Table 10.

FIR | 1IR
Number of multiplications 13| 5
Number of additions 12 | 4
Storage locations (coe cients and data)| 26 | 10

Table 10: Computational and storage requirements ¢,(z) and Hx(z).

It is evident that the IIR Iter is more econimical in both computational and storage
requirements than the FIR Iter. However, there are some tdks to improve FIR
lter structure, see e.g. Mitra 2Ed Sec. 6.3.3, 6.3.4 / 3Ed Sec. 8.3.3, 8.3}

d) A simple way to determine the impulse response is to insean impulsex[n] = [n]
into input and compute recursively with di erence equationwhat comes out iny[n].
The registers are assumed to be zero in the initial moment. Ather way to solve
rst values of hy[n] is to apply long division. Unfortunately, both cases are fey by
hands. Inversez-transform can be used in order to receive exabfn]. Using Matlab,

hy[n] = £0:1022 0:025% 0:0615 0:0875 0:1029 0:1086 :::g
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Figure 133:H,(z) as a block diagram in Problem 71.

72. Problem: See the digital Iter structure in Figure 134. Write down all equations forw;[n]
and y[n]. Create an equivalent matrix representatiory[n] = Fy[n] + Gy[n 1] + x[n],
wherey[n] = wi[n] wy[n] ws[n] wsn] y[n] T Verify the computability condition by
examining the matrix F. Develop a computable set of time-domain equations. Devplo
the precedence graphMitra 2Ed Sec. 8.1, p. 515 / 3Ed Sec. 11.1, p. 589

y[n]

Figure 134: Problem 72: Digital lter structure.

[LO701]Solution: In this problem issues of computable set of time-domain ediens are
considered Witra 2Ed Sec. 8.1, p. 515/ 3Ed Sec. 11.1, p. 589 See the digital Iter
structure in Figure 134.

The di erence equations forw;[n] and y[n] can be written as

wi[n] = x[n] ws[n]+ waln]
woln] = 15m[n 1]
waln] = 3wi[n 1]+ wqln]
waln] = 2ws[n 1]
y[n] = 2x[n] 3win]

Note that you cannot compute this ordered set of time-domairequatios in this order,
i.e., the set is noncomputable. For instance, in order to gehe value of w,[n] one has
to compute w,[n] and ws[n] rst. It is not directly seen either, if the structure contains
delay-free loops (likew,[n] = ax[n] + :::+ bwy[n]).

We start from forming a matrix representation for the above &t of equations using

y[n] = Fy[n]+ Gy[n 1]+ x[n]
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wherey[n] = wi[n] wy[n] ws[n] waln] y[n] T. F contains coe cients at the time
momentn, and G coe cients at the previous time n 1. The matrix representation is

2 3 2 32 3 32 3 2 3
wi[n] 0 0 wn] 0 0 wn 1] x[n]

2 0 0
wa[n] 0 w,[n] 15 00 wy[n 1] 0
ws[n]4 = 8 0 ws[n]4 + 3 0 0 wsln 1} + 0
wy[n] 0 ws[n] 0 20 wyln 1] 0
y[n] 3 0 yn] 0 0 00 yn 1] 2x[n]

See the matrixF closer. If the diagonal element irF is nonzero, then the computation
of the present valuew; [n] requires knowledge of itself (delay-free loop), which me& the
structure totally noncomputable.

Any nonzero element in the top triangular ofF makes the ordered set of equation non-
computable. The task is to re-order the equations so that thitriangular becomes zero.
A signal ow-graph representation of the lter structure is created in Figure 135. The
dependent and independent signal variablggn] are represented as nodes. Note that here
all di erent coe cients have been replaced by a single conaint C = 1 (omitted) because
we are not interested in exact values of variables.

X[n] wi // :{E}: w2 \WV@\N]
. ©O O, ©O

Figure 135: Problem 72: Signal ow-graph representation ahe digital Iter structure of
Figure ??. All coe cients have been omitted. Delay registers are mamd with D.

First, remove all delay branches and branches going out frothe input node, see the
reduced signal- ow chart in Figure 136(a). Label all thoseades which have only outgoing
brances into a setf N;g. Second, remove all outgoing branches from nodébl,g, see

Figure 136(b). Label all nodes which have only outgoing braes into a sef N,g. Repeat

until there is no nodes left. If the algorithm stops before,lere is a delay-free loop and
the whole system is noncomputable. Here we get

fNig = fwy; wig
fNog = fwsg
fNag = fwg
fNJ.g = fyg

The graph with branches and nodes shown in Figure 137 is cdllprecedence graph
(Mitra 2Ed Sec. 8.1.2, p. 518 / 3Ed Sec. 11.1.2, p. 592 The computational order of
the variables inside the same sdtN;g can be chosen arbitrary.
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yinl |

\—o/.

Figure 136: Problem 72: (a) The reduced signal ow-graph ohined by removing outgoing
branches from the input and all delay branches. All nodes witonly outgoing brancesw, and
Wwa, belong to the setf N;g. (b) All outgoing branches from nodes in the sefN;g have been
removed. All nodes with only outgoing brancesys, belong to the setf N,g.

The computable ordered set of equations is

woln] = 15m[n 1]
wgn] = 2wg[n 1]
wsln] = 3win 1]+ wyn]
wyn] = Xx[n] ws[n] + w[n]
y[nl = 2x[n] 3win]

Figure 137: Problem 72: Presedence graph with node séts Coe cients have been omitted.
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73. Problem: Suppose that the calculation of FFT for a one second long sesnce, sampled

with 44100 Hz, takes 0.1 seconds. Estimate the time neededcumpute (a) DFT of a one
second long sequence, (b) FFT of a 3-minute sequence, (c) DBa 3-minute sequence.
The complexities of DFT and FFT can be approximated withO(N2) and O(N log, N),
respectively.

[LO700]Solution: Fast Fourier Transform (FFT) is a computationally e ective algorithm
for calculating the Discrete Fourier Transform (DFT) of a squence Mitra 2Ed Sec. 8.3.2
/ 3Ed Sec. 11.3.2.

The computational complexity of FFT is O(N logN) where N is the length of the se-
quence. The complexity of the basic algorithm for DFT is quamtic to the input length
i.e. O(N?).

Here, it is supposed that the calculation of FFT for a one send long sequence, sam-
pled with 44100 Hz, takes 0.1 seconds. Thus, the length of tsequence iN = 1's
44100 Hz = 44100 samples and we can approximate the number plemtions needed
for the calculation asN log, N (using the base-2 logarithm). Since performing these
operations takes 0.1 seconds, we get the (average) exeautione for a single operation:

0:1s

'~ 2410010g(44100)

147 ns
a) The time needed to compute DFT of a one second long sequercestimated as the
number of operations needed times the execution time for angle operation:

N?t =44100° 147ns 300s 5 min

b) A 3-minute sequence, sampled with 44100 Hz, consistshof= 180 s 44100 Hz =
7938000 samples. Calculating FFT foN © takes approximately:

NClog,(N 9t = 7938000 log(7938000) 147 ns 30 s
c) Calculating DFT for N°takes approximately:

(N92t =7938006 147ns 9 1fs 100d

It should be noted that these are only very crude approximatins of the actual time it
takes to calculate the FFT and DFT algorithms with di erent sizes of input sequences.
The O( ) notation omits all additive constants and constant coe cients of the complexity
and concerns only the asymptotic behavior of complexity wheN grows without limit.
In addition, the length of N is assumed to be a power of 2 in FFT algoritms.
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74. Problem:  Using radix-2 DIT FFT algorithm with modied buttery compu tational
module compute discrete Fourier transform for the sequenegn] = f2;3;5; 1g (Mitra
2Ed Sec. 8.3.2, p. 538/ 3Ed Sec. 11.3.2, p. 6)0The equation pair onrth level (Mitra
2Ed Eq. 8.42a, 8.42c, p. 543 / 3Ed Eq. 11.45a, 11.45c, p. 614

eall = L1+ WL L]
rall = L] WYL

[LO766]Solution: Discrete Fourier transform (DFT)

X 1
X[K] = x[MWG<  k=0:::N 1
n=0

where Wy = e 127N | can be computed e ciently using fast Fourier transform (FFT)
algorithms. Algorithms are based on\divide and rule"{ deceposing theN -point DFT
computation into smaller ones, and taking advantage of theguiodicity and symmetry
properties of Wik, The computational complexity of DFT is quadratic O(N ?) whereas
that of FFT is O(N log, N). The dierence is remarkable with largeN. N is required
to be power of two 2 = N. In addition, the temporary results during the algorithm
can be saved in the same registers (in-place computation)hieh is desirable for memory
management. See the literature for more details about deig FFT algorithms (Mitra
2Ed Sec. 8.3.2, p. 540 / 3Ed Sec. 11.3.2, p. 610

Here we apply radix-2 DIT FFT algorithm to compute DFT. DIT stands for decimation-
in-time and radix-2 means that the decimation factor is 2 at@&ch step. Modi ed butter y
module is depicted in Figure 138 and with equationdMitra 2Ed Eq. 8.42a, 8.42c, p. 543
/ 3Ed Eq. 11.45a, 11.45¢c, p. 613

eal 1= L1+ W L]
eall = (L1 Wy ]
wherer is the level of computationr = 1 , constant = log, Ny, and at each level

r the coe cients WY : N = N(r)=2"=2%:::;2 ,andl =0;:::;2° * 1. The number
of ;L

Yal & Yi.{al

W, -1
Yib] & Y+1b]

Figure 138: Problem 74: Modi ed butter y module.

Heref ,[m]gis the input sequence in the bit-reversed order to be transfoed, that is, a
samplex[(b :::bbihy).] appears in the locatiorm = (kb :::b ), as 1[(kbbib:::b),)]
(bits b 2 f 0; 1g).

The algorithm is e cient also in the sense that only values obne levelr (number of Ny;)
has to be kept in the memory, this is calledn-place computation
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Hence, here we apply radix-2 DIT FFT algorithm to compute DFTof the sequence
x[n] = £2,3,5; 1g, whereNy,) = 4 and = log,4 = 2. Bit-reversed order gives the
starting point

(index (0)10 = (00),)  1[0] = x[0]=2 (bit-reversed (00} = (0) 10)

(index (1)10=(01)2) 1[1] = x[2]=5 (bit-reversed (10} = (2) 10)

(index (2)10 = (10) 2) 1[2] = x[1]=3 (bit-reversed (01) = (1) 10)

(index (3)10 = (11)2)  1[3] x[3]= 1 (bit-reversed (11) = (3) 10)

The ow-graph for the algorithm is depicted in Figure 139. Cmputing the layerr =1
whereW,, = fWfg= filg
o0] = 0]+ WP 4[1]=2+5=7
1] = 0] WP 4[1]=2 5= 3
221 = a2+ WP 4[3]=3 1=2
231 = 2] WP a[3]=3+1=4
and the layerr = 2 with W}, = fWJ;Wjg=f1 jg
af0] = 0]+ W) 5[2]=7+2=9
a2l = o0] W 2]=7 2=5
1] = L+ W oB81= 3 4
a3l = o1l Wi o3]= 3+4
which gives the nal result (compare to Problem 13 and Probla 50)
X[0] = 50]=9
X[1] sl= 3 4
X[2] 3f2]=5
X[3] 3[3]= 3+4j

Y{0] Y40]

Y{1] Y41]

Y{2] Y42]

Yi3] '1 4 . Y43]

Figure 139: Problem 74: Flow-graph of the radix-2 DIT FFT algrithm with modi ed butter y
module.

Remark. Radix-2 DIT FFT for the sequence of lengthN = 8 is just adding one layer
more as can be seen in Figure 140. In practid¢ depends on the application, e.g., in
speech processing\ corresponding to 20 milliseconds witH+ = 44100 Hz results to
0:02 44100! either N =512 or N = 1024.
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Yio) ol

il / Y41
Y42 / Y42)
AN

Y{5] vis)

Y46] 1 \‘h{ﬁl
: 4 \

WS -1 Y47

Y{7] Y47

Figure 140: Problem 74: The same algorithm withN = 8, i.e., bit-reversed inputs
1[0} :::; 4[7]. In the right-most layer the multipliers are W§, W¢, Wg, and W§, and
the outputs are 4[0]; :::;  4[7].

75. Problem: Perform the following binary additions

a) 0 10101+0 01111
b) 0 01011+0 10001

and compute the di erences by performing binary additions foa positive fraction and a
negative number represented in two's complement form:

a) 0 10101 0 01111
b) 0 01011 0 10001

[LO768] Solution: Negative fractions are often represented in two's complemteform,
which is received from a positive fraction by inverting all is and adding one.

a) 0 10101+0 01111
1111 carry

1
0
+ 0
1

As the sign bit is 1, there has been over ow and the sum is not oect.
b) 0 01011 +0 10001
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No over ow occured this time.

c) The dierence 0 10101 0 01111 can be carried out as an addition of positive binary
fraction 0 10101 andd thw two's-complement representation of0 01111, which is
given by 1 10001.

carry

0

+ 1 00
10 01

The extra 1 bit on the left of the sign bit is dropped resultingin 0 00110, which is

the correct di erence.

d) 0 01011 O 10001. The complement of 0 10001 is given by 1 01111.

1111 carry

which can be changed back to a positive fraction by invertingits and adding one:
0 00110.
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76. Problem: Express the decimal number 0:3125 as a binary number using sign bit and
four bits for the fraction in the format of (a) sign-magnitude, (b) ones' complement, (c)
two's complement. What would be the value after truncationif only three bits are saved.

[LO764]Solution: The binary number representation is discussed irMjtra 2Ed Sec. 8.4
/ 3Ed Sec. 11.8). Now, 0:3125= 5=16. We can express itin xed-point representation
using a sign bits and four bits for the fraction.

There are three di erent forms for negative numbers, for wish all the sign bit is 0 for a
positive number and 1 for a negative number.

a) Sign-magnitude forma, 1 0101.
b-bit fraction is always L a ;2 '. For a negative numbers = 1:
S= (0 2'+1 22+0 2°%+1 2%= 03125
Ones' complement: 11010.
Decimal numberS = s(1 2 %+ f’:l a ;2 '. The negative number can also be
achieved by complementing all bits of the corresponding pitige value (+0:3125,
0 0101! 1 1010, 0:3125).
S= 11 2%+ 2'+0 22%2+1 23%+0 2%
= 0:9375+0625= 0:3125
Two's complement: 1 10]1;
Decimal numberS = s+ :’:1 a 2 '. Itcan also be achieved by complementing all
bits and adding 1 to the least-signi cant bit (LSB) (+0:3125, 0 0101! 1 1010+
1=1 1011, 0:3125).
S= 1+(1 2'+0 22+1 23%+1 29
= 1+0:6875= 0:3125

After truncation
a) 1 0101! 1 01, 025
b) 1 1010! 1 10, 025
c) 1 1011! 1 10, 05
it can be seen that in this case truncation of (a) and (b) prodeed a bigger number, but

(c) a smaller. The analysis of quantization (truncation) pocess itra 2Ed Sec. 9.1 /
3Ed Sec. 12.) results to quantization errors depicted in Problem 78.
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77. Problem: In the following Figure 141, some error probability densityfunctions of the

quantization error are depicted.
f(e) (a)

Figure 141: Problem 77: Error density functions.

(a) Rounding

(b) Two's complement truncation

(c) Magnitude (one's complement) truncation

is used to truncate the intermediate results. Calculate thexpectation value of the quan-
tization error me and the variance 2 in each case.

E[E] = i f(e) ede Var[E]=E[(E E[E])? ] =E[E?] (E[E])?

[LO752]Solution: In this problem we are analysing di erent types of quantizabn meth-

ods. here means the gquantization step, = 2 B. For example, if we are using
(B +1) = (4 +1) bits and xed-point numbers with two's complement representation,

possible 2*1 = 32 quantized values are

The area (integral) of the propability density function f (e) is always one. All the dis-
tributions are uniform. Hence,f () (height of the box) of each pdf is easily computed.
We rst compute E[E] = m. and Var[E] = E[(E  E[E])?] = 2 for general uniform
distribution (see Figure 142).

f(e)

’7“ I 1/(b-a)

a b

Figure 142: Computing the mean and variance of general unifo distribution in Problem 77.

8
> 1
f(e):> a

b
0
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Z, Z, b
1 1 -
ef(ede= e——de= — Zé
a b a b a

p B @)= b b= o+
Zy 2
(e me)’f (e)de= %(a+ b) 1

b ade

3
%(a+ b)

3
S@+b

Computation of mean and variance for each tree cases in thesesise paper, (a) rounding,
(b) two's complement truncation, and (c) magnitude truncaton.

a) Rounding:a= 5,b= 5

c) Magnitude truncation: a =
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78. Problem: In this problem we study the roundo noise in direct form FIR lters. Consider
an FIR lter of length N having the transfer function

1
H(z) = hik]z *:
k=0
Sketch the direct form realization of the transfer function

a) Derive a formula for the roundo noise variance when quaitation is done before
summations.

b) Repeat (a) for the case where quantization is done after sumations, i.e. a double
precision accumulator is used.

[LO753] Solution: Direct form realization of the Iter. Quantization blocks are marked
by Q in Figure 143.

Figure 143: Filter with nite wordlength in Problem 78.

a) The roundo noise model g [n]:s are error sources), when quantization is done before
summations, is depicted in Figure 144.

eo[n] eun] aln]

Figure 144: Roundo noise model with N quantization pointsn Problem 78.

It is assumed that the quantization is done using roundingB + 1 bits are used in
the coe cient quantization ( =2  B):

?; me =0 for all g[n];
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Transfer functions from noise sources to the output are egu@® unity. Total output

noise is thus .

en]= a[n:
i=0
The expectation of the total noise isE[e[n]] = 0 because rounding was applied. The
variance of the noise is

o =E € ElEY °
=0 (rounding)
2 A 1,

X !
E4 el 5 [Ele[n]e )] =0;i6 j]

b X
= Eé =

i=0 i=0

b) The model, when quantization is done after summations, idrawn in Figure 145.
Now there is only one quantization point, i.e., there is onlpne noise sourceg[n].
The expectation of the total noise is agait [e[n]] = 0. However, variance is smaller.
This is achieved by using more bits in temporary computatiosn

223

2
¢ 127

2 -
) ejtot

Figure 145: Filter with only one quantization point in Problem 78.

Remark. Consider a receipt with several products. In (a) you would tnd each purchase
before summing whereas in (b) you sum all purchases and routim in the end. While
this is done for a set of receipts, expectation and variancarc be computed.
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79. Problem: The e ect of the additive quantization noisee[n] on the input signal x[n] can
be evaluated by computing thesignal-to-quantization noise ratio(SNRa-p ) in dB de ned
by

SNRa-p =10log,, dB ;

where 2 and 2 are the input signal and noise variances, respectively.

For a bipolar (b+1)-bit A/D converter, the quantization noise power can be &pressed as
_ 2 ®(Res)? |
- 48

whereRes = K is the full-scale range of the converter.

2
e

Derive the formula for SNRa-p in the case of a bipolar §+ 1)-bit A/D converter and
calculate the SNRx-p ratios for 8, 12, and 16 bit converters withK = 6.

[LO770] Solution:  Signal-to-quantization noise ratio in the case of a bipolafb+ 1)-bit
A/D converter:

SNRa-p = 10logy,

2
X

4
10000 ZARes)?

10logy2 % +10log,,48 + 10log,,

2
X
(Res)?

R
6:020+16:81 20log, —> dB
X

Now, Res = K 4 =6 4 and bis the used bitrate minus one. Therefore, we get:

b=7 : SNRap =6:02 7+16:81 20l0g,(6) = 43:39 dB
b=11 : SNRap =6:02 11+1681 20log,(6) = 67:47 dB
b=15 : SNRup =6:02 15+1681 20l0g(6) = 91:56 dB
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80. Problem: The quantization errors occuring in the digital systems mape compensated
by error-shaping lters (Mitra 2Ed Sec. 9.10 / 3Ed Sec. 12.1p The error components
are extracted from the system and processed e.g. using simgligital Iters. In this way
part of the noise at the output of the system can be moved to a bd of no interest.

Consider a lowpass DSP system with a second-order noise retthn system in Figure 146.

a) What is the transfer function of the system if in nite wordlength is used?

b) Derive an expression for the transform of the quantized ¢put, Y(z), in terms of
the input transform, X (z), and the quantization error, E(z), and hence show that
the error feedback network has no adverse e ect on the inputgnal.

c) Deduce the expression for the error feedback function.
d) What values k; and k, should have in order to work as an error-shaping system?

Figure 146: Second-order system with second-order noisduetion in Problem 80.

[LO765] Solution:  The quantization errors produced in digital systems may beom-
pensated by error-shaping lters. First-order and secondrder feedback structures are
introduced in (Mitra 2Ed Sec. 9.10.1, 9.10.2 / 3Ed Sec. 12.10.1, 12.10)2 The error
components are extracted from the system and processed aiging simple digital lters.
This way the noise at the output of the system can be reduced.
Consider rst the block diagram shown in Figure 147(a) and & round-o noise model in
Figure 147(b).

a) If in nite precision is used, the quantization is not neeéd ande[n] 0 (see Fig-

ure 147(b) with e[n] = 0). In that case, the system function is
1+2z1+2z7?

1 1752 1+0:81z 2
Computing zeros and poles we get a pole-zero diagram from whhit can be derived
that the lter is lowpass (Figure 148).

b) From Figure 147(a) it can be obtained the following di ereice equations:
en] = yn] win]
wln] = (x[n]+2x[n 1]+x[n 2])
+(1:75[n 1] 08ly[n 2]
+(kie[n 1]+ koe[n  2])

H(z) =
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Figure 147: (a) Second-order direct form | system with secdorder noise reduction, (b) and
its noise model in Problem 80.

Pole-zero-diagram of H(z)

05 1 15 2 25 3

Figure 148: Problem 80: (a) The pole-zero plot and (b) the magude response oH (z) =
(1+2z *+z 3)=1 1752 *+0:81z ?).

After z-transform,
h 1 2 h
1+2z '+z
Y@ = T i7m tosn 2 XY

= H(2)X(2) + He(2)E(2)

1+kyz 1+ kpz 2
1 1752 1+0:81z 2

IE(Z)

It can be observed that the noise transfer functiotd¢(z) modi es only the quanti-
zation error.

c) The noise transfer function is

1+kz 1+ koz 2
1 1752 1+0:81z 2
Notice that without error-shaping feedback structure, i.e k; = 0 and k, = 0, the
noise transfer function is ¢ = unshaped)

He(2) = = Heu(z) Hes(2)

1
1 1752 1+0:81z 2
So, the error-feedback circuit is actually shaping the errspectrum by (s = shaping)

Hes(z) =1+ kyz '+ koz 2

Heu(2) =
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d) Without error-shaping the quantized output spectrum is
Yu(2) = H(9)X(2) + Heu(2)E(2)

Error-shaping Iter Hes(z) should e ciently discard the e ects of the poles ofHe,(2).
Error-feedback coe cients are chosen to be simple integeos fractions (i =0; 0:5; 1;
so that the multiplication can be performed using a binary sft operation and it
will not introduce an additional quantization error. Choosng k; = 2, k, = 1,
Hes(z) =1 2z '+ z 2is a highpass lIter with two zeros atz = 1. Finally, the
compensated output spectrumYs(z) with random white round-o noise E(z) = 1,
can be written as (see Figure 149)

Ys(2) = H(2)X(2) + Heu(2)Hes(2)E(2)
1 2z2'+z°72

Yi(2) = H@X@* 175 Ty o8y 2

The error shaping structure lowers the noise in the passbamy pushing it into the

stopband of the Iter (Mitra 2Ed Fig. 9.45 / 3Ed Fig. 12.46).

Imaginary Part

ER—

005
Real Part

Imaginary Part

T 05 05

0
Real Part

Imaginary Part

05 05

o
Real Part

Figure 149: Problem 80: First rowHey(z), error without feedback. Second rowHes(z), com-
pensation by FIR-2 error feedback. Third rowHe(z), compensation by FIR-2 error feedback.
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81. Problem: Consider a cosine sequencgn] = cos(2 (f=f ¢)n) where f = 10 Hz and
fs = 100 Hz as depicted in the top left in Figure 150. While it is a pre cosine, its
spectrum is a peak at the frequencé = 10 Hz (top middle) or at ! =2 f=f ¢ = 0:2
(top right).

a) Sketch the output sequencex,[n] with circles using up-sampler with up-sampling
factor L = 2, and draw its spectra into second row. Original sequencebes ofx[n]
are marked with crosses. The spectrum in middle column is:200 Hz and in right
0:2 ,ie., O:fs.

x[n=L]; n=0; L; 2L;:::

Xu[n] =
u[n] 0; otherwise

Xy(€")= X (")

b) Sketch the output sequencey[n] with circles using down-sampler with down-sampling
factor M =2, and draw its spectra into bottom row.

G X e
Xl = xM] - Xg(d')= 7X@ 20M)
k=0

x[n] = cos(2 p 10/100 n) X", Hz IXE™), wxp
@5 & o

0 50 100150200

L I
\*H\%

i

XX

0 50 100150200

0 0.05 0.1 015 0.2 0 50 100150200 0 1 2

Figure 150: Empty gures for Problem 81. The up-sampling faor L = 2, and the down-
sampling factorM = 2. Left column : sequencex[n] with circles, Il in the sequencesx,[n]
and xg[n]. X-axis: time (0 2 s). Middle column : Spectrum X (€' ) (10 Hz component,
100 Hz sampling frequency), Il in the spectraX,(e') and X4(é'). X-axis: frequency
(0:::200 Hz). Right column : SpectrumX (€' ) (2  (10=100) = 0:2 ), Il in the spectra
Xy(€' ) and Xq4(€" ). X-axis: angular frequency (0::2 ).

[LO910]Solution: Sometimes it is necessary or useful to change the samplingduency
fs. Consider music formats DAT (48 kHz) and CD (44.1 kHz).
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¥{n] = cos(2 p 101100 m) X(@"), Hz X&)l wxp

[ w2

005 01 015 02 50 100 150 200 [ 20

Figure 151: Problem 81(a). The original sequence of a cosinief = 10 Hz and its spectrum.
The angular frequency! =2 (f=f¢)=2 (10=100)=0:2 .

a) Up-sampling with factorL = 2. In the time domain there willbe L 1 zeros between
the original samples, see Figure 152(a).

x[n=L]; n=0; L; 2L;:::

n
Xuln] o; otherwise

x[n=2, n=0; 2, 4:::
0; otherwise

In the frequency domain the sampling frequency is multipléeby L, hence, the new
sampling frequency is 200 HzL 1 images from the original spectrum are emerged
equivalently between 0 and g;new-

Xu(@)= X (@) = X(¢?)

Each cosine is a peak pair (f ) in the spectrum. The original peaks are af = 10
and f =200 10 = 190 Hz, and after up-sampling new images &t = 90 and
f =110 Hz, as shown in Figure 152(b). The same with angular fragncies is shown
in Figure 152(c).

EE TR » e

Figure 152: Problem 81(a). Up-sampled signal,[n], factor L = 2. The sampling frequency is
increased to 200 Hz, and there is an image spectrum.

Notice that if you ideally convert the sequence,[n] into continuous-time x,(t) you
will nd also a high frequency component, an image componenfNormally images
are ltered out using a lowpass lter (see anti-imaging and ati-aliasing lters). See
Figure 153.

b) Down-sampling with factor M = 2 means taking only every second sample.

Xa[n] = x[NMM]= x[2n]
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X[n] = cos(2 p 10/100 n)

0.05
7, J0.01115, 1, =80 hz|

T,=01s,f,=10hz

1,=200 Hz

Upsampled and LP-FILTERED (image filtered out), x,, ]

Figure 153: A closer look at up-sampling. Top, original segace. MiddleL =2, L 1=1

zeros added between the original samples. Bottom, using €&l) LP- Iter to remove the image,

i.e., 90 Hz component. The continuous curve is plotted onlyf better visual view. See the
text in Problem 81(a).

A possible e ect is losing information. However, in this cas this does not occur
becausef =10 Hz < f gnew=2 = 25 Hz. See Figure 154(a).

In the frequency domain the sampling frequency is decreaseal 50 Hz. See Fig-
ures 154(b)-(c).

1 Xt
Xo(@)= o X(@¢ 2O
k=0

EET )

Figure 154: Problem 81(b). Down-sampled signaj[n], factor M = 2. The sampling frequency
is decreased to 50 Hz.
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82. Problem: Express the outputy[n] of the system shown in Figure 155 as a function of
the input x[n].

Figure 155: Multirate system of Problem 82.

[LO909] Solution:  Consider an input signalx[n] with the corresponding z-transform
X (z). After factor-of-L up-sampling, thez-transform of the signalx,[n] is

Xu(2) = X(2°)
and after factor-ofM down-sampling, thez-transform of the signalxq[n] is

1 ’X ! 1=M k
Xa(2) = M X (27 W)
k=0
whereWy = e 12" | See Mitra 2Ed Sec. 10.1.2 / 3Ed Sec. 13.1.2for the derivation
of these equations.

Using these equations, let us derive the-transforms of the intermediate signals[n], v,[n],
wi[n], and w,[n] and nally the z-transform of the output y[n]. Let us denote the delayed
version of the input asX 4z) = z X (z). Furthermore, note that W, * = €2=2= 1.

1% k= Ly iy, Ly e
V(2) X(Z72W, ) = X (@9 + 5X( 29
k=0

1

1 )<l 1=2 k 1 1=2 1=2 1=2 1=2
W(z) 5 X qz*2w, )=§z X (22) 52 X ( z+?)

k=0
V@) = V@)= X@+ X ()
W, (2) W(Z?) = %z X (2) %z X( 2)
Y(2) z Wy(2)+ Wu(2) = z X (2)

ory[n] = x[n 1] in time-domain (derive the same in time-domain!).
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83. Problem: Show that the factor-ofL up-samplerx,[n] and the factor-ofM down-sampler
Xg4[n] de ned as in Problem 81 are linear systems.

[LO911] Solution:  First, consider the up-sampler. Letx;[n] and x,[n] be two arbitrary
inputs with y;[n] and y,[n] as the corresponding outputs. Now,
xi[n=L] : n=0; L; 2L;:::
vilnl = 0 : otherwise
Xp[n=L] : n=0; L; 2L;:::
vl = 0 : otherwise

Let us now apply the inputxz[n] = x ;[n]+ x ,[n] with the corresponding outputys[n]
as
X 1[n=L]+ X o[n=L] : n=0; L; 2L;:::
yeln] = 0 : otherwise
X 1[n=L] + X o[n=L] @ n=0; L; 2L;:::
0 0 : otherwise
yalnl+ y2[n]

Thus, the up-sampler is a linear system.

Now, consider the down-sampler with the inputx;[n] and x,[n] and the corresponding
outputs y;[n] and y,[n]. Now, y1[n] = x1[nM ] andy,[n] = x,[nM ]. By applying the input
x3[n] = x 1[n] + x ,[n] we get the corresponding outpulys[n] = Xx3[NM] = x 1[(NM] +
X 2[nM]. Hence, the down-sampler is also a linear system.

It should also be noted, that both the up-sampler and the dowsampler are time-varying,
i.e. not LTI systems.
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84. Problem: Consider the multirate system shown in Figure 156 wherndo(z), H1(z), and
H(z) are ideal lowpass, bandpass, and highpass lters, respieety, with frequency re-
sponses shown in Figure 157(a)-(c). Sketch the Fourier traforms of the outputsyo[n],
ya[n], and y,[n] if the Fourier transform of the input is as shown in Figure 13(d).

Figure 156: Multirate system of Problem 84.

Ho(e' ) Hi(e' )

| D_ | LD—
[ 0 ,
0 =3 2=3 ’ 0 =3 2=3 ’

Ha(e' ) X(e')

4 | 0 '
o =3 2=3 o =3 2=3

Figure 157: (a)-(c) Ideal lters Ho(z); H1(z); H2(z), (d) Fourier transform of the input of
Problem 84.

[L0912] Solution:  First, let us denote the down-sampled signal asy[n] and the again
up-sampled signal ax,[n], shown in Figure 158.

Figure 158: The multirate system in Problem 84.

The corresponding Fourier transforms (spectraXq(z) and X,(z) are as follows (notice
the reduced amplitude) in Figure 159.

Now, the Fourier transforms of the outputsYo(z); Yi(z), and Yx(z), are obtained by
(ideally) ltering X,(z). The output spectra are in Figure 160.
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Xq(e! ) Xue )

3

Figure 159: Original, upsampled and downsampled spectrum Problem 84.

Ho(e! ) Hiel ) Ha(el )

Figure 160: Bandpass lters in top row, and corresponding Qput spectra in bottom row in
Problem 84.

85. Problem: Consider a FIR lter, whose speci cations are (i) lowpass,ii) passband ends
at!,=0:15, (iii) stopband starts from ! s =0:2 , (iv) passhband maximum attenuation
is 1 dB, (v) stopband minimum attenuation is 50 dB. The lter is to be implemented
using truncated Fourier series method (window method) wittHamming window.

a) Sketch the speci cations on paper.

b) The lter order N can be estimated usingMitra 2Ed Table 7.2 / 3Ed Table 10.2:
the transition bandwithis ! = j!, !j, and for Hamming window ! =3:32=M ,
where the windoww[n] isinrange M n +M. What is the minimum order N
which ful lls the speci cations?

The cut-o frequency of the Iter in the window method is dened to be ! =
0:5 (!p+ ). Derive an expression fohg g [n] when using (a) and (b). What is
the value ofhg g [n] at n = 07?

Consider now another way to implement a FIR lter with the same speci cations. In
the interpolated FIR lter (IFIR) ( Mitra 2Ed Sec. 10.3, p. 680 / 3Ed Sec. 10.6.2,
p. 568) the lter is a cascade of two FIR lters Higir (2) = G(z4) F(2). Using
the factor L = 4 compute the order ofH g (2) = G(z*) F(z) and compare to the
original Iter Hg g (2).

[LO913]Solution: Speci cations for a FIR Iter were the following: (i) lowpass, (i) pass-
band ends at! , = 0:15 , (jii) stopband starts from ! ¢ =0:2 , (iv) passhband maximum
attenuation is 1 dB, (v) stopband minimum attenuation is 50 d. Implementation using
truncated Fourier series method (window method) with Hamnmig window.

a) Speci cations are drawn in Figure 161(a).
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b) Hamming window is de ned as
wln] = 0:54 +0:46 cos%) M n +M

The window length is 21 + 1 and the window/ Iter order N =2M . When having
the speci cations! , =0:15 and!s=0:2 we get ! =0:05 . The connection of
M and transition band ! with Hamming window is

3:32

M=d e

whered:.eis rounding up to the next integer. Minimum order with Hammirg window

is
3:32 332
N=2M=2 d i e=2 dme-134
The cut-o frequency of the Iter in the window method is dened to be !, =
05 (!,+!s). The lter of order N =2M is computed by

heir [N] = higear [N] WINJ; M n M

wherehg g [n] is the Iter constructed from the ideal Iter with cut-o at !, =0:175
multiplied by a Hamming window with M = 67

in(! ] ]
Ngealn] = M = esine( ") = 0:175 sinc(@175) 1 <n< 1

win] = 0:54+0:46 cos%) 67 n 67
heir[n] = 0:175sinc(0175n) 0:54 + 0:46 cos%) 67 n 67
In the origo w[0] = 1 and hg g [0] = hjgeai[0] = 0:175. The magnitude response of

the lter is in Figure 161(b) with thick line Hg g (2). It can be seen that the Iter
ful lls given speci cations.

10y
—
)
-10

jassbarf

Stopband
Stopband

ﬁ\*,ﬁ‘M;h‘

0.2 0.4 0.6 0.8 1 o 02 04 06

i

Figure 161: Problem 85: (a) Speci cations for the Iter. Thescale in x-axis [0::1] corre-
sponds! =[0::: ]. (b) Magnitude responses ofHgr (€' )j (thick) and jHeir (€')j (thin).
Interpolated FIR lteris Hgir (2) = G(z%) F(2).

d) Consider now another way to implement a FIR Iter with the same speci cations. In
the interpolated FIR lter (IFIR) ( Mitra 2Ed Sec. 10.3, p. 680 / 3Ed Sec. 10.6.2,
p. 568) the lter is a cascade of two FIR Iters Hgir (2) = G(zY) F(2). G(z") is
derived from G(z) by replacing all delays byL -multiple delays, i.e., allz are replaced
by z- (upsampling).




T-61.3010 DSP 2009 165 /170 PROBLEMS { Part N 81-86

Using the factor L = 4 the following Iters will be implemented, see also Fig-
ure 162(a): G(z) with cut-os !, =4 015 =06 and!s =4 02 =038 .
After upsampling, there will beL 1 zeros between each[n], andL 1 spectrum
\images". The normalized cut-o frequencies foiG(z*) are! , =0:15 and!¢=0:2 .
The target of F (z) is to Iter out all\image" components. So, the stopband canstart
from that frequency where the rst\image"appears:! ,=0:15 and!s=0:3 .
Both Iters G(z) and F (z) are implemented in the same way with Hamming window.
The order of G(z) is 34 with ! = j0:8 06 jand!.=0:7 . After that G(z)
is modi ed to G(z*) by adding zeros ing[n]. The order of F(2) is 46 with ! =
jo:3 015 jand! . =0:225 . All corresponding magnitude responses are plotted
in Figure 162(b). The magnitude response dfl|rir (2z) is drawn in Figure 161(b)
with thin line Hgr (z). Specications are met and the overall behavior is very
similar to that of Hg g (2).

46

0.

2

0

0

0

-90

G(2) 0
-30

0

0

0

f
!
!

08 2 3

_46(z") “image" *image”  “image”

H)\s $.35 ! [ \ / \
1

-30
-60
0203 -90

F@@)

0

-30

ai =
-90

03 1 2 0 0.2

Figure 162: Problem 85: (a) diagram of ItersG(z) (0::: ), G(2) (0:::8 ), G(z*) (0:::2 ),
and F(z) (0:::2 ) with cut-o frequencies and upsampling factorL = 4. (b) Magnitude
responses 06(z), G(z4), F(z), and Hirir (2) = G(z*) F(2) using Matlab andfirl . In x-axis
normalized frequencies (1 correspondg are used in all gures.
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T-61.3010 Digital Signal Processing and Filtering
Formulas for spring 2009. Corrections and comments t613010@cis.hut.fi , thank you! This
list is available also as a two-page two-column version frothe course web page.

Formulas

Basic math stu
Even and odd functions:
Evenfx(t)g=0:5 [x(t)+ x( t)]
Oddf x(t)g=0:5 [x(t) x( t)]
Roots of second-order polynﬁmial:
ax’+ bx+c=0,x=( b P 4a0=(2a)
Logarithms, decibels:
log (A B=C)® =D logA+logB logC
log, b= logb=log. a
decibels 10log(B=By), 20 l0g,o(A=Ao)
10lo0g(0:5) 3:01 dB, 20log,(0:5) 6:02 dB
20log,(0:1) = 20 dB, 20log,(0:01) = 40 dB
Compleﬁ numbers, radii, angles, unit circle:
i j= 1= 15
z=¥+ jy =rel
r="x2+y?
=arctan(y=x)+ n; (n=0; if x> O;n=1; if x< 0)
Xx=rcos(); y=rsin()
é =cos()+j sin() (Euler's formula)
cos()=(1=2) (¢ +el) sin()=(1=2) (¢ e!)
21 2= 118 (17 2 z1=7, = (ry=rp)d (1 2
jA Bj=jAj ijBj,\ (A B)=\A+\B
z" = r"@d" = r"(cos +jsin )" =r"(cosn +jsinn )
z= "rel = V2N k=0;2;2::;N 1
Trigonometric functions:
1 = =180radians 0:01745 rad, 1 rad = 180= 57:30
sinc()=sin( )= )
sin()= ! 1, when ! O;sinc()! 1; when ! O
cos( )+sin2g )=1
sin()= gt g (g + i (Taylon)
cos()=1 o4 o it 1)"(227")!+:::(Taylor)
0 =6 =4 =
sin() [0 | g5 ‘ Eg:z P
cos() |1 3=2 2=2 0.5
=2 =4 =2
sin() |1 322 0 1
cos() | O 2=2| 1 |0
31416, 3=2  0:8660, 2
Qeometric series:
;:ca": T a jg<1
N ogno 1 avit
oo @' = S @<l
Continuous-time unit step and unit impulse fun.:

2w
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( 1, t>0
©= 0, t< 0
Rl(t) = % (t); (@) =Ilm , o (t) (Dirac'sdelta)
R} =1
1 (U to)x(t)dt = x(to) R
In DSP notation 2 (t) is computed 2 (t) 1dt=2 , whent =0, and =0 elsewhere.

Discre'(e-time unit impulse and(unit step functions:
Ln=0 Ln O

[]= []=
0, n60 0, n< 0

Periodic signals

9T 2 R:x(t)= x(t+ T);8 2R

IN 2 Z:x[n]=x[n+ N];8n2Z

Fundamental period Ty, Ny is the smallestT > 0, N > 0.

Convolution
Convolution is commpytative, associative and distributive
y(t) = h(t) ~ x(t) = Pi h()xt  )d
yinl= hin]~ xn] = " 32, hiklxin k]
yelnl= hinln x[n] = o hiKIx<n k >yl
Correlation:
ryll= paly xlyin 1= x01~y[ 1]
ralll=" 32y xinkin 1]
Mean and varjgnce of random signal:
mx =R[X]= " xpx (x)dx
= (x mx)’pc(x)dx =E[X?] m§
Frequencies, angular frequencies, periods:
Heref (alsofr later) is the sampling frequency.
Frequencyf , [f] = Hz = 1/s.
Angular frequency =2 f =2 =T, [] = rad/s (analog).
Normalized angular frequency =2 = =2 f=f 4, [! ] = rad/sample (digital).
Normalized frequency in Matlatf yatias = 2f=f s, [fmaTLas ] = 1/sample.
Sampling of x,(t) by sampling frequency f+
X[n] = xa(Np) = Xa(n=f1)
Xpi)= & by XaG( Kk 1)
Integral transforms. Properties
Here all integral transforms share some basic propertiesxdmples given with CTFT, x[n] $
X ("), xa[n] $ Xi(e'), and x2[n] $ X(€' ) are time-domain signals with corresponding
transform-domain spectra.a and b are constants.
Linearity. All transforms are linear.
axq[n] + bx[n] $ axi(e' )+ bXy(e')
Time-shifting. There is a kernel term in transform, e.g.,
x[n Kkl$ el X(e')
Frequency-shifting. There is a kernel term in signal e.g.,
g nx[n]$ X (¢ ')
Conjugate symmetryx [n] $ X (e '). If x[n] 2 R, then X (€' ) = X (e '), jX(&")j =
X "), \X(d )= \X(e!"). If x[n] 2 R and even, thenX (¢' ) 2 R and even. If
x[n] 2 R and odd, thenX (€' ) purely 2 C and odd.
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Time reversal. Transform variable is reversed, e.g.,

x[ n$ Xe)

Di erentiation. In time and frequency domain, e.g.,

x[n] x[n 1% @ el)Xx(e"), nx[n]$ jLX ()

Duality. Convolution property: convolution in time domain correspads multiplication in
transform domairgx[n] ~ X2[n] $ Xi(d') Xp(¢') and multipication property, vice versa,
xaln] % $ A, Xa(e )X ))d P R

Parseval's relation. Energy in signal and spectral components: jx[n]j? = Zi , X (é")j2d!

Fourierﬁeries of continuous-time periodic signals:
X(t) = Rieq &6 o (synthesis)
ac= 3 ;x(t)e k otdt (analysis)
X(t to) $ axek ot
ﬁM OX() $ a M
T Xa( )xu(t p )d $ Tah
Xa()xp(t) $ &b
XSk oae
Continuoys-time Fourier-transform (CTFT):
x(t) = ZLRi X(j) € td (synthesis)
X(G)= | x(t)ye! 'dt (analysis)
x(t t)$ € ®X()
e x()$ X(( )
Xa(t) =~ xo(t) $ Xali ) Xu(i )
Xa(Oxp(t) $ 5Xa(i ) ~ Xo(i )
SxMs$ j X()
XM $ LX)
étg 2 ( 0)
cos(ot) $ [ ( o+ (+ o)
sin(o)$ J [(+ o ( o)l
x0=%% 2 ()
_ Ljti<Ty 2sin(_T1)
O oo,
sin(wt) v Lji<w
% X()= 0j j>w
ms 1
t t)$ &«
e (t1)$ -, whereRealfag> 0

a0
Discrete-tgne Fourier-transform (DTFT):

x[n] = Fp X(€")em dl (synthesis)

X (€)= "1, x[nJe!™, periodic with 2 (analysis)
xin k$ e x(d")

' xn]$ X (¢ W)

xi[n]~ x2[n] $ X(&" ) Xo(€")

xaln] xa[n]$ + , Xa(¢ )Xo(€¢ ))d

nx[n] $ j pX(e")

g 2 ot 1y 21)

coston)$ [ (t to 21)+ (L+1o 21)]
sin(on)$ j p [(L+10 21) (1 1o 21
xnj=1% 2, (I 21)
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( Linj N sin(! (N1+0:5)) HIKI= H (" )ji=2 ken

0:jnj > Ny Tsn(=2) Group delay (1)= 2\ H(e")

( . Four types of linear-phase FIR lters h[n] = h[N 1 n] (even/odd symmetric), or h[n] =

sin(Wn) — Wsinc(®) $ X (d') = L h[N 1 n](efo antis.). Zeros symmetric w.r.t. unitcircle:re ! and (1=r)e ! .

" 0; Important transform pairs and properties

[n]$ 1 aln kl$ ae® $ azk

n K$ e™ a [n]$ 151 ae’]$ 11 az Y
a [$ ;g ja<1 hinp="; ki o [n] $ H(e')=p::
N-point Discrete Fourier-transform (DFT): kAL a‘e‘”] $ H@=  kdl az 1
Connection to DTFT: X [k] = X (€' )i =2 ke axin k|$ ae ¥ X(¢')$ az "X(2)
Wy = e 3 y[nl = h[n]~ x[n]$ Y(z) = H(z) X(2)
xnl= L N UXKW, 0 n N 1 (synthesis) rectangular$ sinc, sinc$ rectangular
X [K] = Lolx[n]w,ﬁ": 0 k N 1 (analysis) LTI lter design (synthesis)
x[<n  no>n]$ W K"oX [K] Bilinear transform H(z) = H(s)js and prewarping
Wy ™ox[n] $ X[<k ko>n] s=k 1 zYHYH1+z1?), k=lork=2=T=2f
ye[n] = hinln x[n]$ H[K] X[K]= Y[K] prewarpe = K tan(! ¢=2),  k=1or k=2=T = 2f;
Spectral transformations ' desired cut-o
LP-LPz1=(2z !t )=1 21, where

=sin(0:5(! ¢ Ne))=sin(0:5(! ¢ + )
X(t) = L +Jll X ()6 ds (synthesis) LP_—HP z%t= (2'+ _):(1+ 2 1), where
(9 = R, st i = cos(05(! ¢+ *o))=cos(Q5(! . M)

(8)= 1 x(e *dt (analysis) Windowed Fourier series method
z-transform: o Lijtj<te _Sin(len) _ 1o cinnflon
Convergence wi_th a certain ROC (region of convergence). Guection to discrete-time Fourier- H(e') = 0 jlj e $ hin]= =555 = e sinc(<t)
transform: g = €' hew [N] = higeat win
x[n] = $ 1C><(z)z” ldz, C iq ROC of X (z) (synthesis) Hmn[(E]l” )= ZL I Hfde]a\(el W(EC yd
X(z)= .., xIn]z " (analysis) Fixed window functionsorderN =2M, M n M:
xln K$ z *X(2) Rectangularw{n] = 1
xi[n]~ x2[n] $ Xi(z) X2(2) Hamming w[n] = 0:54 + 0:46 cos((2n )=(2M))

[n]$ 1, ROCallz Hannw[n] =0:5 1+ cos((2n)=(2M))

[n kI$ z* allz exceptOk>0)orl (k< O0) Blackmanw[n] = 0:42 + 0:5 cos@-) + 0:08 cos{)
s ij >1 Bartlett w[n]=1 (jnj=M)

. [n 1]315 o i<l Implementation
a s o jd>id Radix-2 DIT FFT butter y equations
na' $ iy 12> a el 1= L1+ W (D]
(+a N8 g 4> Ja wmll = 01 Wy L]
r"cos( on) [n]$ % izj > jrj Multirate systems
r'sin(! on) [n]$ % jzj > jrj Upsamp{ling (interpolation) with factor L,
LTI lter gnalysis _ x[p=LLn=0; L 2L;:::
Stability | jh[n]j < 1 ; unit cirle belongs to ROC xu[n] = xu[n] = 0; otherwise
Ca_usahty h[n]=0;n< E)g nbelongs to ROC Xo(2) = X (24), Xy(€' )= X (")
Unit step responss[n] = k=1 hiK Downsampling (decimation) with factorM , |#
Causal transfer function cg,f order max M; l\gg: -

_ _ _ M bz _ V(1 dnz Y Xa[n] = x[nM ] p

H@=B@=A@ = K =22il=G el iy Xg(z) = (1=M) " gLy T X (2 W), "),
Zerosdm: B(z) = 0; Polespy: A(z) =0 Xa(€' ) =(1=M) Lﬂzolx(ei(‘ 2k)=My
Frequency, magnitude/amplitude, phase response €'
H(e' )= jH(d" )je' HED
H(€' )= H(@)jz-o

x[n] =

Laplace transform:
Convergence with a certain ROC (region of convergence). QGuettion to continuous-time
Fourier-tragsform: s = |
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fundamental period (perusjakso), 34 kvasijaksollinen (quasi-periodic), 36

Index ged, 36 I'Hospital's rule (Hospitalin seente), 70

A/D (A/D), 23 cut-o frequency (rajataajuus), 24 geometr?c series_ (geometrin_en sa_rja);o lcm, 36

aikataso (time-domain),31 geometrinen sarja (geometric series20 least common multiple (pienin yhteinen jaet-
alipAd Ad'stAYsuodin (lowpass lter), 24 decibel scale (desibeliskaala), 14 Gibbs phenomenon (Gibbsin ilms), 133 tava), 36

alipeastesuodin (lowpass lter), 38 deconvolution (dekonvoluutio), 59 Gibbsin ilmie (Gibbs phenomenon), 133 liittoluku (complex conjugate), 6

all-pass Iter (kokopeastesuodin), 113 dekonvoluutio (deconvolution), 59 greatest common divisor (suurin yhteinen jakajdine spectrum (viivaspektri), 26

all-pole Iter (kokonapasuodin), 113 desibeliskaala (decibel scale), 14 36 lineaarinen konvoluutio (linear convolution), 52,
amplify (vahvistaa), 24 d!g!taall_nen S|gr_1§all (_d|g|tal_5|gna!),23 . . . 54

amplitude response (amplitudivaste), 24 digital signal (digitaalinen signaali), 23 Eekszde§|m?allh(h:xzdeg|malﬁlg lineaarivaiheinen suodin (linear-phase lter), 107
amplitudivaste (amplitude response), 24 Dirac's delta (Dirac's delta), 21, 69 H?;;a iti(l:ilrrln;:rgtee(l'sljo:’siltrglésarll);le) 70 linear convolution (lineaarinen konvoluutio), 52,
analog signal (analoginen signaali3 direct form (suora muoto), 120 _ ) P P ’ 54

analoginen signaali (analog signalR3 discrete Fourier transform (DFT) (diskreetti ideaalisuodin (ideal Iter), 24 linear-phase lter (lineaarivaiheinen suodin), 107
angle, 8 i Fourier-muunnos (DFT)), 28, 66 ideal lter (ideaalisuodin), 24 logarithm (logaritmi), 14

angular frequency (kulmataajuus),12, 23 discrete Fourier transform (diskreetti Fourier- IEEE 754 (IEEE 754), 15 logaritmi (logarithm), 14

anti-aliasing Iter (antialisointisuodin), 86 _ muunnos), 22 , o imaginaariyksikke (imaginary unit), 6 lovisuodin (notch lIter), 25 )
antialisointisuodin (anti-aliasing  lter), 86 dlscrete-tlme; Fourier transform (diskreettiaikainen imaginary unit (imaginaariyksikke), 6 lowpass Iter (al!pAd'Ad'stA)_suodln), 24
askelvaste (step responsel _ Fourier-muunnos), 20, 21 ) impulse response (impulssivaste), 31, 38, 39 lowpass lter (alipeastesuodin), 38

asteluku (order), 16 discrete-time Fourier transform (DTFT) (diskreet- impulssivaste (impulse response), 31, 38, 39 lukujono (sequence)23, 32

atan, 8 tiaikainen Fourier-muunnos (DTFT)), in-place computation (FFT) (tehokas laskenta lyhytaika Fourier-muunnos (STFT) (short-time
atan2, 8 i 28,68, 71 o _ i (FFT)), 144 Fourier transform (STFT)), 27
attenuate (vaimentaa), 24 discrete-time signal (diskreettiaikainen signaali), in nite impulse response, IIR (@arettoman pitke

autocorrelation (autokorrelaatio), 64 _ 2_3’ 323 34 i ] impulssivaste, 1IR), 39 magn!tudg response (magnltudlvaste), 24
autokorrelaatio (autocorrelation), 64 diskreetti Fourier-muunnos (DFT) (discrete Fourier magnitudivaste (magnitude response), 24

transform (DFT), 28, 66 jakojeannes (remainder), 15 maksimivaiheinen suodin (maximum-phase |-

binaariluvut (binary numbers), 15 diskreetti Fourier-muunnos (discrete Fourier trans- jatkuva-aikainen Fourier-muunnos (continuous- ter), 113
binary numbers (binaariluvut), 15 form), 22 time Fourier transform (CTFT)), 65, Matriisien kertolasku (matrix product), 22
border e ect (rajavarahtely), 37, 39 diskreettiaikainen Fourier-muunnos (discrete- 66 matrix product (matriisien kertolasku), 22

_ _ ) time Fourier transform), 20, 21 jatkuva-aikainen Fourier-muunnos (continuous- Mmaximum-phase lter (maksimivaiheinen suodin),
Cartesian cogrdln_ate system (suorakulmainenyiy reettiaikainen Fourier-muunnos (DTFT) (discrete- time Fourier transform), 21 113

koordinaafisto), 6 time Fourier transform (DTFT)), 28, jatkuva-aikainen Fourier-muunnos (CTFT) (contiisiévaiheinen suodin (minimum-phase lIter),
cgusallty condition (kausaallsgusehto)AB 68, 71 time Fourier transform (CTFT)), 28, 113
circular bu er (ympyr apuskuri), 15 diskreettiaikainen signaali (discrete-time signal), 76 minimum-phase Iter (minimivaiheinen suodin),
circular shift (ympyresiirto), 15, 91 23,32, 34 jatkuva-aikainen signaali (continuous-time sig- 113
comb lter (kampasuodin), 25 nal), 34 mixed-phase lter (sekoitevaiheinen suodin), 113
complex conjugate (kompleksikonjugaatti), 8 eksponenttifunktio (exponential function), 6 jeannes (residue), 15 modulaatio (modulation), 69
complex conjugate (liittoluku), 6 Euler's formula (Eulerin kaava), 6, 7 modulation (modulaatio), 69
complex number (kompleksiluku), 8 Eulerin kaava (Euler's formula), 6, 7 kahden pisteen keskiarvoistava suodin (two-poifodulo, see remainder
complex-valued function (kompleksiarvoinen fueken function (parillinen funktio), 7 moving average), 37 monikaistasuodin (multiband Iter), 25

tio), 9 exponential function (eksponenttifunktio), 6 kaksipuolinen spektri (two-sided spectrum), 26 multiband Iter (monikaistasuodin), 25
continuous-time Fourier transform (CTFT) (jatkuva- kampasuodin (comb lter), 25 muunnostaso (transform-domain) 31

aikainen Fourier-muunnos (CTFT)), 28, fit , 26 kausaalisuusehto (causality condition)48

76 Iter (suodin, suodatin), 24 kiisseli.wav , 33 navat { nimitt ejapolynomin juuret (poles { roots
continuous-time Fourier transform (CTFT) (jatku§gf order (suotimen asteluku), 96 kohina (noise), 38 of denominator polynomial), 17

aikainen Fourier-muunnos), 65, 66 Nite impulse response, FIR garellisen pitke kokonapasuodin (all-pole Iter), 113 noise (kohina), 38
continuous-time Fourier transform (jatkuva-aikainen  impulssivaste, FIR), 38 kokopeastesuodin (all-pass lter), 113 nollat { osoitinpolynomin juuret (zeros { roots

Fourier-muunnos), 21 ow diagram (virtauskaavio), 38, 39 kompleksiarvoinen funktio (complex-valued func- of numerator polynomial), 17
continuous-time signal (jatkuva-aikainen signaallgauency (taajuus), 23 tion), 9 nollavaiheinen suodin (zero-phase lter), 107

34 frequency response (taajuusvaste), 31, 38, 39 kompleksikonjugaatti (complex conjugate), 8 normalisoitu kulmataajuus (normalized angu-
conv, 16 frequency-domain (taajuustaso)31 kompleksiluku (complex number), 8 lar frequency), 12, 23
cross-correlation (ristikorrelaatio), 64 freqz , 14, 25 kulmataajuus (angular frequency),12, 23
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normalized angular frequency (normalisoitu kulsampling frequency (mytteenottotaajuus), 23,

mataajuus), 12, 23

notch lter (lovisuodin), 25

number representation (numeron esi#iminen
tietokoneessa), 15

numeron esitminen tietokoneessa (number rep-

resentation), 15
naytteenottotaajuus (quantization level), 33

naytteenottotaajuus (sampling frequency), 23,

33,76

odd function (pariton funktio), 7

sekoitevaiheinen suodin (mixed-phase lter), 113

sequence (lukujono)23, 32

Shannon sampling theorem (Shannoninayt-

teenottoteoreema), 76

Shannonin raytteenottoteoreema (Shannon sam-
pling theorem), 76

short-time Fourier transform (STFT) (lyhytaika
Fourier-muunnos (STFT)), 27

signaalin jaksollisuus (periodicity of signal)34

siirtofunktio (transfer function), 17, 31

one-sided spectrum (yksipuoleinen spektri), 26gj,¢ (sinc), 14, 21

order (asteluku), 16

osamurtohajotelma (partial fraction decompo-
sition), 18

osamurtokehitelma (partial fraction expansion),
18

osoitin (phasor), 7,10

parillinen funktio (even function), 7
pariton funktio (odd function), 7

partial fraction decomposition (osamurtohajotelﬁﬁﬁ

18

partial fraction expansion (osamurtokehitelna),
18

periodicity of signal (signaalin jaksollisuus)34

perusjakso (fundamental period), 34

phasor (osoitin), 7,10

phasor.m, 10

pienin yhteinen jaettava (least common multi-
ple), 36

poles { roots of denominator polynomial (navat
{ nimitt ajapolynomin juuret), 17

polynomin juuret (roots of a polynomial), 16

pwelch, 26

quantization level (naytteenottotaajuus), 33
quasi-periodic (kvasijaksollinen), 36

radiaanit (radians), 6

radians (radiaanit), 6

rajataajuus (cut-o frequency), 24
rajavarahtely (border e ect), 37, 39
reaalimaailman signaalit (real-life signals), 36
real-life signals (reaalimaailman signaalit), 36
remainder (jakojgannes), 15

residue (pannes), 15

residuez , 18

ristikorrelaatio (cross-correlation), 64

roots , 17

roots of a polynomial (polynomin juuret), 16

spectrogram (spektrogrammi), 27

spectrum estimation (spekrin estimointi), 26

spekrin estimointi (spectrum estimation), 26

spektrogrammi (spectrogram), 27

stabiilisuusehto (stability condition), 48, 73

stability condition (stabiilisuusehto), 48, 73

stationaarinen signaali (stationary signal), 27

stationary signal (stationaarinen signaali), 27

response (askelvastehl

suddin, suodatin ( Iter), 24

suora muoto (direct form), 120

suorakulmainen koordinaatisto (Cartesian co-
ordinate system),6

suotimen asteluku ( Iter order), 96

superpositio (superposition), 44, 47

superposition (superpositio), 44, 47

suurin yhteinen jakaja (greatest common divi-
sor), 36

taajuus (frequency), 23

taajuustaso (frequency-domain)31

taajuusvaste (frequency response), 31, 38, 39

tehokas laskenta (FFT) (in-place computation
(FFT)), 144

time-domain (aikataso), 31

transfer function (siirtofunktio), 17, 31

transform-domain (muunnostaso)31

two-point moving average (kahden pisteen keskiar-
voistava suodin), 37

two-sided spectrum (kaksipuolinen spektri), 26

unitimpulse function (yksikkeimpulssifunktio),
32

unit step function (yksikkeaskelfunktio), 32

vahvistaa (amplify), 24

vaimentaa (attenuate), 24
viivaspektri (line spectrum), 26
virtauskaavio ( ow diagram), 38, 39
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wavread 33

yksikkeaskelfunktio (unit step function), 32

yksikkeimpulssifunktio (unitimpulse function),
32

yksipuoleinen spektri (one-sided spectrum), 26

ympyrapuskuri (circular bu er), 15

ympyrasiirto (circular shift), 15, 91

zero-phase lter (nollavaiheinen suodin), 107
zeros { roots of numerator polynomial (nollat
{ osoitinpolynomin juuret), 17

aarellisen pitka impulssivaste, FIR ( nite im-
pulse response, FIR), 38

earettoman pitke impulssivaste, IR (in nite
impulse response, IIR), 39




